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Abstract.Therearenumerousapplicationswherewe have to dealwith temporaluncertaintyasso-
ciatedwith objects. For example,financialpredictionprogramsoften usecomplex objectmodels
andareparameterizedby time anduncertainty(e.g.,whenwill a given loan default?). Likewise,
in transportationlogistics, objectmodelsare usedto describeobjectsinvolved in the transporta-
tion process(e.g.,vehiclesandshipments),anddetailedprobabilitydistributionsexist on shipping
anddelaytimes.Thus,in suchapplications,theability to automaticallystoreandmanipulatetime,
probabilities,andobjectsis important.In this paper, we proposea datamodelandalgebrafor tem-
poral probabilisticobjectbases.The datamodelallows us to associatewith eachevent � a setof
possibletime points

�
, andwith eachtime point ��� � , an interval for the probability that � oc-

curredat � . We distinguishbetweenexplicit objectbaseinstances,wherethe setsof time points
alongwith their probability intervals aresimply enumerated,andimplicit ones,wherethe setsof
time pointsareexpressedby constraintsandtheir probability intervals by probability distribution
functions. Thus, implicit objectbaseinstancesaresuccinctrepresentationsof explicit ones;they
allow for anefficient implementationof algebraicoperations,while theirexplicit counterpartsmake
definingalgebraicoperationseasy. We definethealgebraicoperationsof selection,restrictedselec-
tion, renaming,projection,extraction,naturaljoin, Cartesianproduct,conditionaljoin, andtheset
operationsof intersection,union,anddifferenceon bothexplicit andimplicit objectbaseinstances.
We show thateachoperationon implicit objectbaseinstancescorrectlyimplementsits counterpart
on explicit objectbaseinstances.
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1 Intr oduction

Objectdatamodels[1, 5, 36, 4] have beenusedto modelnumerousapplicationsrangingfrom multimedia
applications[11, 12], financialrisk applications[10], andlogisticsandsupplychainmanagementapplications
[2], weatherapplications[14] aswell asmany others.Many of theseapplicationsnaturallyneedto represent
andmanipulatebothtimeanduncertainty.

� We first considera transportationlogisticsapplication[8, 2]. A commercialpackagedelivery com-
pany (suchasUPS,Fedex, DHL, etc.)hasdetailedstatisticalinformationon how longpackagestake
to getfrom onezip codeto another, andoftenevenmorespecificinformation(e.g.,how long it takes
for apackagefrom onestreetaddressto another).A company expectingdeliverieswould like to have
someinformationaboutwhenthe deliverieswill arrive of the form “the packagewill be delivered
between9am and1pm with a probability between0.1 and0.2, andbetween1pm and5pm with a
probabilitybetween0.8and0.9” (here,probabilitiesaredegreesof belief abouta futureevent,which
may be derived from statisticalinformationaboutsimilar previous events). Suchan answeris far
morehelpful to thecompany’s decisionmakingprocessesthantheblandanswer“It will bedelivered
sometimetodaybetween9amand5pm”. For example,it helpsthemschedulepersonnel,preparere-
ceiving facilities(for hazardousmaterialandotherheavy materials),preparefutureproductionplans,
etc. In addition,the differententitiesinvolved in suchan applicationaretypically storedusingob-
ject models— this is becausedifferentvehicles(airplanes,trucks,etc.) have differentcapabilities,
andbecausedifferentpackages(letter, tube,hazardousmaterialshipmentsfor commercialcustomers,
etc.) have widely varyingattributes. Theshippingcompany itself hasextensive needfor suchdata.
For example,thecompany would needto querythis databaseto createplansthatoptimally allocate
and/oruseavailableresources(spaceon trucks,personnel,etc.) basedon their expectationsof the
probableworkloadat futuretime points.

� Weatherdatabasesystems(suchasthe Total AtmosphericandOceanSystemor TAOS systemde-
velopedby the US Departmentof Defense)useobjectmodelsto representweatherdata. Time and
uncertaintyareomnipresentin weathermodelsandmostdecisionmakingprogramsrely on knowl-
edgeof this kind of uncertaintyin orderto make decisions.

� Thereare numerousfinancial models[3, 10], which banksand institution lendersuseto attempt
to predictwhen customerswill default on credit. Suchmodelsarecomplex mathematicalmodels
involving probabilitiesandtime (thepredictionsspecifytheprobabilitywith which a givencustomer
will default over a given period of time). Furthermore,modelsto predict bankruptciesand loan
defaultsvarysubstantiallydependinguponthemarket, thetypeof credit instrument(consumercredit
card,mortgage,commercialreal estateloan, HUD loan, constructionloan, etc.), the variablesthat
affect the loan, variousaspectsaboutthe customer, etc. Suchmodelsarenaturally representedvia
objectmodels,andtime anduncertaintyparameterizevariousfeaturesof themodel.

In thispaper, we proposea theoreticalfoundationfor objectbasesthatallow for representingbothtemporal
dataandprobabilisticuncertaintyandthusin particularalsoprobabilistictemporalindeterminacy. Weillus-
tratetheuseof our modelon a simplified transportationlogisticsexamplewhich runsthroughthis paper.
Themaincontributionsof thepresentpapercanbesummarizedasfollows:

� We definethe conceptof a temporalprobabilisticobjectbase(TPOB for short). In particular, we
introducethe notion of a TPOB-schema,andwe definethe importantconceptof (explicit) TPOB-
instancesover a TPOB-schema.SuchTPOB-instancesrepresenta probabilisticstatementover a set
of timepointsby simplyenumeratingall timepointsalongwith their probabilityintervals.
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� WedefinealgebraicoperationsthatoperateonTPOB-instances.Wedefineselection,restrictedselec-
tion, renaming,projection,extraction(a new operation),naturaljoin, Cartesianproduct,conditional
join, andthesetoperationsof intersection,union,anddifference.We remarkthat theoperationsof
projectionandCartesianproductaresimply extensionsof their counterpartsfrom the classicalre-
lational algebra,while all the other operationsare full-fledged complex-object operations(as they
addressthe“inner” componentsof objectvalues).

� We introducethe notion of consistency for TPOB-instancesanda relatednotion calledcoherence
andshow that underappropriateassumptions,all our algebraicoperationspreserve consistency and
coherenceof schemasandinstances,respectively.

� TheTPOB-instancesdescribedabove areexplicit in the following sense.Givenanevent 	 , for each
time point 
 , anexplicit TPOB-instance� specifiesa probability interval1 describingtheprobability
with whichevent 	 occurred(or will occur)at time 
 . Thoughexplicit TPOB-instancesmakeit easyto
formally definethevariousalgebraicoperations,they cansometimesbevery inefficient from aspace
point of view (andhencealsoinefficient from the point of view of computingalgebraicoperators).
For example,if a company wantsto recordthata particularshipmentwill arrive sometimebetween
8amand5pm on day D, and the temporalgranularityusedis seconds,thenwe needto make this
statementfor eachof the ������������������������� secondsbetween8amand5pm.In orderto avoid this
problem,we definetheconceptof an implicit TPOB-instance.Implicit TPOB-instancesrepresenta
probabilisticstatementover a setof time pointsby a probabilitydistribution functionin combination
with a constraint,which specifiesthe setof time points. Hence,implicit TPOB-instancesallow for
an efficient implementationof algebraicoperations,while explicit TPOB-instancesmake defining
algebraicoperationsrelatively transparent.

� We show that thereis a translation� thatmapsan implicit TPOB-instanceI to an explicit one � �!�#" .
For eachalgebraicoperationon explicit TPOB-instances,we definea counterparton implicit TPOB-
instances.As they work on succinctrepresentations,they have bettercomputationalproperties.

� Weshow thatthealgebraicoperationson implicit TPOB-instancescorrectlyimplementtheircounter-
partson explicit TPOB-instances(thatis, theanswersproducedby theoperationson implicit TPOB-
instancessuccinctlyrepresenttheanswersproducedby theoperationson explicit TPOB-instances).
Figure1 providesadiagrammaticrepresentationof whattheseresultslook like for unaryoperators(a
similar figurecanbeshown for binaryoperators).For unaryalgebraicoperators$&% , thecorrectness
theoremsareof theform ���!$&%(')�!�#"�"*�+$&%-,.�!� �!�#"�" . We use $&%(' (resp. $&%-, ) to denotetheimplicit (resp.
explicit) versionsof theoperator$&% . A similar kind of correctnessresultholds(andis shown in the
paper)for binaryalgebraicoperators.

The rest of this paperis organizedas follows. Section2 provides an overview of relatedwork. In
Section3, we introducesomebasicdefinitions. Section4 presentsthe notionsof TPOB-schemasandof
explicit TPOB-instances.In Sections5 and6, we introducethe unaryandbinary, respectively, algebraic
operationsonexplicit TPOB-instances.In Section7, weshow thatthey preserve coherenceandconsistency
of schemasandinstances,respectively. Sections8 and9 defineimplicit TPOB-instancesandthealgebraic

1As in thecaseof [31, 19,20], our modelusesinterval probabilitiesratherthanpoint probabilities.Thereasonsarethree-fold:
First,probabilityintervalsareageneralizationof pointprobabilities,andthuscanhandleall pointprobabilities.Second,they allow
expressionof impreciseprobabilisticknowledge.For example,it is possibleto saythataneventoccurredat time / with probability0 with amargin of error 1 , denotingthattheprobabilityof 2 occurringat time / lies in theinterval 3 054 1&6 087 1)9 . Hence,probability
intervalsarebettersuitedespeciallyto representstatisticalknowledgeandsubjective degreesof belief (cf. [30]). Third, evenif we
know a point probability for two events 2;: and 2=< , in general,we canonly infer a probability interval [7] for theconjunctionand
disjunctionof 2 : and 2 < (unlesswe make additionalassumptionssuchasindependence).
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Figure1: Correctnesstheorems:commutativity diagram

operationson implicit TPOB-instances,respectively. Section10 containsdirectionsfor future work and
concludesthepaper. Notethattheproofsof all resultsaregivenin AppendicesA andB.

2 RelatedWork

To ourknowledge,thisis thefirst paperontemporalprobabilisticobject-orienteddatabasesthoughit derives
heavily in inspirationfrom [18]. Thereis extensivework in theliteratureontemporaldatabasesandtemporal
object-orienteddatabases(cf. [34, 23, 43, 42]). Probabilisticextensionsof relationaldatabasesarealsowell-
exploredin the literature;seeespecially[31, 20] for morebackgroundanda detaileddiscussionof recent
work on probabilisticrelationaldatabases.Recently, morecomplex datamodelshave beenextendedby
probabilisticuncertaintyin a numberof papers.In particular, Eiter et al. [20] presentedan approachthat
addsprobabilisticuncertaintyto complex valuerelationaldatabases,while Kornatzky andShimony [25, 26]
andEiter et al. [19] describedapproachesto probabilisticobject-orienteddatabases.Our approachin this
paperis a temporalextensionof the modelby Eiter et al. [19]. In addition, this paperintroducesa new
implicit datamodelandanimplicit algebrawhich correctlyimplementsits explicit counterpart,andwhich
canbe moreefficiently realized. Moreover, the two operationsof restrictedselectionandextractionare
brandnew.

Thereis, however, very little work on theintegrationof temporalreasoningandprobabilisticdatabases.
In particular, DyresonandSnodgrassin their pioneeringwork [18] andsubsequentlyDekhtyaret al. [13]
presentedapproachesto temporalindeterminacy in relationaldatabasesbasedon probabilisticuncertainty.
DyresonandSnodgrass[18] extendthe SQLdata modeland querylanguage by probabilisticuncertainty
ontimepoints.They addindeterminatetemporalattributes(whichhave indeterminateinstantsasassociated
values)to SQL. Indeterminateinstantsareintervalsof timepointswith associatedprobabilitydistributions.
The SQL query languageis extendedby a constructto defineordering plausibility which is an integer
between1 and 100 that specifiesto which degreethe result of an SQL query shouldcontainuncertain
answers(where1 meansthat any possibleanswerto a queryis desired,while 100 saysthat only definite
answersto a queryaredesired).Moreover, thereis a constructto definethecorrelation credibility, which
specifiessimple modificationsof the probability distributions in the baserelationsbeforeevaluatingthe
selectionconditionin SQLqueries.DyresonandSnodgrassalsodescribeefficientdatastructuresandquery
processingalgorithmsfor their approach.Dekhtyaret al. [13], in contrast,extendtherelationaldatamodel
andalgebra by temporalindeterminacy basedonprobabilities.They defineatheoreticalannotatedtemporal
algebra onlargeannotatedrelations, andatemporal probabilisticalgebra onsuccincttemporal probabilistic
relations. They show that the latter efficiently andcorrectly implementsthe former. They alsoreporton
timingsof thetemporalprobabilisticalgebrain aprototypeimplementation.
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Thereis furtherwork onnonprobabilistictemporalindeterminacy in databases.In particular, Snodgrass
[39] modelsindeterminacy usinga modelthat is basedon a three-valuedlogic. Moreover, Dutta [17] and
DuboisandPrade[16] proposeafuzzylogic approachto temporalindeterminacy, while Koubarakis[28, 27]
andBrusoniet al. [9] suggestapproachesbasedon constraints.Finally, Gadiaet al. [21] introducepartial
temporaldatabases,whicharebasedon partialtemporalelements.

Ourwork in thispaperis perhapsclosestin spirit to theabovework by Dekhtyaretal. [13]. Theideaof
having anexplicit algebraon largeinstances,which is efficiently andcorrectlyimplementedby animplicit
algebraon succinctinstances,is inspiredby their work. Our work, however, is an extensionof the much
richerobject-orienteddatamodelandalgebra,ascomparedto the relationalalgebra.Thus,our work may
beviewedasageneralizationof theoneby Dekhtyaretal. [13].

Thework by DyresonandSnodgrass[18] is alsocloselyrelated,but differs from oursin severalways.
First,wepresentanextensionof object-orienteddatabases,while theirapproachis anextensionof relational
databases.Second,we make no independenceassumptionsbetweenevents(theuser’s querycanexplicitly
encodeherknowledgeof thedependenciesbetweenevents,if any), while DyresonandSnodgrassassume
thatall indeterminateeventsareprobabilisticallyindependentfrom eachother. Third, our work introduces
analgebra,while their work definesanSQL extension.Fourth,we presentformal definitionsof important
notionslike coherenceand consistency and show that underappropriateassumptions,our operationsall
preserve coherenceandconsistency. Fifth, we allow for interval probabilitiesoversolutionsetsof temporal
constraints,while their work allows only for precisepoint probabilitiesover intervalsof timepoints.

Our work is alsorelatedto datamodelsandalgebraicoperationsfor complex objects[1, 37,44,41, 40,
6]. Our work is a strict extensionof thealgebrafor complex valuespresentedby Abiteboulet al. [1]. As
in the caseof Shaw andZdonik [37], Vandenberg andDeWitt [44], andBonczet al. [6], our datamodel
supportsthetypeconstructorsfor setsandtupleson elementarydatatypes.Like them,we alsosupportthe
algebraicoperationsof selection,projection,join, union,intersection,anddifference.However, unlike them,
wedonotsupportthetypeconstructorsfor arraysandmultisetsasin [44], user-definedabstractdatatypesas
in [37], andclassesaselementarydatatypesasin [6], andaggregateoperationsandnext/unnestoperations.
Of course,our work involvestime andprobabilitiesthatarenot consideredin thesepapers.Extendingour
work to suchtypesandalgebraicoperationsis aninterestingtopic of futureresearch.Thenestedrelational
algebradescribedin [41] is a functionallanguagefor complex objects,which alsoallows for definingthe
high-level algebraicoperationsof selection,projection,Cartesianproduct,intersection,anddifference[41].
Finally, Subramanianet al. [40] describean object-orientedqueryalgebrafor lists and trees. They also
presenta predicatelanguagefor lists and trees,which supportsorder-sensitive queries,as it is basedon
patternmatching. Suchalgebraicoperationsarein somesenserelatedto our extractionoperation,which
extractsasubhierarchyfrom theclasshierarchyof a temporalobjectbase.

3 BasicDefinitions

Wenow recapitulatesomebasicdefinitions.Wefirst recallthenotionof acalendardueto Krauset al. [29],
which servesasa temporalatomictypein our model.We thendefinetypesandtheir values.Thesetof all
valuesof a type > is alsocalledthedomainof > , denoted?A@�BC�!>(" . We first introduce(non-probabilistic)
classicaltypesandtheir values. We thendefineprobabilistictypesandtheir values. Finally, we describe
theconceptof a probabilisticstrategy, which is usedto combineprobabilisticinformationin our algebraic
operationsin Sections5 and6.
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3.1 Calendars

We now recall theconceptof a calendardueto Krauset al. [29]. Intuitively, a calendarconsistsof a finite
sequenceof time unitsanda predicatespecifyinga setof valid time pointsover this sequence.It is usedas
anelementarytemporaltypewith thesetof all valid timepointsasassociateddomainof values.

Wefirst definetimeunitsandlineartemporalhierarchies,whichareessentiallyfinite sequencesof time
units.A timeunit DE�F�!GH�&IJ" consistsof anameG andasetof timevaluesI . WeoftenuseG to referto D .
A linear temporal hierarchy KL�HD8MONQPRPRPONSDUT consistsof a finite setof distinct time units VRDWMX�RPRPRPY�ZD[T-\
anda linearorder N amongthem.Thefollowing exampleillustratestheabove concepts.

Example3.1 DU]^�F�`_a	Xb cY�;V#�d�Xe��RPRPRP!\." , DUfE�F�`gS$.hO
�iO�;Vje��RPRPRP.�XeX� \." , and DOkW�l��m�n�o[�;Vje��RPRPRP.�=�de.\." are time
units,while DU]5NCD[fpNCDUk , or _a	Xb cqNCgS$.hO
ZirNCsjb _ , is a lineartemporalhierarchy. t

A lineartemporalhierarchyspecifiesasetof timepoints,while acalendaradditionallyspecifiesasubset
of valid timepoints.Moreformally, a timepointover Ku�HD8MONQPRPRPONCD[T is atuple �`
=MR�RPRPRP#��
vTd" , whereeach

 ' is atimevalueof D ' . Wedenoteby w�x thelexicographicorderonall timepointsover K , whichis defined
by: �zy M �RPRPRPY�=y T "{w x �`
 M �RPRPRPY��
 T " if f some|(}~Vje��RPRPRPY��h^\ existssuchthat y&����
z� for all ��}�Vje��RPRPRPY��|^��e.\
and y ' wS
 ' . We use �{x to denotethereflexive closureof w{x . A calendar ���F�!KH�)��" consistsof a linear
temporalhierarchyK andavalidity predicate� , whichspecifiesanonemptysetof valid timepointsover K .
A calendaris finite if thesetof all its valid timepointsis finite. In therestof thispaper, all calendarsarefinite
unlessspecifiedotherwise.Thereaderinterestedin how to specifyvalidity predicatesmayconsult[29]. We
give anexampleto illustratetheconceptsof timepointsandcalendars.

Example3.2 �ZeX����� �Xe��=�de#" and �ZeX����� �=���=�de#" aretimepointsover KL��_a	Xb c�NHgS$YhO
�i�NCs bj_ . In acalendar
���l�!KH�)��" , thevalidity predicate� maynow characterizetheformerasvalid andthelatterasinvalid. t

3.2 ClassicalTypes

A calendar> is a temporal atomic typewhosedomaindom(> ) consistsof all the valid time pointsof > .
Thesetof classicalatomictypesis �l��V����#�Z�;�����v�������z���#�A�#�O���d� �X� �����a���#�&\ with theusualdomains.We also
assumetheexistenceof somearbitrarybut fixedset � of attributes,whichareusedto referencecomponents
of valuesof tuple types(in a similar way asattributesin relationaldatabaseschemasareusedto reference
fieldsof tuples).

Classicaltypesareeitheratomictypesor complex typesconstructedfrom atomictypesandattributesby
usingthesetandthetupleconstructor. Weformally defineclassicaltypesby inductionasfollows:

� Every classicalatomictypefrom � andevery temporalatomictypeis aclassicaltype.
� If > is aclassicaltype,then V#>[\ is aclassicaltype(calledclassicalsettype).
� If � M �RPRPRP#�)� � arepairwisedistinctattributesfrom � and > M �RPRPRPX�)>R� areclassicaltypes,

then ¡ �¢MA£A>.MR�RPRPRP#�)� �¤£->R�R¥ is aclassicaltype(calledclassicaltupletype).

Wegivesomeexamplesof classicaltypes.

Example3.3 Consideranapplicationmaintaininginformationabouthow long it takesfor packagesto get
from onelocationto another. Suchan applicationmay be usedby a packagedelivery servicelike DHL,
Fedex, or UPS.Theattributes ¦��z� �d�§� and ¨5�;���&�§���Y�=� �d� maybedefinedover theclassicalatomictype ���&�z���#� ,
while the attribute ©O�d�#�Z���#�v� may be definedover the classicalsettype VX�����z�§�Y�A\ . A classicaltuple type is
¡ª¦��«� �d�§�Y£����&�«�§�#�-�X¨5�;���&�§�.�Y�&� �d�X£������z���#�(�;©O�d�#�Z���#�v��£RVX�����z�§�Y�a\R¥ . t

Thevaluesof classicaltypesareinductively definedasfollows:
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� For all classicalatomictypes>C}¬� , every ®} dom(> ) is avalueof theclassicaltype > .
� If �M;�RPRPRPY���� arevaluesof > , then VX MX�RPRPRPY�����\ is avalueof theclassicaltype V#>[\ .
� If ��MX�RPRPRPY�)��� arepairwisedistinct attributesfrom � and �MX�RPRPRPX���� arevaluesof >.MR�RPRPRPX�)>R� , then

¡ �¢MA£a�MX�RPRPRPX�)���8£a��#¥ is avalueof theclassicaltype ¡ �¢MA£A>.MX�RPRPRPX�)� �8£A>R�X¥ .
Somevaluesof classicaltypesin thePackageExampleareshown below.

Example3.4 �O�����Z�d� is a valueof theclassicalatomictype ���&�«�§�#� , while V�¯����Y�R�R°�� �d±;�R�)²X� ³����`��\ is a value
of VX�����z���#�a\ . Moreover, ¡ª¦��«� �d�§�.£#�O�����Z�d�j�X¨5�;���&�§���Y�=� �d�#£X´^��µ ¶O���«±��;©O�d�#�Z���#�v�)£;V�¯����Y�R�R°�� �d±;� , ²X�j³ ���·�j\R¥ is avalue
of ¡ª¦r�z� �d���#£������z�§�Y�A�X¨5�;���&�§���#�&� �d�Y£����&�«�§�#�(�;©U�d�Y�v���Y�¸�)£;VX�����z���#�A\R¥ . t

Observe that theabove classicaltypescanbe easilyextendedto alsoincludethe typeconstructorsfor
lists (i.e.,orderedsets)andbags(i.e.,multisets)in additionto thesetandtupleconstructors.

3.3 Probabilistic Types

Probabilistictypesareusedto encodeprobabilisticinformation.They areeitheratomicprobabilistictypes,
or complex probabilistictypesconstructedfrom classicaltypesand atomic probabilistictypesusing the
tupleconstructor. We formally defineprobabilistictypesby inductionasfollows (observe thatthesetof all
probabilistictypesincludesall classicaltupletypes):

� If > is aclassicaltype,then ¡ ¡¹>�¥ ¥ is aprobabilistictype(calledatomicprobabilistictype).
� If �¢MX�RPRPRPX�)��� arepairwisedistinctattributesfrom � and >.M;�RPRPRP#�)>R� areeitherclassicalor probabilistic

types,then ¡ � M £-> M �RPRPRPY�)���W£->R�#¥ is a probabilistictype(calledprobabilistic tuple type). We call the
attributes �¢M;�RPRPRPY�)��� its top-level attributes.

Thefollowing exampleillustratestheconceptof aprobabilistictype.

Example3.5 In thePackageExample,theattributes ¨5���ª� º.���¼» and ½A¾q¦r¿a�d�.� maybedefinedovertheatomic
probabilistictype ¡ ¡ �&�§³ ��¥ ¥ andtheprobabilistictupletype ¡§©W� �!»^£a�����z���#�A�(ÀÁ�«�z� º��U£����&�z���#�A�(½OÂ��§¯ ³����Y� £W¡ ¡ �&�§³ �;¥ ¥¼¥ ,
respectively, where�=��³�� is acalendar. t

Thevaluesof probabilistictypesareappropriatelytypedrandomvariables.We definevaluesof proba-
bilistic typesby inductionasfollows:

� A valueof anatomicprobabilistictype ¡ ¡¹>�¥ ¥ is a finite setof pairs �`-�#¡ Ãv��ÄA¥`" , where  is a valueof > ,
and Ãv��Ä arerealswith ���ÅÃ8�ÆÄH��e .

� A valueof aprobabilistictype ¡ ��M)£)>.MX�RPRPRPX�)� �Y£=>R�R¥ isof theform ¡ ��M)£��MX�RPRPRP#�)� �Y£���#¥ , where�MX�RPRPRPX����
are valuesof >.M;�RPRPRPY�)>R� . Givenavalue *�Æ¡ ��M)£��MR�RPRPRP#�)� �#£=��X¥ , we write (Pª� ' to denote ' .

Intuitively, a probabilisticvalue Ç�ÈV �` MX�#¡ Ã«MX��ÄÉM�¥`"&�RPRPRPY�#�`.T[�#¡ ÃÊT[��Ä(Tj¥`"=\ saysthat  ’s value is exactly one
memberof from theset VX�MX�RPRPRP#���TA\�P Theprobability that  ’s valueis  ' lies in theinterval ¡ Ã ' ��Ä ' ¥ . This is
illustratedbelow.

Example3.6 Let �&�§³ � bethecalendarover thelineartemporalhierarchyi($YÄ-cqNCg¬|«hOÄ(
�	 . An valueof the
atomicprobabilistictype ¡ ¡ �&�§³ ��¥ ¥ is V ���ZeX���=���j"&�#¡�P¹�a�RPË�Y¥`"��#����eX�a�=��Ìj" , ¡�P¹�a�RPË�Y¥`"=\ . Intuitively it saysthatthis value
is either �ZeX���=���j" or �ZeX���=��Ì�" . Theprobabilitythatthevalueis �ZeX���=���j" is 0.4–0.6andsimilarly for �ZeX���=��Ì�" .
Similarly, anexplicit valuefor theatomicprobabilistictype ¡ ¡¹���&�z���#��¥ ¥ is V �Z´8��µ ¶O���«± , ¡�PË���RP¹��¥`"&�#�·ÍÎ�Y�RÂ��§�Y���v�d�(�
¡�PËÌ��RPË�Y¥`"=\ . t
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Noticethatfor aprobabilisticvalue *��V �`�MX�#¡ Ã«MX��ÄÉM�¥`"&�RPRPRP#�#�`�T[�#¡ ÃÊT[��Ä(Tj¥`"=\ to beconsistent,theremustbe
somewayof assigningpointprobabilitiesto the  ' ’ssothattheaboveconstraintsaresatisfied.For example,
if *��V �zÌ��#¡Ïe��Xe�¥`"&�#�z���#¡Ïe��#e�¥!"=\ thenthis is inconsistent(asit saysthat  equalsboth Ì and � with probability
e which is impossible.Thus,we saythat  is consistentif f thereexistsa probability function �rc (cf. [35])
on VX MX�RPRPRPY���TA\ (that is, a mapping��c8£¤VX�M;�RPRPRPY���T(\8ÐÑ¡ �d�Xe�¥ suchthatall ��ca�` ' " sumup to e ) suchthat
�rcA�` ' "[}®¡ Ã ' ��Ä ' ¥ for all |(}~Vje��RPRPRPY��h^\ . It is notdifficult to seethatsucha �rc existsiff Ã«M&ÒÈÓRÓRÓ;Ò ÃÔT��ÎeÕ�CÄÉM&Ò
ÓRÓRÓ�Ò Ä-T .

Wecanextendtheabove definitionnaturallyto obtainthefollowing notionof consistency for valuesof
probabilistictypes.A value Ç��V �` M �#¡ Ã M ��Ä M ¥`"&�RPRPRPY�#�` T �#¡ Ã T ��Ä T ¥`"=\ of anatomicprobabilistictypeis consis-
tentif f �MR�RPRPRP#���T arepairwisedistinctand ÃzM&ÒÈÓRÓRÓ;Ò ÃÔT �peÕ�CÄÉM&ÒÈÓRÓRÓ�Ò�Ä(T . A value  of aprobabilistictype
is consistentif f all valuesof atomicprobabilistictypesthatoccurin  areconsistent.

3.4 Probabilistic Strategies

We now definetheconceptof a probabilisticconjunction(resp.,disjunction,difference)strategy, which is
usedin our algebraicoperationsto computethe probability interval of a conjunction(resp.,disjunction,
difference)of two piecesof information,whichareeachassociatedwith agivenprobabilityinterval.

Considertwo events	�M and 	#Ö , whichhaveaprobabilityin theintervals ¡ ÃzMX��Ä¤M�¥ and ¡ ÃÔÖ���Ä[Ö�¥ , respectively.
To computetheprobabilityinterval associatedwith thecompoundevents 	�M[×~	#Ö , 	�M[Ø~	#Ö , and 	�M[×�ÙÕ	#Ö , we
needto know thedependenciesbetween	�M and 	XÖ (or lackthereof).For instance,	�M and 	XÖ maybemutually
exclusive, or probabilisticallyindependent,or positively correlated(when 	�M implies 	XÖ , or 	XÖ implies 	�M ),
or we may be ignorantof the relationshipbetween	 M and 	 Ö . Eachof thesesituationsyields a different
way of computingtheprobabilityof 	�M[×�	XÖ , 	�M[Ø�	XÖ , and 	�M[×�ÙÕ	#Ö . More formally, let Ú be thesetof all
nonemptysubintervals ¡ Ãv��ÄA¥ of theunit interval ¡ �d�Xe�¥ . Assumethattheprobabilitiesof theevents 	 M and 	 Ö
arein the intervals ¡ Ã«MX��ÄÉM�¥ and ¡ ÃÔÖ���Ä[Ö�¥ , respectively. A conjunction(resp.,disjunction, difference) strategy
is a function Û�£jÚ Ö ÐLÚ (resp.,Ü�£ Ú Ö ÐuÚ , Ý�£jÚ Ö ÐLÚ ) thatcomputestheprobability interval of 	�M(×�	XÖ
(resp.,	�M[Ø�	XÖ , 	�M[×~Ù5	XÖ ) for somefixeddependenciesbetween	�M and 	#Ö (or lack thereof).

Lakshmananet al. [31] give axiomsthat conjunctionanddisjunctionstrategiesshouldsatisfy, but we
do not repeatthesehere,except to saythat our conjunctionanddisjunctionstrategiesshouldalsosatisfy
suchaxioms.Tables1 and2 show someexamplesof conjunction,disjunction,anddifferencestrategies(see
[20] for moreexamples).For associative andcommutative conjunction(resp.,disjunction)strategies Þ and
nonemptyintervals ¡ ÃzMX��ÄÉM�¥«�RPRPRP#�#¡ ÃÔ����Ä-�#¥Çßà¡ �d�Xe�¥ with á�âpe , we use ã �

'Êä M ¡ Ã ' ��Ä ' ¥ to denote¡ ÃzMX��Ä¤M�¥AÞ+ÓRÓRÓjÞ
¡ ÃÔ� ��Ä-�#¥ . For áÁ�E� , we define ã �

'Êä M ¡ Ã ' ��Ä ' ¥ astheconstants¡Ïe��Xe�¥ (resp., ¡ �d�)�.¥ ).

4 Temporal Probabilistic Object Bases

In this section,we first introducethe conceptof a schemafor temporalprobabilisticobjectbases.Intu-
itively, a schemaconsistsof two parts.Thefirst is a hierarchyof classeswith associatedtypes.Thesecond
part specifiesa conditionalprobability. If åYM is an immediatesubclassof å;Ö , this conditionalprobability
specifiestheprobabilityof a memberof å Ö beinga memberof å M . For example,å M couldbetheclass“reg-
isteredletters”and å;Ö could be theclass“letters.” In this case,we may have a probabilityof 0.05thatan
arbitraryletteris a registeredletter.

Second,we definetheinheritancecompletionof a schema,which addsto every class,all theattributes
(with their types)thatareinheritedfrom superclasses.Finally, we introducetemporalprobabilisticobject
baseinstanceswith respectto this inheritancecompletionschema.



8 INFSYS RR 1843-02-08

Table1: Conjunctionstrategies

Mutual exclusion æèç éÔê;ëèìAêví�îqïÕð¤ç é¼ñXë¸ì�ñ)í¼òÉóÅç ôjë¸ôXí
Positivecorrelation æèç é ê ëèì ê í�î5õ&öÉç é ñ ëèì ñ íÊò¤óFç ÷�ø§ù[æÔé ê ë¸é ñ ò)ëè÷�ø�ù-æÊì ê ë¸ì ñ ò!í
Independence æèç éÔê;ëèìAêví�îqú§û ç é¼ñXëèìdñ�íÊòÉóÅç éÔê8ü&é¼ñXë[ìaêWü&ì�ñZí
Ignorance æèç éÔê;ëèìAêví�îqúËýqç é¼ñ#ëèìdñ�íÊòÉóÆç ÷rþRÿaæÔéÔêRë¸é¼ñ&ò)ëè÷�ø�ù-æ��YëèìAê��¬ìdñ&òzí

Table2: Disjunctionstrategies

Mutual exclusion æèç éÔê;ëèìAêví��qïÕð¤ç é¼ñXë¸ì�ñ)í¼òÉóÅç ÷�ø�ù(æ��Yë¸éÔê��Cé¼ñ&ò)ëè÷�ø�ù(æ��YëèìAê��¬ìdñ&òzí
Positivecorrelation æèç éÔê;ëèìAêví�� õ&ö ç é¼ñXëèìdñZíÊò¤óFç ÷rþRÿAæÔéÔêRë¸é¼ñ�ò�ëè÷rþXÿaæÔìaêRëèìdñ&òzí
Independence æèç é ê ëèì ê í�� ú§û ç é ñ ëèì ñ íÊòÉóÅç é ê �Cé ñ�� é ê ü=é ñ ë[ì ê �¬ì ñ�� ì ê ü)ì ñ í
Ignorance æèç éÔê;ëèìAêví��qúËýqç é¼ñ#ëèìdñ�íÊòÉóÆç ÷rþRÿaæÔôjë¸éÔê��Cé¼ñ � �;ò�ë¸÷ ø�ù(æÔìaêRëèìdñ&ò!í

Table3: Differencestrategies

Mutual exclusion æèç é ê ëèì ê í�	 ïÕð ç é ñ ë¸ì ñ í¼òÉóÅç é ê ëè÷�ø�ù(æÊì ê ë
� � é ñ ò!í
Positivecorrelation æèç éÔê;ëèìAêví�	 õ&ö ç é¼ñXëèìdñZíÊò¤óFç ÷rþRÿAæÔôjë¸éÔê � ì�ñ�ò�ë¸÷�þXÿAæÔô�ë¸ìaê � é¼ñ&òzí
Independence æèç é ê ëèì ê í�	 ú§û ç é ñ ëèì ñ íÊòÉóÅç é ê ü�æ�� � ì ñ ò�ë�ì ê ü�æ�� � é ñ ò!í
Ignorance æèç éÔê;ëèìAêví�	qúËýqç é¼ñ#ëèìdñ�íÊòÉóÆç ÷rþRÿaæÔôjë¸éÔê � ì�ñ�ò�ëè÷�ø�ù-æÔìaêRë�� � é¼ñ&ò!í

4.1 Temporal Probabilistic Object BaseSchema

We now definetheconceptof a temporalprobabilisticobjectbaseschema.Informally, every schemaspec-
ifies a finite set of classes� . Every class å^}� hasan associatedprobabilistictuple type �5�!åX" specify-
ing the type of objectsin this class. Moreover, every class å^}� is associatedwith a partition B�� �!åX" of
the set of all its immediatesubclassesinto sets(or clusters)of pairwisedisjoint classes.For example,
B��j�!åX"a�ÈV�V#åYM#�)å;Ö.\��;V#å����)å
���)å��.\�\ saysthat åYMX�RPRPRPX�)å�� aretheimmediatesubclassesof å , andthatanobject $
thatbelongsto theclasså canbelongto atmostoneclassamongåYM and å;Ö , andto at mostoneclassamong
å � , å � , and å � . Finally, every immediatesubclassrelationshipbetweentwo classeså M and å Ö is associated
with theconditionalprobabilitythatanarbitraryobjectbelongsto åYM giventhatit belongsto å;Ö .

Formally, a temporal probabilisticobjectbaseschema(or TPOB-schema) ���F���^���U�)B�� ���É" consistsof
(i) a finite set of classes� , (ii) a typeassignment� that associateswith eachclass å^}�� a probabilistic
tupletype,(iii) a mappingB�� thatassociateswith eachclasså^}� a partitionof thesetof all its immediate
subclassess�}� , and(iv) aprobabilityassignment� thatassociateswith everypairof classes�!å ' �)åX"[}����� ,
where å ' is an immediatesubclassof å , a positive rationalnumberin ¡ �d�Xe�¥ suchthat �����! #"$�Õ�!å ' �)åX"[��e for
every class å^}%� andevery cluster &Å}¢B��j�!åX" . Observe that B�� definesa directedgraph ���8�
'�" , where
å#M(' å�Ö if f åYM is an immediatesubclassof å;Ö . As usual,we assumethat ���8�
'�" is acyclic. The following
exampleillustratestheconceptof aTPOB-schema.

Example4.1 TheTPOB-schema�¢�F���^���U�)B������¤" for thePackageExampleis givenasfollows:
� �C��Vj¿A�.²�±&�Y�����*)��;�v�v���Z�#�O�,+d�)¾.-j°����X¿W�z� ���z� �!»A�*/�+d¯��Ô�;��� �=�Xº��;�;�&¦��Y� - �&�·� �Y�10!���¸�)¾Õµ5� - ���·� �#�10z���«\ ;
� thetypeassignment� is givenby Table4 below;
� B��j�Z¿A�.²�±&�Y����"5��V�V2)��;�¸�Z���Z�#�O��+a�)¾.-j°��.\��;Vj¿W�z� �j�z� �!»A�*/2+d¯.�·�;��� �=�#º��;�;\�\ ,
B��j���É��+ "Õ� B��j�1/2+�¯��Ô�;��� �=�#º.�;�&"Õ��V�V#¾5µ5� - ���·� �#�10z���z\�\ ,
B��j�!¾.- °��#"5� B��j�Z¿W�z� �j�z� �!» "5� V�V.¦��Y� - �&�·� �Y�10!���è\�\ ,
B��j�1)��;�v�v���«"5� B��j�«¦��Y� - �&�·� �Y�10!���z"Õ� B��j�!¾Õµ5� - �&�·� �Y�10!���z"Õ�43 ;
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Figure2: PackageExamplewith probabilityassignment�

� theprobabilityassignment� is givenin Fig. 2.
Notethattheacyclic directedgraph���^�
'Æ" is thegraphresultingfrom Fig.2whenthed-nodesarecontracted
to ¿A�.²�±&�Y��� andtheprobability labelsareremoved. Thed-nodesof Fig. 2 denotedisjoint decompositions–
every packageis eithera letter, box,or tube,andeitheranexpresspackageor apriority package.t

Table4: Typeassignment�
5 6 æ 5 ò798,:,;�8�<>= ç ?A@CB < BED(FHG�IJ@CBED < ëLK = G�IMBED 8 IMB N�DOF�GPIJ@QBED < ëOK =>R B S = @UT�F(ç ç IMBEV = í í�íW,= I!I = @ çUX = B <2Y IZFH[�N 8 IZëZ\]B ^>I Y FZ[�N 8 I`í_ Na`b(ced*= çUX = B <2Y IZFH[�N 8 IZëZ\]B ^>I Y FZ[�N 8 IZëfK =*g I Y FH[�N 8 IvëihON�DaI = DaI�GHF � G�IJ@CBED < �=í7 @CB NZ@QB IjTk ` g @ = GlG G 8 S = G ç b BEV = F(ç ç IMBEV = í í§í
?$D = - IJ@ 8 DaGPm = @ ç h(B I�TnF�GPIJ@QBED < ë�o�@j@CB S = F(ç ç IMBEV = í í`ë9p Y B g V = DaIHFAç ç IMBEV = í í§íb�q N -IJ@ 8 D�G�m = @ ç p b ? 7 N2D = F(çrh(B I�TnF�G�IJ@CBED < ë�o�@j@QB S = F-ç ç IMBEV = í í!ë9p Y B g V = DaIeF-ç ç IMBEV = í í�í!ëp b ? 7 I q NnF(çrhfB IjTnF�G�IJ@CBED < ë�o�@j@QB S = F-ç ç IMBEV = í ízë2p Y B g V = DaIZF-ç ç IMBEV = í í�í�í

We now introducesomeconceptsrelatedto TPOB-schemas.A top-level attribute of a TPOB-schema
�¢�F���8���U�)B��j���¤" is a top-level attribute (asdefinedin Section3.3) of some�5�!åX" where å^}� . A directed
path in ���^�
'Å" is asequenceof classesåYMX�RPRPRPX�)å;�Ç}� suchthat å#M(' ÓRÓRÓ('àå;� and á�â�e . Wedenoteby 'ts
the reflexive andtransitive closureof ' . We say å#M is a subclass(resp.,strict subclass) of å�Ö , or å;Ö is a
superclass(resp.,strict superclass) of åYM , if f åYM('tsWå;Ö (resp.,åYM('tsWå;Ö and åYMvu�Eå;Ö ). A classs{}� is minimal
under ' s in asetof classesw ßx� if f s{}�w andno classin w is a strict subclassof s .

We finally definethe importantnotion of consistency of TPOB-schemas.Intuitively, a TPOB-schema
is consistentiff eachclasså canbeassociatedwith a nonemptyset y(�!åX" of objectssuchthat theimmediate
subclassanddisjointnessrelationshipsandthe relative cardinalitiesexpressedby B�� and � , respectively,
aresatisfied.If thereis no way to make this happen,thenthis meansthat thereis somefundamentalprob-
lem with theconditionalprobabilityassignmentsto theTPOB-schema.Every TPOB-schemashouldhave
this property. Formally, an interpretation z �Æ��{®��y " of a TPOB-schema�¢�F���^���U�)B������¤" consistsof a
nonemptyset { , anda mapping y from � to the setof all finite subsetsof { . The interpretationz is a
taxonomicmodelof � if f thefollowing conditionsaresatisfied:
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C1 y(�!åX"u�43 , for all classesår}x� .

C2 y(�!åX"Çß|y-�!s�" , for all classeså.�)s®}x� with å}' s .

C3 y(�!åX"�~�y-�!s�"5�43 , for all distinctclasseså.�)s }x� in thesamecluster&Q}��lB��j���¤" .
Thefirst two axiomssaythatclassesmustnot beemptyandthat theobjectsin a subclassmustbea subset
of theobjectsin asuperclass.To seewhy thethird axiomis present,considerthefact(from Figure2) thata
packageis eithera tube,box,or letter— thisaxiomforcesapackageto beexactlyoneof thesethree(e.g.a
packagecannotbebotha tubeandabox).

Theinterpretation� is a taxonomicandprobabilisticmodel(or model) of � if f it is a taxonomicmodel
of � andfor all classes�e���}��� with ����� , axiom(C4)below holds:

C4 � �L���*�,�J�������e���i����� �L���i�,� .
We say � is consistentif f a modelof � exists. We saythat two classes�e������� aretaxonomicallydisjoint
(or t-disjoint) iff �L���*��~��f���i���t� for every taxonomicmodel�x����{����9� of � .

The axiom above saysthat the numberof itemsin eachclassmustbe consistentwith the conditional
probability labeling. For example,if an interpretationassigns�,�H� objectsto the class“Package”,thenit
mustassign50 objectsto theclass“Letter” — if not, it will not satisfytheprobabilityrequirementthathalf
thepackagesareletters.

Note that thework in this sectionbuilds upondefinitionsin [19]. There,it is shown thatdecidingthe
consistency of probabilisticobjectbaseschemasis NP-complete— this resultalsoapplieshere.However,
thereareimportantspecialcasesof TPOB-schemas,whichcanbetestedin polynomialtime,andfor which
decidingconsistency canalsobedonein polynomialtime (see[19] for detailedalgorithms).

4.2 Inheritance Completion

Theinheritancecompletionof a TPOB-schemaaddsto thetypeof every class���� , all theattributes(with
their types)that are inheritedfrom all superclassesof � . We useinheritancestrategies to specifyhow to
resolve conflicts that arisedue to multiple inheritance.More precisely, we addto the type of eachclass
�.�%� , every top-level attribute � with its typeat a minimal superclassof � . If morethanonesuchminimal
superclassexists,thenwe have a conflict dueto multiple inheritance,andwe useaninheritancestrategy to
selectauniqueclassamongthesetof all suchminimal superclasses.

More formally, let �����������n�� �¡2���¢� be a TPOB-schema,andlet £ denotethe setof all its top-level
attributes.Let ¤%¥§¦#¨$©��«ª¬£4®� bethemappingthatassignsto eachpair ���#�����a�¢��ªv£ thesetof all minimal
classesunder �t¯ in the setof all superclasses�}�� of � suchthat � is a top-level attribute of �����i� . An
inheritancestrategy for � is apartialmapping¥§¦2°Z¨v©O�xª¬£4®� thatassignsaclass����¤%¥§¦e¨n���e���� to every
pair ���e�����(�%��ª¬£ suchthat ¤�¥U¦e¨����e�����.±�²� .

The inheritancecompletionof a TPOB-schemais obtainedby addingto eachtype of a class,all top-
level attributeswith their typesthatareinheritedfrom minimalsuperclasses.More formally, theinheritance
completionTPOB-schemaof a TPOB-schema�%�³���.���n�� �¡9����� is theTPOB-schema�L¯����������f¯2�� �¡����¢� ,
where � ¯ ���*���³´ ��µO©f¶eµ,�,·,·,·*���¹¸.©L¶,¸*º suchthat(i) ��µ*�,·,·,·*���¹¸ areall �»�%¼ suchthat ¥U¦2°Z¨n���#����� is defined,
and(ii) ���l¥U¦9°e¨����e���}½P�J� hasthetype ¶�½ at ��½ , for all ¾L�À¿2�Z�,·,·,·e��ÁfÂ . If ���»�L¯ , then � is fully inherited. The
following exampleshows theinheritancecompletionof theTPOB-schemain ourPackageExample.

Example4.2 Considerthe TPOB-schema�������.���n�� �¡2���¢� of Example4.1. Its inheritancecompletion
TPOBschemais �f¯����������f¯2�� �¡����¢� , where�f¯ is givenin Table5. Ã

Throughouttherestof thispaper, weassumethatall TPOB-schemasare fully inherited.
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Table5: Typeassignment�f¯ of theinheritancecompletionTPOB-schema
Ä Å�ÆHÇCÄ�ÈÉ2Ê,Ë,Ì�Ê�Í#Î Ï Ð$ÑQÒ ÍHÒEÓfÔ�ÕPÖJÑQÒEÓ�Í9×OØnÎ
Õ�ÖMÒEÓ,ÊaÖMÒ Ù�ÓLÔ2Õ�ÖJÑCÒEÓaÍ9×LØnÎ*Ú Ò Û�Î*Ñ§Ü�ÔLÏ Ï ÖMÒEÝvÎ�Þ ÞßÞà,Î�Ö!Ö�Î>Ñ Ï Ð$ÑQÒ ÍHÒEÓfÔ�ÕPÖJÑQÒEÓ�Í9×OØnÎ
Õ�ÖMÒEÓ,ÊaÖMÒ Ù�ÓLÔ2Õ�ÖJÑCÒEÓaÍ9×LØnÎ*Ú Ò Û�Î*Ñ§Ü�ÔLÏ Ï ÖMÒEÝvÎ�Þ Þ!×Oá(Î�Ò Í2â
ÖZÔHã�ÙeÊaÖ1×�ä«Ò å>ÖJâfÔHã�ÙeÊaÖ�Þæ�Ùaç Ï Ð$ÑQÒ ÍHÒEÓfÔ�ÕPÖJÑQÒEÓ�Í9×OØnÎ
Õ�ÖMÒEÓ,ÊaÖMÒ Ù�ÓLÔ2Õ�ÖJÑCÒEÓaÍ9×LØnÎ*Ú Ò Û�Î*Ñ§Ü�ÔLÏ Ï ÖMÒEÝvÎ�Þ Þ!×Oá(Î�Ò Í2â
ÖZÔHã�ÙeÊaÖ1×�ä«Ò å>ÖJâfÔHã�ÙeÊaÖ

,è(é#ê*Î ØnÎ>ë
ÖJâ(ÔHã�Ù#ÊaÖJ×iìOÙ�ÓaÖ�Î*ÓaÖ�ÕHÔ�íaÕ�ÖJÑCÒEÓaÍ2î�ÞÉLÑCÒ ÙZÑCÒ Ö�Üï#çeë>Ñ§Î
ÕPÕ ÕMÊaÛaÎ
Õ Ï Ð$ÑQÒ ÍHÒEÓfÔ�ÕPÖJÑQÒEÓ�Í9×OØnÎ
Õ�ÖMÒEÓ,ÊaÖMÒ Ù�ÓLÔ2Õ�ÖJÑCÒEÓaÍ9×LØnÎ*Ú Ò Û�Î*Ñ§Ü�ÔLÏ Ï ÖMÒEÝvÎ�Þ Þ!×�è�ÒEÝvÎOÔOÏ Ï ÖMÒEÝvÎJÞ ÞUÞ
ÐAÓ�Î

-
ÖJÑðÊeÓ�Õ�ñQÎ*Ñ Ï Ð$ÑQÒ ÍHÒEÓfÔPÕPÖJÑQÒEÓ�Íi×
ØnÎ�ÕPÖMÒEÓ�ÊaÖMÒ Ù2ÓOÔPÕPÖJÑQÒEÓ�Í9×aØnÎ*Ú Ò Û�Î*Ñ§Ü(ÔaÏ Ï ÖMÒEÝAÎJÞ Þj×aáfÎ,Ò Í�âaÖeÔPã�Ù#ÊaÖJ×�ä]Ò å>ÖJâfÔ�ã�ÙeÊaÖJ×
ØnÎ*ëaÖJâfÔPã�Ù#ÊaÖ

,ìOÙ�ÓaÖ�Î*ÓaÖ�Õ�Ô�íaÕ�ÖJÑCÒEÓaÍ9î#×�è�ÒEÝvÎ�ÔLÏ Ï ÖMÒEÝAÎ�Þ Þj×�ìfÒ ÖjÜ(Ô2Õ�ÖJÑCÒEÓaÍ9×�ò�Ñ�ÑCÒ Û�ÎLÔLÏ Ï ÖMÒEÝvÎ�Þ Þ�×Móiâ>ÒEë#ÝAÎ*ÓaÖZÔOÏ Ï ÖMÒEÝvÎ�Þ Þ§Þè�ô�Ù
-
ÖJÑßÊeÓ�Õ�ñQÎ>Ñ Ï Ð$ÑQÒ ÍHÒEÓfÔPÕPÖJÑQÒEÓ�Íi×
ØnÎ�ÕPÖMÒEÓ�ÊaÖMÒ Ù2ÓOÔPÕPÖJÑQÒEÓ�Í9×aØnÎ*Ú Ò Û�Î*Ñ§Ü(ÔaÏ Ï ÖMÒEÝAÎJÞ Þj×aáfÎ,Ò Í�âaÖeÔPã�Ù#ÊaÖJ×�ä]Ò å>ÖJâfÔ�ã�ÙeÊaÖJ×
ØnÎ*ëaÖJâfÔPã�Ù#ÊaÖ

,ìOÙ�ÓaÖ�Î*ÓaÖ�Õ�Ô�íaÕ�ÖJÑCÒEÓaÍ9î#×�è�ÒEÝvÎ�ÔLÏ Ï ÖMÒEÝAÎ�Þ Þj×ióHè.Ð$É2Ù�Ó�Î�ÔOÏ ì(Ò Ö�Ü�ÔHÕPÖJÑQÒEÓ�Í9×2ò�Ñ�ÑCÒ ÛaÎfÔLÏ Ï ÖMÒEÝAÎ�Þ Þj×ó�â*ÒEëeÝvÎ*ÓaÖHÔLÏ Ï ÖMÒEÝAÎ�Þ ÞUÞ�×9óHè�Ð$É9Ö�ô�ÙnÔLÏrìfÒ ÖjÜnÔ�Õ�ÖJÑCÒEÓaÍi×Hò�ÑjÑQÒ Û�ÎfÔOÏ Ï ÖMÒEÝvÎJÞ Þ�×9óiâ>ÒEë#ÝAÎ*ÓaÖZÔfÏ Ï ÖMÒEÝvÎJÞ ÞßÞ§Þ

4.3 Temporal Probabilistic Object BaseInstance

Thissectionintroducesthenotionof a temporalprobabilisticobjectbase(TPOB)instance.Throughoutthis
paper, we assumea countablyinfinite set õ of objectidentifiers (or oids) (we will oftenabusenotationand
call oids objects). Note that we assumethat õ is countablyinfinite to ensurethat we may have arbitrary
largefinite TPOB-instances.For thealgebraicoperationsof naturaljoin, Cartesianproduct,andconditional
join (seeSection6), we additionallyassumethat õ is closedunderCartesianproduct,thatis, õöª�õø÷ùõ .

A temporal probabilistic objectbaseinstance(or TPOB-instance) ú¢�û��ü���ýL� over a consistentTPOB-
schema�����������n�� �¡2���¢� consistsof (i) amappingü thatassignsto eachclass���� afinite subsetof õ such
that ü����#µ���þÀü�����ÿ>���²� for all distinctclasses�>µ*����ÿ��¹� , and(ii) amappingý thatassignsto eachoid ���%ü����*� ,
���� , a valueof type �f¯i���*� . We write ü����¢� to refer to the set

� ¿>ü����*���M�����.Â of all oids in ú . For every
���� , we use ü ¯ ���*� to denotetheset

� ¿>ü����������M���H����i���>� ¯ �#Â of all oids thatbelongto � , which is to be
distinguishedfrom theset ü����,� of all oidsthatarecreatedin � . Intuitively, ü����*� is thesetof oidsin class� ,
while ý¢���H� specifiesthevalueof anobject �x�²ü����*� . Thefollowing exampleshows a TPOB-instanceover
theTPOB-schemain ourPackageExample.

Example4.3 Tables6 and7 show a TPOB-instanceú>�À��ü���ýL� over the TPOB-schema� of Example4.1.
Accordingto this, ��� is a priority package,��� is a two-transferpackage.��� is beingshippedfrom Rometo
Bostonandits expecteddelivery timeis either �1�	�i���H�2� or �1�	�i��
��>� . Theprobabilityof theformeris 40–60%
while thatof thelatteris 30–50%. Ã

Table6: Themappingsü and ü�
Ä ��ÇCÄ�È ���#ÇCÄ�ÈÉ2Ê,Ë*ÌJÊ�Í#Î í>î í����>×����>îà,Î�Ö!Ö�Î>Ñ í>î í>îæ�Ùaç í>î í����*îè(éeê*Î í>î í>î

Ä ��Ç�Ä�È ���>ÇCÄ�ÈÉfÑQÒ ÙZÑCÒ Ö�Ü í����,î í����,îï#çZë*Ñ§Î
ÕPÕ ÕMÊaÛaÎ
Õ í#î í�� � îÐAÓ�Î
-
ÖJÑßÊeÓ�Õ�ñQÎ>Ñ í#î í#îè�ô�Ù
-
ÖJÑðÊeÓaÕPñQÎ*Ñ í�� � î í�� � î

We now definetheconceptof a probabilisticextent of a class. In classicalobjectbases,theextent of
a class� is a mapping¡����>���>� thatassociateswith every object � in theobjectbasethenumber� (resp., � )
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Table7: Valueassignmentý� � Ç � È� � Ï ÐAÑCÒ ÍZÒEÓfÔ��iÙ�ÝvÎ*×fØnÎ�Õ�ÖMÒEÓ,ÊaÖMÒ Ù�ÓfÔ�æ�Ù>Õ�Ö�Ù2Ó#×LØnÎ>Ú Ò ÛaÎ>ÑUÜ�Ô�í ÇPÇ��! ×#"$" È ×
Ï&% '2×�% (,Þ È × ÇPÇ��! ×#) ��È ×
Ï&% )�×�%+*�Þ È î ,è�ÒEÝvÎ�Ô�í ÇlÇ, ×�"$" È ×aÏ-% '.*�×�%+*�Þ È × ÇlÇ, × � " È ×aÏ-% '2×!% *,Þ È î�Þ��� Ï ÐAÑCÒ ÍZÒEÓfÔOÉ2Ê>ÑQÒ Õ�×fØnÎ�Õ�ÖMÒEÓ,ÊaÖMÒ Ù�ÓfÔ9óHÊeÓ /aÙ#ÕPÎ>×fØnÎ*Ú Ò Û�Î*Ñ§Ü(Ô�í ÇPÇ���0 ×#"$" È ×
Ï&%+*H×�%21aÞ È × ÇPÇ���0 × � * È ×
Ï&% '2×�%+*�Þ È îe×2á(Î�Ò Í2â
ÖZÔ3($"2×ä]Ò å*ÖJâ(Ô4*	"2×�ØnÎ*ëaÖJâfÔ5'."�×9ìOÙ�ÓaÖ�Î*ÓaÖ�ÕHÔ�í>ëeâaÙ>Ö�Ù>ÕJ×�ê*ÙZÙ2Ì�ÕJî#×�è�ÒEÝvÎ�Ô�í ÇPÇ6��0 ×#"$" È ×
Ï&% )2×�% '*Þ È × ÇPÇ6��0 ×#"7* È ×
Ï&% '9×�%21aÞ È î ,óHè�Ð$É�Ù2ÓaÎ�ÔOÏrìfÒ ÖjÜ�Ô98(Î�ô :iÙZÑjÌ*×�ò�ÑjÑQÒ Û�ÎLÔ�í ÇPÇ�� '2×#"$" È ×
Ï&% )�×�%+*�Þ È × ÇPÇ�� '2×#)$" È ×
Ï&%21Z×�%  Þ È î ,óiâ>ÒEëeÝvÎ*ÓaÖeÔOí ÇPÇ�� (2×�"$" È ×aÏ � × � Þ È î
Þj×HóHè�Ð$É2Öjô�Ù�ÔOÏrìfÒ ÖjÜ�Ô2óHè à,Ù2é*Ò Õ
,ò�ÑjÑQÒ Û�ÎLÔOí ÇPÇ�� 1H×�)$" È ×aÏ-% 0 ×!% (*Þ È × ÇlÇ6� 1H×�'�* È ×aÏ-%+*H×!% (*Þ È î#×Hóiâ>ÒEë#ÝvÎ>Ó
ÖHÔ�í ÇPÇ��! ×#"$" È ×
Ï&% )�×�%+*�Þ È × ÇPÇ��! ×#)$" È ×
Ï&% (�×�%21aÞ È î
ÞUÞ

if f � doesnotbelong(resp.,doesbelong)to theclass� . In probabilisticobjectbases,theprobabilisticextent
of aclass� is amapping¡����>���>� thatassociateswith everyobject � in theobjectbasethepossibleprobabilities
with which � belongsto � . If � belongsto a subclassof � (resp.,a class ��� t-disjoint to � ), thenobviously
¡��;�>���>�>���H���û¿2�eÂ (resp., ¡��;�>���>�>��������¿>�iÂ ). Otherwise,¡����>���>�*����� is the setof all productsof probabilities
from � up to a minimal superclass� � of � thatcontains� . More formally, let ú¢�û��ü���ýL� bea TPOB-instance
overaconsistentTPOB-schema�%�³���.���n�� �¡9����� , andlet � beaclassfrom � . Theprobabilisticextentof � ,
denoted¡��;�>���>� , mapseachoid ���%ü����¢� to asetof rationalnumbersin ´ ���*�aº asfollows:

(1) If ���%üf¯9���,� , then ¡��;�>���>�>���H���û¿2�eÂ .
(2) If ���%üf¯9��� � � with aclass� � �� thatis t-disjoint from � , then ¡��;�>���>�>���H����¿>�iÂ .
(3) Otherwise,¡��;�>���>�>���H���û¿=<À�,< is theproductof theedgeprobabilitiesonapathfrom � up to aminimal

class� � under �t¯ in thesetof all superclasses�}��� of � suchthat ���%üf¯i������Â .
We call theclass� in (1), theclass� � in (2), andevery class� � asin (3) a characteristicclassfor ¡����>���>�*����� .
Thefollowing exampleillustratestheconceptof aprobabilisticextentof aclass.

Example4.4 Theprobabilisticextentof theclass>¦.? - @�ACB9¦$DFEG?�A in our PackageExamplemapstheoids ���
and ��� to thesetsof rationalnumbers¿�·-H9Â and ¿>�iÂ , respectively. Ã

If theprobabilisticextentof everyclass� assignsauniqueprobabilityto everyobject � , thenwesaythat
the underlyingTPOB-instanceis coherent.This is important: intuitively, given an object � anda class � ,
theremustbeonly oneprobabilitythat � belongsto � (otherwisesomethingwouldbewrong).For example,
given that � is a packagein Figure2, we know that the probability of its having one transferis ��· �5I —
noticethatFigure2 hastwo pathsandthecomputedprobabilityacrossbothpathsis ��· �5I . This is thekind of
intuition thatthenotionof coherencebelow attemptsto capture.Formally, aTPOB-instanceú¢����ü���ýL� over
a consistentTPOB-schema�����������n�� �¡2���¢� is coherent if f for every class���� andevery object ���%ü����¢� ,
theprobabilisticextent ¡��;�>���>�>���H� containsat mostoneelement.

Anotherimportantconceptfor TPOB-instancesis thatof consistency, which is simply anextensionof
theconceptof consistency for valuesof probabilistictypes.A TPOB-instanceisconsistentiff all its valuesof
probabilistictypesareconsistent.Inconsistentvaluesof probabilistictypesandinconsistentTPOB-instances
aremeaningless.Hence,thenotionof consistency is very important.Formally, a TPOB-instanceú¢�û��ü���ýL�
over aconsistentTPOB-schema�����������n�� �¡2���¢� is consistentif f ý������ is consistentfor all ���%ü����¢� .
5 TPOB-Algebra: Unary Operations

In this section,we introducethe unaryoperationsof the TPOB-algebra.Theseoperationstake a TPOB-
instanceover a TPOB-schemaasinput,andproducea TPOB-instanceover a TPOB-schemaasoutput.We
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describetheunaryoperationsof selection,restrictedselection,renaming,projection,andextraction.Unless
specifiedotherwise, weassumethatall input TPOB-schemasare fully inherited.

5.1 Selection

Theselectionconditionfinds all objectsin a TPOB-instanceú which satisfya probabilisticselectioncon-
dition J . We will formally definea probabilisticselectionconditionin this section.A simpleprobabilistic
selectionconditionsaysthatordinary(i.e., non-probabilistic)selectionconditionsmustbetruewith proba-
bility insidea givenrange.Booleancombinationsof suchsimpleprobabilisticselectionconditionsarealso
allowed. A selectionconditionis a logical combinationof atomicselectionconditions. An atomicselec-
tion conditionmay includemembershipof anobjectin a classmembership,or a comparisonthat involves
attributevaluesof anobject.Pathexpressions(definedbelow) referto “inner” attributevaluesof anobject.

Hence,wefirst definepathexpressionsandatomicselectionconditions,whicharethenusedto construct
selectionconditionsandprobabilisticselectionconditions. In the restof this section,let ú¢�³��ü���ýL� be a
TPOB-instanceover aTPOB-schema�����������n�� �¡2���¢� .
5.1.1 Path Expressions

Pathexpressionsarefinite sequencesof attributes,which refer to “inner” attributevaluesof anobject. We
formally definepathexpressionsby inductionasfollows. A pathexpressionfor thetupletype ´ �%µO©O¶eµ*�,·,·,· ,
�¹¸¢©L¶,¸>º hastheform �}½ or theform ��½l·2K ½ , where K¢½ is a pathexpressionfor ¶�½ . A pathexpressionfor the
atomicprobabilistictype ´ ´ ¶iº º is of theform ´ ´ Kº º , where K is a pathexpressionfor ¶ . Thefollowing shows
someexamplesof pathexpressions.

Example5.1 LNMO>QPNR�¦7? , LNMS>TPNR�¦7?Z·VU.¥ @�W , and LNMS>TPNR�¦7?Z·2XYA�A!¥ Z�?Z·C´ ´+@
¥U¤[?aº º arepathexpressionsfor theproba-
bilistic tupletype ´+LNMS>TPNR�¦7?�©.´&U ¥ @�W.©9D=@�A!¥§¦$\O��X]A6A!¥ Z�?(© ´ ´ @
¥U¤[?aº ºl��Ln°�¥_^2¤[?Z¦7@9©¢´ ´+@�¥§¤[?aº ºQºðº . Ã

We now definehow a pathexpressionK addressesa partof a value ` . Givena pathexpressionK for
type ¶ , thevaluationof K underavalue ` of ¶ , denoted̀f·2K , is inductively definedby:a if `�� ´ �%µO©�`9µ,�,·,·,·#����¸ ©9`H¸,º and Kö� ��½ , then `f·2K �b`Z½ ;a if `�� ´ �%µO©�`9µ,�,·,·,·#����¸ ©9`H¸,º and Kö� ��½l·2c , then `f·2K �b`Z½1·2c ;a if `À� ¿9�d`iµ>�feeµa�
�,·,·,·>�>�d`Z¸i�fe,¸H��Â and K � ´ ´+c¹º º , then `L·2Kö�ö¿9�d`9µ*�feeµ*�fc��
�,·,·,·#�>�d`H¸9�fe,¸9�fc���Â . Wecall such

sets¿9�d`iµ>�feeµ,�fc��
�,·,·,·e�>�d`Z¸9�fe,¸9�fc���Â generalizedvaluesof ¶ .

Otherwise,̀L·2K is undefined.Thefollowing exampleillustratesthisconceptof valuation.

Example5.2 Thevaluationof thepathexpressionLNMS>TPNR�¦7?Z·VU.¥ @�W underthevalue ´+LNMS>TPNR�¦7?,©>´&U.¥ @�WH©$ghR�D=@FR�¦ ,XYA6A�¥ Z.?n©n¿9�J�G�i���H�2�
�>´ß�Z�*�aºj��Â9�iLn°�¥_^2¤j?Z¦$@i©�¿9�J�Gki���H�2�
�>´ß�Z�*�aºj��Â,ºðº is givenby ghR�D=@FR�¦ . Ã
5.1.2 Atomic SelectionConditions

An atomicselectionconditiondescribeseither (i) a classmembershipof an object, or (ii) a comparison
betweenan attribute valueof an objectanda constantvalue,or (ii) a comparisonbetweentwo attribute
valuesof anobject.More formally, anatomicselectionconditionhasoneof thefollowing forms:a ¾�lv���,� , where� is aclassin � ;a Knm[` , whereK is apathexpression,̀ is avalue,and m�� ¿3o��	p%�
� ��±� �	q��	rÂ ;a K µ m�stK ÿ , whereK µ �fK ÿ arepathexpressions,u is aconjunctionstrategy, and m�� ¿3o��	p , � ��±� �	q��	rÂ .
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Wegive someexamplesof atomicselectionconditionsin thePackageExample.

Example5.3 ¾6lv�Fv�?�@�@F?�A�� is anatomicselectionconditionwhich specifiesthesetof all objectsthatarelet-
ters. Likewise, L9MS>QPNR�¦.?Z·VU ¥ @�WA�xwy?�z {hR5A6| is anatomicselectionconditionwhich specifiesthesetof “all
objectsthat have New York as the first stop.” >QA!¥ \�¥§¦�� s~}&��� ?�D=@
¥U¦�B$@
¥ R�¦ is an atomic selectioncondition
which specifiesall objectswhoseOrigin andDestinationarethesame,assumingthevalueof theOrigin is
independentof thevalueof theDestination.Ã

We now definethe meaningof an atomicselectioncondition J underan object � in ú . We associate
with eachsuch J a closedsubinterval of ´ ���*�aº , which describestherangefor theprobabilitythat theobject� in ú satisfiesJ . More formally, theprobabilistic valuationof J with respectto ú and ���%ü������ , denoted�9�f�����#� � �6Jn� , is definedasfollows (where � is thedisjunctionstrategy for mutualexclusion):a��9����� �#� � �j¾6lv���*�J�v� ´  ��,�n�j¡����>���>�#���H�J�
�� ��.���j¡����>���>�*�����J�Pº .a Let K be a pathexpressionfor the type of � . If ý������
·2K is a valueof a classicaltype, thendefine� �»¿9�!ý������
�>´ß�Z�*�aº��fK ��Â , elseif ý������
·2K is a generalizedvalue of an atomic probabilistictype, then

define
� � ý������
·2K . Otherwise,

�
is undefined.Then,

�9�f��� �#� � ��K�m�`���� ��� ¸½�� µ e�½ if
�

is defined

undefined otherwise,

where eeµ,�,·,·,·#�fe,¸ arethe intervals e suchthat �d���feL�!���(� � and ��·&��my` , if
�

is defined. Note that�9����� �#� � ��K�m�`�� is undefinedif some��·&��m�` is undefined.a Foreach¾L�À¿2�Z��H9Â , let K¢½ beapathexpressionfor thetypeof � . If ý������
·2K¢½ is avalueof aclassicaltype,
thendefine

� ½ �®¿9�!ý¢���H�
�>´ß�Z�*�aº��fK ½ ��Â , elseif ý������
·2K ½ is a generalizedvalueof anatomicprobabilistic
type,thendefine

� �4ý������
·2K ½ . Otherwise,
� ½ is undefined.Then,

�9�f��� �#� � ��Kvµ�m s K.ÿ>��� � � ¸½�� µ e ½ if
� µ and

� ÿ aredefined

undefined otherwise,

whereeeµ,�,·,·,·>�fe,¸ aretheintervals eOu�� suchthat �d`iµ*�feL�!� µa�(� � µ , �d`HÿZ�����!�nÿ>�(� � ÿ , and `iµ*·&� µ9m�`Hÿe·&�nÿ ,
if
� µ and

� ÿ aredefined.Notethat �9�f��� �#� � ��K�µ�m s K ÿ>� is undefined,if somèiµ*·&� µ9m�`Hÿe·&�nÿ is undefined.

Thefollowing exampleshows someprobabilisticvaluationsof atomicselectionconditions.

Example5.4 ¾6lv�6>¦.? - @!AdB2¦7DFE�?�A!� is assigned́§·-Hi�,·-H#º (resp., ´ �����eº ) under �9����� �#� �F� (resp., ���f��� �#� �=� ), whileLNMS>TPNR�¦7?H·VU.¥ @�W2��wy?�z {hR5A6| is undefinedunder�9�f��� �#� � � , andassigned́ß�Z�*�aº under�9����� �#� � � . Ã
5.1.3 SelectionConditions

Selectionconditionsarelogical combinationsof atomicselectionconditions.A formal inductive definition
is as follows. (i) Every atomicselectioncondition is a selectioncondition. (ii) If J and � areselection
conditionsand u (resp., � ) is a conjunction(resp.,disjunction)strategy, then J¡  s � (resp., J�¢�£¤� ) is a
selectioncondition.Thefollowing shows anexampleof aselectionconditionfrom thePackageExample.

Example5.5 ¾6lv�6>¦.? - @!AdB2¦7DFE�?�A!��  s~}-� ��XYA�A!¥ Z�?�pt�1�	
i���H�2��¢�£ }-� XYA6A!¥ Z.?yqt�1��¥����H�2�J� is aselectionconditionthat
specifies“all objectsin >�¦7? - @�ACB9¦$DFEG?�A thatarrive before13:00or after14:00”. Ã

We now definethemeaningof a selectioncondition J underanobject � in ú , by associatingwith each
“well-formed” such J a closedsubinterval of ´ ���*�aº , which describesthe rangefor the probability that the
object � in ú satisfiesJ . Wedo thisby extendingtheprobabilisticvaluation�9�f���S�#� � asfollows:
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a����f��� �#� � �6J¦  s ����� �9�f��� �#� � �6Jn�u �9����� �#� � �d��� ;a����f��� �#� � �6J¦¢�£¡����� �9�f��� �#� � �6Jn�� �9����� �#� � �d��� .
Thefollowing exampleshows someprobabilisticvaluationsof selectionconditions.

Example5.6 The selectioncondition ¾6lv�FPiA!¥ R3A!¥ @�W9�� �s~}&�TM�¥§¤[?�pt�1��¥����H�2� is assignedtheprobability inter-
vals ´§·-k�Ìi�*�aº and ´ �����eº under�9�f��� �#� � � and �9�f��� �#� � � , respectively. Ã
5.1.4 Probabilistic SelectionConditions

Wedefineprobabilisticselectionconditionsinductively asfollows. If J is aselectioncondition,and §M��Ä are
realswith �Yo¨§�o¬Äto²� , then �6Jn��´ §M��ÄOº is a probabilisticselectioncondition(anatomicone). If J and � are
probabilisticselectionconditions,thensoare ©ªJ and �6J¦ «��� . We use �6J¦¢¬��� to abbreviate ©��6©ªJ¦ ¨©��� .
Someexamplesof probabilisticselectionconditionsfor thePackageExampleareshown below.

Intuitively, a probabilisticselectionconditionof theform �6Jn��´ §M��ÄOº saysfind all objectsthatsatisfycon-
dition J with probabilitybetween§ and Ä (bothinclusive).

Example5.7 ��M�¥§¤[?ªp»�1��¥����H�2�J��´§·ËÌi�*�aº is a probabilisticselectioncondition, which specifies“all objects
whosevaluein theattribute M�¥§¤[? is smallerthan14:00with aprobabilityin ´§·ËÌi�*�aº ”. Ã

We now definewhat it meansfor an object � in ú to satisfya probabilisticselectioncondition J . The
satisfactionof J underú and � , denoted�9�f��� �#� � � �®J , is inductively definedby:a����f��� �#� � � � �6Jn��´ §M��ÄOº if f ���f��� �#� � �6Jn��÷ ´ §M��ÄOº ;a����f��� �#� � � �®©ªJ if f it is not thecasethat ���f��� �#� � � �®J ;a����f��� �#� � � �®J� ¯� if f ���f��� �#� � � �®J and ���f��� �#� � � �b� .

Thenext exampleillustratesthesatisfactionof probabilisticselectionconditions.

Example5.8 Thefollowing satisfaction(andnon-satisfaction)relationshold in thePackageExample:a°���f�����#� �F� ±� � �j¾6lv�FPiA!¥ R3A!¥ @�Wi�± �s~}-�]M ¥U¤j?�pt�1��¥����H�2�J��´§·-k�Ii�*�aº ,a°���f��� �#� �F� � � �j¾6lv�FPiA!¥ R3A!¥ @�Wi�±  s~}-� M ¥U¤j?�pt�1��¥����H�2�J��´§·ËÌi�*�aº ,a°���f��� �#� �F� � � �j¾6lv�FPiA!¥ R3A!¥ @�Wi�±  s~}-� M ¥U¤j?�pt�1��¥����H�2�J��´§·ËÌi�*�aº~  �j¾6lv�6>�¦7? - @�ACB9¦$DFEG?�A��J��´§·-Hi�,·-
#º . Ã
5.1.5 SelectionOperation

Theselectionoperatorfindsall objectsin a probabilisticinstanceú thatsatisfysomeprobabilisticselection
condition.Formally, theselectionon ú with respectto a probabilisticselectioncondition J , denoted��²L��ú>� ,
is theTPOB-instance��ü~����ý��C� over � , where:a ü~�����*��� ¿$���]ü����,�}��� � is definedfor �9�f��� �#� � and J , and ���f��� �#� � � �®J�Â , for all ��� � .a ýN�O� ý �Mü~�!���¢� .

Thefollowing exampleillustratestheuseof theselectionoperatorin thePackageExample.

Example5.9 ConsidertheTPOB-instanceú¢����ü���ýL� of Example4.3andtheprobabilisticselectioncondi-
tion Jù�³© �j¾6lv�FP±A�¥ R5A�¥ @�W9�N  s~}-� M�¥§¤[?´p �1��¥����H�2�J��´ �����eº . Then, ��²L��ú>�$�®��ü � ��ý � � containsthesetof all objects
in ú thatbelongto P±A!¥ R5A!¥ @�W andhaveavaluein M�¥§¤[? smallerthan14:00with apositive probability. Observe
that ü � �FPiA!¥ R5A!¥ @�Wi� � ¿$���eÂ , ü � ���,�v�4� for all otherclasses� , and ý � is givenby Table8. Ã
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Table8: ý�� resultingfrom selection� �5µ Ç � È��� ÏrÐAÑCÒ ÍZÒEÓ(Ô��iÙ�ÝvÎ*×OØnÎ
Õ�ÖMÒEÓ,ÊaÖMÒ Ù�ÓLÔLæ�Ù>Õ�Ö�Ù2Ó#×LØnÎ>Ú Ò ÛaÎ>ÑUÜnÔ�í ÇPÇ6�� ×#"$" È ×
Ï&% '9×�% (,Þ È × ÇPÇ6�� ×#) �aÈ ×
Ï&% )2×�%+*�Þ È îe×è.ÒEÝAÎOÔ�í ÇlÇ, ×#"$" È ×
Ï&% '.*H×!% *,Þ È × ÇlÇ, × � " È ×
Ï&% '2×�%+*�Þ È î
Þ

5.2 RestrictedSelection

Restrictedselectionis a new operatornot presentin the usualrelational(or object)algebra.Consideran
atomicselectioncondition J of theform K�my� . Informally, thisoperationis aselectionwith respectto J on
thevalue `��t¿9�d`iµ>�feeµa�
�,·,·,· , �d`H¸9�fe,¸���Â of anatomicprobabilistictype“inside” thevalue ý������ of everyobject� . As usual,thepathexpressionK in J is usedto specifythepart ` of thevalue ý������ .

We first formally definethe restrictedselectionoperationon valuesof probabilistictuple typesasfol-
lows. Let ¶ bea probabilistictupletype,andlet `���´ ��µO©f`iµ,�,·,·,·>����½Z©f`Z½l�,·,·,·*���¹¸.©=`H¸*º bea valueof ¶ . Let J
beanatomicselectionconditionof theform K¶my� , whereK is apathexpressionfor ¶ . Then,therestricted
selectionon ` w.r.t. J , denoted�~·² �d`�� , is definedasfollows:a If `Z½ is avalueof aclassicaltype, K�� �}½ , and `Z½.my� , then �~·² �d`����¸` .a If `Z½ is a valueof anatomicprobabilistictype,and Kû���}½ , then �~·² �d`�� is obtainedfrom ` by replac-

ing `Z½ by ¿9�d� � �fei���¬`Z½ �.� � my�%Â .a If `Z½ is a valueof a probabilistictupletype,and K»� �}½M·2c , then � ·² �d`�� is obtainedfrom ` by replac-
ing ` ½ by � ·¹Oº5» �d` ½ � .

Otherwise,�~·² �d`�� is undefined.
Wearenow readyto extendtherestrictedselectionoperatorto TPOB-instancesasfollows. Let ú>�À��ü���ýL�

bea TPOB-instanceover a TPOBschema�%�³���.���n�� �¡9����� . Let J beanatomicselectionconditionof the
form K¶m�� , where K is a pathexpressionfor every �����*� with ���� . The restrictedselectionon ú with
respectto J , denoted�~·² ��ú>� , is definedastheTPOB-instance��ü~����ý��Q� over � , where:a ü~�!���*��� ¿$���«ü����*� �Z�~·² �!ý������J� is definedÂ , for all ��� � .a ý��!������� �~·² �!ý������J� , for all � �]ü~�����¢� .
Thefollowing exampleillustratestheuseof therestrictedselectionoperator.

Example5.10 ConsidertheTPOB-instanceú¢����ü���ýf� of Example5.9 andtheatomicselectionconditionJ¹�³��M�¥U¤j?ªpt�G�i����Ì��J� . Then,the restrictedselectionon ú with respectto J is given by theTPOB-instance
� ·² ��ú>���|��ü � ��ý � � , whereü � � ü and ý � is shown in Table9. Ã

Table9: ý � resultingfrom restrictedselection� ��µ Ç � È� � Ï ÐAÑCÒ ÍZÒEÓ(Ô��iÙ�ÝvÎ>×LØnÎ�ÕPÖMÒEÓ�ÊaÖMÒ Ù2ÓOÔOæ�Ù>ÕPÖ�Ù�Ó#×fØnÎ*Ú Ò Û�Î*Ñ§ÜnÔ�í ÇPÇ��! ×#"$" È ×
Ï&% '2×�% (,Þ È × ÇPÇ��! ×#) ��È ×
Ï&% )�×�%+*�Þ È î ,è�ÒEÝvÎOÔ�í ÇPÇ, ×�"7" È ×aÏ-% '.*�×�%+*�Þ È î
Þ
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5.3 Renaming

Wenow definetherenamingoperation.Informally, thisoperationrenamessomeattributesin typesof TPOB-
schemasandin valuesof TPOB-instances.We usepathexpressionsto allow for a renamingof attributesat
lower levelsinsidetypesandvalues.Wefirst definethesyntaxof renamingconditions,whichspecifywhich
attributesareto berenamed,andhow they areto berenamed.

A renamingcondition for a probabilistictuple type ¶ is an expressionof the form ¼½¿¾ ¼À , where¼½ �ÁK µ �,·,·,·*�fKÂ is a list of pairwisedistinct path expressionsfor ¶ , and ¼À �ÄÃ µ �,·,·,·>�!ÃTÂ is a list of
pairwisedistinct pathexpressionssuchthat K ½ and Ã½ differ exactly in their rightmostattribute, for every
¾L�À¿2�Z�,·,·,·e�f§lÂ . We illustratetheconceptof renamingconditionsvia ourPackageExample.

Example5.11 Let ¶ betheprobabilistictupletype ´+LNMS>TPNR�¦7?�©.´&U ¥ @�W�©�D=@!A!¥§¦$\O��XYA6A!¥ Z.?n© ´ ´ @
¥U¤j?aº ºP��Ln°2¥&^2¤j?Z¦$@i©
´ ´ @
¥U¤j?aº ºQºðº . A renamingconditionfor ¶ is LNMO>QPNR�¦7?�·VU ¥ @�W , L9MS>QPNR�¦.? ¾ LNMO>QPNR�¦.?Z·VU ¥ @�W;ÅH��LNMO>QPNR�¦.?�Å . Ã
5.3.1 Renamingof TPOB-Schemas

Beforedefininghow to applytherenamingoperatoronTPOB-instances,weneedtwo definitions— oneon
applyingit to probabilistictupletypes,andanotheron applyingit to TPOB-schemas.

Let Æ bea renamingconditionof the form K ¾ K � for theprobabilistictuple type ¶ � ´ � µ ©L¶ µ �,·,·,· ,
�[Çv©L¶�Ç2º . Therenamingof ¶ with respectto Æ , denotedÈ�É���¶L� , is definedasfollows:a If K»� �}½ and KQ�*� ��½ � , then È�É ��¶L� is obtainedfrom ¶ by replacing��½ by ��½ � .a If K�����½1·C´ ´+c¹º º , KT�,� ��½M·C´ ´+cÊ�Eº º , and ¶�½ is an atomicprobabilistictype, then È�É ��¶L� is obtainedfrom ¶

by replacing¶�½���´ ´r¶�½ � º º by ´ ´+È ¹ÌËT¹9Í ��¶�½ � �Pº º .a If K»� ��½M·2c , KQ�,� �}½1·2cÊ� , and ¶�½ is notanatomicprobabilistictype,then È�É ��¶L� is obtainedfrom ¶ by
replacing¶�½ by È ¹�ËT¹�Í ��¶�½�� .

Let Æ �¸Kvµ*�,·,·,·>�fKÂ ¾ Kvµ � �,·,·,·*�fKÂ � bea renamingconditionfor ¶ . The renamingof ¶ with respectto Æ ,
denotedÈ�É ��¶L� , is definedasthesimultaneousrenamingon ¶ with respectto all K ½ ¾ K ½ � .

We now definethe renamingof TPOB-schemasas follows. Let �®� �������n�
� �� �¡����¢� be a TPOB-
schemaandlet Æ bea renamingconditionfor every �����*� with ���%� . Therenamingof � with respectto Æ ,
denotedÈ�É �l��� , is theTPOB-schema���.���~���
�ø�� �¡2����� , where�~�!���*�v�ÎÈ�É �������*�J� for all ���� .

5.3.2 Renamingof TPOB-Instances

BeforedefiningtherenamingonTPOB-instances,weneedto defineit onvaluesof probabilistictupletypes.
Let Æ bearenamingconditionof theform K ¾ KQ� for theprobabilistictupletype ¶L��´ ��µ�© ¶eµ,�,·,·,·>���[Ç2© ¶�Ç�º .

Let `���´ ��µO©N`iµ*�,·,·,·>���[Çv©9`�Ç2º beavalueof ¶ . Therenamingof ` w.r.t. Æ , denotedÈ�É��d`�� , is definedby:a If K»� �}½ and K � � ��½ � , then È�É �d`�� is obtainedfrom ` by replacing��½ by ��½ � .a If K»� ��½l·C´ ´2c¹º º , KT�*����½1·C´ ´+cÊ�Uº º , and `Z½ is avalueof anatomicprobabilistictype,then È�É �d`�� is obtained
from ` by replacingevery �d`Z½ � �fe�½��(�T`e½ by �GÈ ¹ÌËT¹�Í �d`Z½ � �
�fe�½!� .a If K»� ��½M·2c , KQ�*� �}½M·2cÊ� , and `Z½ is notavalueof anatomicprobabilistictype,then È�É �d`�� is obtained
from ` by replacing̀ ½ by È ¹ÌËT¹9Í �d` ½ � .

Let Æ �ÏK�µ,�,·,·,·>�fKÂ ¾ Kvµ � �,·,·,·*�fKÂ � bea renamingconditionfor ¶ . The renamingof ` with respectto Æ ,
denotedÈ�É �d`�� , is definedasthesimultaneousrenamingon ` with respectto all K ½ ¾ K ½ � .

We arenow readyto definethe renamingof TPOB-instancesasfollows. Let ú�� ��ü���ýL� be a TPOB-
instanceover a TPOB-schema� � �������n�
� �� �¡2����� , and let Æ be a renamingcondition for every �����*�
with �.��� . The renamingof ú with respectto Æ , denotedÈ�É ��ú>� , is the TPOB-instance��ü���ý � � over the
TPOB-schemaÈ É �l�¢� , where ý � �������ÎÈ É �!ý¢���H�J� for all ���%ü������ .
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5.4 Projection

Intuitively, theprojectionoperationremovessometop-level attributes(with their associatedtypes)from a
TPOB-schema,andthe sameattributeswith their associatedvaluesfrom a TPOB-instance.We formally
definetheprojectionof aTPOB-schema(resp.,TPOB-instance)on asetof top-level attributesasfollows.

The projectionof a TPOB-schema�����������n�� �¡2���¢� on a setof top-level attributes Ð of � , denotedÑ[Ò �l�¢� , is definedas the TPOB-schema�������~�!�� �¡H���¢� , wherethe new type �~�����*� of eachclass ���� is
obtainedfrom theold type �����*���³´ Ó µO©O¶eµ,�,·,·,·>�fÓ¸ ©L¶,¸,º by removing all Ó¹½e©L¶�½ ’swith Ó¹½±Ô�ÕÐ .

The projectionof a TPOB-instanceú¢����ü���ýL� over � on Ð , denoted
ÑjÒ ��ú>� , is definedasthe TPOB-

instance��ü���ý � � over theTPOB-schema
Ñ[Ò �l��� , wherethenew value ý � ����� of eachoid ���%ü����¢� is obtained

from theold value ý���������´ Ó µ ©9` µ �,·,·,·#�fÓ¸¢©N`H¸>º by removing all Ó ½ ©9` ½ ’s with Ó ½ ±�ÖÐ .
Thefollowing exampleillustratestheprojectionof TPOB-schemas(resp.,TPOB-instances).

Example5.12 Considerthe fully inheritedTPOB-schema�4� �������n�� �¡9����� of Example4.2, the TPOB
instanceú³� ��ü���ýf� over � of Example4.3, and the set of attributes Ð � ¿.>ÊA!¥ \�¥U¦9��U~R�¦7@#?Z¦7@�D , M�¥§¤[?eÂ .
The projectionof � (resp., ú ) on Ð resultsin the TPOB-schema

Ñ[Ò �l����� �������~�!�� �¡H���¢� (resp.,TPOB-
instance

Ñ[Ò ��ú>�v� ��ü���ý � � ), where� � (resp.,ý � ) is shown in Table10 (resp.,11). Ã

Table10: �~� resultingfrom projection
Ä Å µ ÇCÄ
ÈÉ2Ê,Ë*ÌJÊ�Í#Î ÏrÐAÑCÒ ÍZÒEÓfÔHÕPÖJÑQÒEÓ�Í#Þà,Î�Ö!Ö�Î>Ñ ÏrÐAÑCÒ ÍZÒEÓfÔHÕPÖJÑQÒEÓ�Í#Þæ�Ùaç ÏrÐAÑCÒ ÍZÒEÓfÔHÕPÖJÑQÒEÓ�Íi×iì�Ù2Ó
Ö�Î>Ó
Ö�ÕHÔOí
Õ�ÖJÑCÒEÓ�Í�î�Þè(éeê*Î ÏrÐAÑCÒ ÍZÒEÓfÔHÕPÖJÑQÒEÓ�Íi×iì�Ù2Ó
Ö�Î>Ó
Ö�ÕHÔOí
Õ�ÖJÑCÒEÓ�Í�î�ÞÉfÑQÒ ÙZÑCÒ Ö�Ü ÏrÐAÑCÒ ÍZÒEÓfÔHÕPÖJÑQÒEÓ�Íi×2è.ÒEÝvÎ�ÔfÏ Ï ÖMÒEÝvÎ�Þ Þ§Þï#çZë*Ñ§Î
ÕPÕ ÕlÊaÛ�Î�Õ ÏrÐAÑCÒ ÍZÒEÓfÔHÕPÖJÑQÒEÓ�Íi×2è.ÒEÝvÎ�ÔfÏ Ï ÖMÒEÝvÎ�Þ Þ§ÞÐAÓ�Î

-
ÖJÑßÊeÓ�Õ�ñQÎ>Ñ ÏrÐAÑCÒ ÍZÒEÓfÔHÕPÖJÑQÒEÓ�Íi×iì�Ù2Ó
Ö�Î>Ó
Ö�ÕHÔOí
Õ�ÖJÑCÒEÓ�Í�î#×�è�ÒEÝvÎ�ÔLÏ Ï ÖMÒEÝvÎ�Þ Þ§Þè�ô�Ù
-
ÖJÑðÊeÓaÕPñQÎ*Ñ ÏrÐAÑCÒ ÍZÒEÓfÔHÕPÖJÑQÒEÓ�Íi×iì�Ù2Ó
Ö�Î>Ó
Ö�ÕHÔOí
Õ�ÖJÑCÒEÓ�Í�î#×�è�ÒEÝvÎ�ÔLÏ Ï ÖMÒEÝvÎ�Þ Þ§Þ

Table11: ý � resultingfrom projection� ��µ Ç � È� � Ï ÐAÑCÒ ÍZÒEÓ(Ô��iÙ�ÝvÎ>×2è.ÒEÝvÎ�ÔOí ÇPÇC ×#"$" È ×
Ï&% '�*H×!% *,Þ È × ÇPÇC × � " È ×
Ï&% '9×�%+*�Þ È î
Þ��� Ï ÐAÑCÒ ÍZÒEÓ(ÔOÉ2Ê>ÑQÒ Õ�×iì�Ù2Ó
Ö�Î>Ó
Ö�ÕHÔOí>ëeâaÙ>Ö�Ù>ÕJ×�ê*ÙZÙ�Ì
ÕJî#×�è�ÒEÝvÎ�Ô�í ÇlÇ6��0 ×�"7" È ×
Ï&% )2×�% '*Þ È × ÇlÇ6��0 ×�".* È ×
Ï&% '9×�%21aÞ È î�Þ

5.5 Extraction

The extractionoperationallows for the eliminationof someclassesfrom the classhierarchyof a TPOB-
schema.Thatis, theextractionoperationremovessomeclassesfrom aTPOB-schema,andall objectsin the
removedclassesfrom aTPOB-instance.This is oftenusefulwhenwewishto focusinterestonacertainpart
of theTPOB-schema(e.g.thepartconsistingof lettersandits subclassesonly) and/orTPOB-instances.We
first defineextractionoperationon TPOB-schemasandthenextendit to TPOB-instances.
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5.5.1 Extraction on TPOB-Schemas

Roughlyspeaking,theextractionoperationonaTPOB-schemacanbedescribedasfollows. GivenaTPOB-
schema�%���������n�� �¡9����� anda setof classes× ÷ � , the extractionon � with respectto × producesthe
TPOB schema� � ����×¬��� � �� �¡ � ��� � � that is obtainedby restricting � to the classesin × . That is, the new
TPOB-schema�Ì� containsonly theclassesin × andtheir types.Moreover, themapping �¡ andtheproba-
bility assignment� areadaptedto theclassesin × in orderto obtain  �¡ � and � � . For example,if wehavethe
immediatesubclassrelationships� µ � � ÿ � � � in � with theassociatedprobabilities� ��� µ ��� ÿ � and ����� ÿ ��� � � ,
and �#µ and ��� belongto × but ��ÿ doesnot, thenwe assumethe immediatesubclassrelationship�>µ(�x�a���
in � � with theassociatedprobability � � ���#µ*�����>���»�����#µ*���aÿe�f��� ����ÿZ�����#� . Moreover, if aclass�#µ¢��× is disjoint
to a class��ÿØÔ��× in � , thenall theextractedsubclassesof ��ÿ aredisjoint to �#µ in �~� .

More formally, the extraction on a TPOB-schema�%���������n�� �¡9����� with respectto a set of classes× ÷x� , denotedÙªÚ��l��� , is theTPOB-schema�Ì�*�����~�����~�j�� �¡��j���~�Q� , where:a �~�L�Û× .a �~� is therestrictionof � to �~� .a For all �Z�n�~� , we define  �¡��!���*�J� ¿9�J�dÜ þx�Ì�Q�±Ý¯Ü�Þ Í ��±� � �FÜ®�% �¡2���*��Â , whereÜ�Þ Í �»¿>��µ¢���Ì�.�2��µ �
�9ÿ¢� �,�,�n� �2¸ for some�2ÿZ�,·,·,·*���9¸7ß µ ���à�� � and �9¸A�QÜáà � � Â , andwe assumethat � Ü�Þ Í ��o²� .a For all �#µ*���aÿ ��� � , we define � � ���#µ*���aÿ>���ãâ ¸7ß µ½�� µ � ���2½M���2½�ä µa� , wherethe �2½ ’s aresuchthat ��µ(� �9ÿ��
�,�,��� �2¸ , ��µ(� �>µ , �9¸�� �aÿ , and �9ÿZ�,·,·,·>���2¸7ß µ ��¤à��~� .

Thefollowing exampleillustratestheuseof theextractionoperatoron TPOB-schemas.

Example5.13 Considerthefully inheritedTPOB-schema�����������n�� �¡2���¢� of Example4.2.Theextraction
on � w.r.t. the setof classes×û�»¿3P9B.å�|!B7\5?��	v�?�@#@#?�A1�	PiA!¥ R3A!¥ @�W��!>�¦7? - @�ACB9¦$DFEG?�A�Â is given by the TPOB-schemaÙªÚ¹�l�����³���Ì�����~���� �¡	�j���Ì�Q� , where:a �~�>�»¿3P9B.å�|!B7\5?��	v�?�@#@#?�A1�	PiA!¥ R3A!¥ @�W��!>¦.? - @�ACB9¦$DFEG?�A�Â .a Thetypeassignment�~� is givenin Table12.a Theprobabilityassignment� � is givenin Figure3.a  �¡ � �FP9B.å�|!B7\5?Z����¿H¿3v�?�@�@F?�AM�!>¦7? - @!ACB9¦7DFE�?�APÂ���¿3P±A�¥ R5A�¥ @�W�ÂHÂ ,  �¡ � �FPiA!¥ R3A!¥ @�W9���»¿H¿.>�¦7? - @!ACB9¦7DFE�?�APÂHÂ ,

and  �¡ � �Fv�?�@#@#?�A����  �¡ � �6>¦.? - @�ACB9¦$DFEG?�A���� � . Ã
Table12: Typeassignment�~� resultingfrom extraction

Ä Å µ Ç�Ä�ÈÉ2Ê,Ë*ÌJÊ�Í#Î Ï ÐAÑCÒ ÍZÒEÓ(Ô�Õ�ÖJÑCÒEÓ�Í9×LØnÎ
Õ�ÖMÒEÓ,ÊaÖMÒ Ù�ÓOÔlÕ�ÖJÑCÒEÓaÍi×LØnÎ*Ú Ò Û�Î*Ñ§ÜnÔ
Ï Ï ÖMÒEÝAÎ�Þ ÞUÞà,Î�Ö!Ö�Î>Ñ Ï ÐAÑCÒ ÍZÒEÓ(Ô�Õ�ÖJÑCÒEÓ�Í9×LØnÎ
Õ�ÖMÒEÓ,ÊaÖMÒ Ù�ÓOÔlÕ�ÖJÑCÒEÓaÍi×LØnÎ*Ú Ò Û�Î*Ñ§ÜnÔ
Ï Ï ÖMÒEÝAÎ�Þ Þj×fáfÎ,Ò Í�âaÖeÔPã�Ù#ÊaÖJ×Hä]Ò å*ÖJâ(Ô�ã�ÙeÊaÖjÞÉfÑQÒ ÙZÑCÒ Ö�Ü Ï ÐAÑCÒ ÍZÒEÓ(Ô�Õ�ÖJÑCÒEÓ�Í9×LØnÎ
Õ�ÖMÒEÓ,ÊaÖMÒ Ù�ÓOÔlÕ�ÖJÑCÒEÓaÍi×LØnÎ*Ú Ò Û�Î*Ñ§ÜnÔ
Ï Ï ÖMÒEÝAÎ�Þ Þj×9è.ÒEÝvÎ�ÔaÏ Ï ÖMÒEÝvÎ�Þ Þ§ÞÐAÓ�Î
-
ÖJÑßÊeÓ�Õ�ñQÎ>Ñ Ï ÐAÑCÒ ÍZÒEÓ(Ô�Õ�ÖJÑCÒEÓ�Í9×LØnÎ
Õ�ÖMÒEÓ,ÊaÖMÒ Ù�ÓOÔlÕ�ÖJÑCÒEÓaÍi×LØnÎ*Ú Ò Û�Î*Ñ§ÜnÔ
Ï Ï ÖMÒEÝAÎ�Þ Þj×fáfÎ,Ò Í�âaÖeÔPã�Ù#ÊaÖJ×Hä]Ò å*ÖJâ(Ô�ã�ÙeÊaÖ1×OØnÎ>ë
ÖJâ(Ô�ã�ÙeÊaÖ1×ìOÙ�ÓaÖ�Î*ÓaÖ�ÕHÔ�íaÕ�ÖJÑCÒEÓaÍ2î#×�è.ÒEÝAÎOÔ
Ï Ï ÖMÒEÝvÎJÞ Þ!×9ìfÒ ÖjÜ(ÔlÕ�ÖJÑCÒEÓaÍi×�ò�ÑjÑQÒ Û�ÎLÔaÏ Ï ÖMÒEÝvÎ�Þ Þj×9ó�â*ÒEëeÝvÎ*ÓaÖZÔ
Ï Ï ÖMÒEÝAÎ�Þ ÞUÞ
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Figure3: Classhierarchyandprobabilityassignmentresultingfrom extraction

5.5.2 Extraction on TPOB-instances

The extractionon a TPOB-instanceú with respectto a setof classes× returnstheTPOB-instanceú�� that
containsall theobjects(andtheir values)in ú thatbelongto theclassesin × . Formally, theextractionon
a TPOB-instanceú¢�û��ü���ýf� over a TPOB-schema�%�|���.���n�� �¡2����� with respectto a setof classes× ÷ � ,
denotedÙªÚ}��ú>� , is theTPOB-instance��ü � ��ý � � over theTPOB-schemaÙªÚ��l�¢������� � ��� � �� �¡ � ��� � � , where:a ü � is therestrictionof ü to � � .a ý � is therestrictionof ý to ü � ��� � � .
Thefollowing exampleillustratestheextractiononTPOB-instances.

Example5.14 Considerthefully inheritedTPOB-schema�����������n�� �¡����¢� of Example4.2andtheTPOB-
instanceú¢����ü���ýL� over � of Example4.3. The extraction on ú with respectto the set of classes× �
¿3P9B7å�|�B$\5?;v�?�@�@F?�AM�	P±A!¥ R5A!¥ @�W��!>¦7? - @!ACB9¦7DFE�?�APÂ resultsin the TPOB-instanceÙ Ú ��ú>��� ��ü � ��ý � � over the TPOB-
schemaÙªÚ}�l�¢� in Example5.13,whereü~� is givenby Table13 and ýN� is givenby ý��!�����>���²ý������*� . Ã

Table13: ü � and ��ü � � � resultingfrom extraction
Ä � µ ÇCÄ�È Ç�� µ È � ÇCÄ
ÈÉ9Ê,Ë,Ì�Ê�Í>Î í>î í�� � îà,Î�Ö!Ö�Î*Ñ í>î í>îÉfÑCÒ ÙZÑQÒ ÖjÜ í�� � î í�� � îÐ$ÓaÎ

-
ÖJÑðÊeÓaÕPñQÎ*Ñ í>î í>î

6 TPOB-Algebra: Binary Operations

In this section,we definealgebraicoperationsto combineinformationfrom two TPOB-instances.These
operationstake two TPOB-instancesover two TPOB-schemasasinput andproducea new TPOB-instance
overa (possiblynew) TPOB-schemaasoutput.Weconsiderthebinaryoperationsof naturaljoin, Cartesian
product,conditionaljoin, andthesetoperatorsof intersection,union,anddifference.Again,unlessspecified
otherwise,we assumethatall input TPOB-schemasarefully inherited.

6.1 Natural Join

Our natural join operatoris inspiredby its counterpartin classicalrelationaldatabases,which forms a
Cartesianproductof two TPOB-instances,performsa selectionforcing equality on thoseattributes that
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appearin bothrelationschemes,andfinally removesduplicatevalues.
The main ideabehindthe naturaljoin operationcanbe roughly describedasfollows. Recall that for

eachclass ���� of a TPOB-schema�������.���n�� �¡������ , the type �����*���|´ ��µO©¢¶eµ,�,·,·,·>���jÂ,©¢¶�Âðº is a proba-
bilistic tuple type over sometop-level attributes �%µ*�,·,·,·#���[Â . Moreover, eachobject ���%ü����*� in a TPOB-
instanceú¢�û��ü���ýL� over � is associatedwith a value ý¢���H���³´ �%µO©Ì`iµ��,·,·,· , �jÂ*©�`�Âßº of type �����,� . Given two
TPOB-instancesúeµ and ú,ÿ over the TPOB-schemas� µ and �nÿ , respectively, the TPOB-instanceú result-
ing from thenaturaljoin of úeµ and ú,ÿ containsanobject �������9µ*�f�eÿ>� for certainpairsof objects�2µ and �Zÿ
in ú µ and ú ÿ , respectively. The value ý������ associatedwith eachsuch � is given by the naturaljoin of the
values ý9µ>���9µa� and ýZÿH���Zÿ>� in úeµ and ú,ÿ , respectively, which is roughly a concatenationcombinedwith an
intersectionon commonattributevalues.Thenew TPOB-instanceú is definedover a TPOB-schema� that
containsa class�������#µ*����ÿ#� for any two classes�#µ and ��ÿ in �.µ and ��ÿ , respectively. Thetypeof eachsuch
class� is obtainedby merging thetypesof �#µ and ��ÿ in � µ and �nÿ , respectively, andthenew classhierarchy
in � is obtainedby merging thetwo classhierarchiesin � µ and � ÿ .

Wefirst formalizethenaturaljoin of two TPOB-schemas.We thendefinethenaturaljoin of two values
of probabilistictupletypes.Finally, we introducethenaturaljoin of two TPOB-instances.In therestof this
section,let �.µf�����(µ*����µ*�� �¡Zµ*���.µ
� and ��ÿ¢������ÿZ���fÿe�� �¡>ÿe���nÿ>� betwo TPOB-schemas.

6.1.1 Natural Join of TPOB-Schemas

Informally, theTPOB-schema�����������n�� �¡2���¢� producedby thenaturaljoin of theTPOB-schemas� µ and
��ÿ is obtainedasfollows. First, thesetof classes� is theCartesianproductof thesetsof classes�(µ and ��ÿ .
Second,thetype �����*� of eachclass�������#µ*���aÿ>�(�%� is givenby theprobabilistictupletypecontainingevery
top-level attributewith its associatedtypein ��µ#���#µa� and �LÿH����ÿ>� . Notethatthis assumesthatevery common
top-level attribute of � µ ��� µ � and � ÿ ��� ÿ � hasthe sametype in � µ ��� µ � and � ÿ ��� ÿ � . We say � µ and � ÿ are
natural-join-compatible whenthis conditionis satisfiedfor any two classes�#µ¢��(µ and ��ÿ����ÿ . Third, the
classhierarchyin � is definedas the Cartesianproductof the classhierarchiesin � µ and � ÿ . That is,
every class�#µ¢�¹�fµ (resp.,��ÿ ���ÿ ) is combinedwith the immediatesubclassanddisjointnessrelationships
expressedby every  �¡*ÿ�����ÿ>� with ��ÿ ���ÿ (resp., �¡Zµ>���#µa� with �#µ¢�¹�fµ ); every class�#µ¢��fµ (resp., �aÿ �¹��ÿ )
is combinedwith every conditionalprobability �nÿH����ÿZ���2ÿ>� in �nÿ (resp.,� µ>���#µ*����µa� in � µ ).

Moreformally, wedefinethenaturaljoin operationontwo TPOB-schemasasfollows. If thetwo TPOB-
schemas�.µ and ��ÿ arenatural-join-compatible, then the natural join of �.µ and ��ÿ , denoted�.µ¤æGç ��ÿ ,
is definedastheTPOB-schema�%�³���.���n�� �¡9����� , wherea � �]� µ ªÀ� ÿ .a For each ���³���#µ*����ÿ>�(�� , the probabilistic tuple type �����*��� ´ �%µ�©¢¶eµ,�,·,·,·>���jÂ*©�¶�Âðº containsexactly

every �}½�©�¶�½ thatbelongsto eitherthetype ��µ>���>µa� or thetype �fÿH���aÿe� .a For each�*�����#µ*���aÿe�a�n� :  �¡2���*����¿H¿>�#µ*ÂLª�è�ÿv��è$ÿ �� �¡*ÿH���aÿ>��ÂÝx¿	è}µ2ª�¿>�aÿeÂ$�Fè}µ¢�% �¡Zµ*���#µ���Â .a For eachimmediatesubclassrelationship���>µ*����ÿ>��� ���#µ*���2ÿ>� (resp., ���>µ*����ÿ>��� ����µ*����ÿ>� ) in � , define
���J���#µ>����ÿ>�
�>���#µ>���2ÿ>�J���û�nÿH����ÿZ���2ÿ>� (resp.,� �J���#µ*����ÿ#�
�>���Oµ>����ÿ>�J���»� µ#���#µ*���Oµa�J� .

Thefollowing exampleillustratesthenaturaljoin of TPOB-schemasvia thePackageExample.

Example6.1 Let � µ and ��ÿ be theTPOB-schemasof Examples4.2 and5.13,respectively. Their natural
join � µéæGç��nÿ is theTPOB-schema�%���������n�� �¡9����� partially shown in Table14 andFigure4. Ã
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Figure4: Naturaljoin of schemas

Table14: Typeassignment� resultingfrom naturaljoin
Ä Å�ÇCÄ�È
Ç É9Ê,Ë,Ì�Ê�Í>Î*×
É2Ê,Ë,Ì�Ê�Í#Î È Ï ÐAÑCÒ ÍZÒEÓ�ÔPÕPÖJÑQÒEÓ�Í2×aØnÎ�ÕPÖMÒEÓ�ÊaÖMÒ Ù2Ó
ÔPÕPÖJÑQÒEÓ�Í2×aØnÎ*Ú Ò Û�Î*Ñ§Ü*Ô
Ï Ï ÖMÒEÝvÎ�Þ Þ§Þ
Ç è(éeê*Î>×
É2Ê,Ë,Ì�Ê�Í#Î È Ï ÐAÑCÒ ÍZÒEÓ�ÔPÕPÖJÑQÒEÓ�Í2×aØnÎ�ÕPÖMÒEÓ�ÊaÖMÒ Ù2Ó
ÔPÕPÖJÑQÒEÓ�Í2×aØnÎ*Ú Ò Û�Î*Ñ§Ü*Ô
Ï Ï ÖMÒEÝvÎ�Þ Þ�×
á(Î�Ò Í2â
Ö!Ô�ã�ÙeÊaÖJ×�ä]Ò å*ÖJâ�Ô�ã�ÙeÊaÖ1×aØnÎ*ëaÖJâaÔPã�Ù#ÊaÖJ×ìOÙ�ÓaÖ�Î*ÓaÖ�Õ�Ô�íaÕ�ÖJÑCÒEÓaÍ2î�Þ
Ç ÉfÑCÒ ÙZÑQÒ ÖjÜH×�É2Ê,Ë*ÌJÊ�Í#Î È Ï ÐAÑCÒ ÍZÒEÓ�ÔPÕPÖJÑQÒEÓ�Í2×aØnÎ�ÕPÖMÒEÓ�ÊaÖMÒ Ù2Ó
ÔPÕPÖJÑQÒEÓ�Í2×aØnÎ*Ú Ò Û�Î*Ñ§Ü*Ô
Ï Ï ÖMÒEÝvÎ�Þ Þ�×lè.ÒEÝAÎ�Ô�Ï Ï ÖMÒEÝvÎJÞ Þ§Þ
Ç Ð$ÓaÎ - ÖJÑðÊeÓaÕPñQÎ*Ñ�×
à,Î�Ö!Ö�Î*Ñ È Ï ÐAÑCÒ ÍZÒEÓ�ÔPÕPÖJÑQÒEÓ�Í2×aØnÎ�ÕPÖMÒEÓ�ÊaÖMÒ Ù2Ó
ÔPÕPÖJÑQÒEÓ�Í2×aØnÎ*Ú Ò Û�Î*Ñ§Ü*Ô
Ï Ï ÖMÒEÝvÎ�Þ Þ�×
á(Î�Ò Í2â
Ö!Ô�ã�ÙeÊaÖJ×�ä]Ò å*ÖJâ�Ô�ã�ÙeÊaÖ1×aØnÎ*ëaÖJâaÔPã�Ù#ÊaÖJ×ìOÙ�ÓaÖ�Î*ÓaÖ�Õ�Ô�íaÕ�ÖJÑCÒEÓaÍ2î#×Mè.ÒEÝvÎ�ÔaÏ Ï ÖMÒEÝvÎ�Þ Þj×JìfÒ ÖjÜ,ÔPÕ�ÖJÑCÒEÓ�Í9×lò�Ñ�ÑCÒ ÛaÎaÔ
Ï Ï ÖMÒEÝvÎ�Þ Þ�×Móiâ>ÒEëeÝvÎ*ÓaÖ�Ô
Ï Ï ÖMÒEÝvÎJÞ ÞßÞ

6.1.2 Intersection and Natural Join of Values

Thenaturaljoin of two classicalrelationsc and � containsonetuplefor eachpair of tuples �dêe��ëZ�(�Õc ª¨�
thathave thesamevaluesin thecommonattributesof c and � . Similarly, thenaturaljoin of two TPOB-
instancesúeµ
����ü�µ,��ý9µa� and ú,ÿ*����üfÿ#��ýZÿ>� containsoneobject � for eachpair of objects�9µ in úeµ and �Zÿ in ú,ÿ
suchthat the naturaljoin of ý9µ>���9µa� and ýZÿH���eÿ>� (their concatenationcombinedwith the intersectionof the
valuesin thecommonattributes)is defined,which thenformsthevalue ý������ of thenew object � .

To definethenaturaljoin of two values̀iµ and `Hÿ of probabilistictupletypes¶eµ and ¶,ÿ , respectively, we
now first introducetheintersectionof two values̀iµ and `Hÿ of thesameclassicalor probabilistictype ¶ . The
intersectionof ` µ and ` ÿ underaconjunctionstrategy u , denoted̀ µ þ�s¡` ÿ , is inductively definedby:a If ¶ is aclassicaltypeand `iµ(�ì`Hÿ , then `iµ þ s `Zÿ¢�¸`9µ .a If ¶ is anatomicprobabilistictypeand � ±� � , then `9µ.þ s `Hÿ �b� , where

�ø�4¿9�d`L�feeµyuxe,ÿ*� �O�d`L�feeµa���¬`iµ,� �d`f�fe,ÿ>���¬`Hÿ#Â�·
a If ¶ is aprobabilistictupletypeover thesetof top-level attributesÐ andall `iµ,· ��þ s `HÿZ· � aredefined,

then �d`iµ.þ s `Hÿ,�
· � �b`iµ*· ��þ s `HÿZ· � for all � �ÖÐ .

Otherwise,̀ µ þ�s¡` ÿ is undefined.Thefollowing exampleillustratestheabove concept.
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Example6.2 Let @
¥U¤[? bethestandardcalendarw.r.t. í��.Ä�êSîÖï�¾6lOÄ�ðFñ , andlet u bea conjunctionstrategy.
Considerthevalues̀iµ
�j`Hÿ*���1�	Hi��
Z�2� and `��>�À�1�	Hi�=¥��2� of theclassicaltype @�¥§¤[? . Then,̀iµOþ s `Hÿ¢�ì`iµ , while`iµ.þ s `�� is undefined.Now considerthefollowing valuesof theprobabilistictype ´ ´ @
¥U¤j?aº º :

`iµL��¿9�J�Gki���H�2�
�>´§·-
i�,·ËÌ#ºj�a�>�J�J�,�������2�
�e´§·-
��,·-Ieºj�
�#�J�J�H�Z�
�H�9�
�#´§·-Hi�*·ËÌeºj��Â9�`Hÿ¢�»¿9�J�1�	Hi���H�2�
�>´§·-Hi�,·+¥Zºj�
Â��` � ��¿9�J�Gki���H�2�
�>´§·-
i�,·+¥Zºj�a�>�J�J�H�H�����2�
�e´§·-
��,·-Ieºj�
�#�J�J�	Hi�
�H�9�
�#´§·-Hi�*·+¥Hºj��ÂA·
Then, ` µ þ�s~}&�]` ÿ is undefined,while ` µ þ�s~}-�Y` � �»¿9�J�Gki���H�2�
�>´§· �5ki�,·-H#ºj�
�e�J�J�H�Z���H�9�
�>´ß· �5I��,·&
#ºj�
Â . Ã

We are now readyto definethe natural join of two values ` µ and ` ÿ of probabilistictuple types ¶ µ
and ¶,ÿ , respectively. Let u beaconjunctionstrategy. Let Ð]µ and Ð�ÿ bethetop-level attributesof ¶eµ and ¶,ÿ ,
respectively, andlet Ð �òÐ«µ þ¬Ð ÿ . Let all ���ÕÐ have thesametypesin ¶eµ and ¶,ÿ . Thenatural join of `iµ
and `Hÿ under u , denoted̀iµªæGç s `Hÿ , is definedasfollows:a �d` µ æGç5s¸` ÿ �
· � �n` ½ · � for all �»�ÕÐ ½ àÖÐ , ¾L��¿2�Z��H9Â , �d` µ æGç5s�` ÿ �
· �ö�n` µ · �®æGç5s¸` ÿ · � for all �»�tÐ .

If all `iµ*· �óæGç s `HÿZ· � with ���tÐ aredefined,then `iµéæGç s `Hÿ is defined.

6.1.3 Natural Join of TPOB-Instances

Wenow definethenaturaljoin of twoTPOB-instancesasfollows. Let ú µ ����ü µ ��ý µ � andú ÿ � ��ü ÿ ��ý ÿ � betwo
TPOB-instancesover the natural-join-compatible TPOB-schemas�.µ and �nÿ , respectively. For ¾L�À¿2�Z��H9Â ,
let Ð¬½ denotethesetof top-level attributesof �n½ . Let u bea conjunctionstrategy. Thenatural join of úeµ
and ú,ÿ under u , denotedúeµéæGç s ú,ÿ , is theTPOB-instance��ü���ýf� over � µéæGçÀ��ÿ , where:a ü����*�A� ¿9��� µ �f� ÿ �$�]ü µ ��� µ �$ª«ü ÿ ��� ÿ ���Hý µ ��� µ �æGç5s ý ÿ ��� ÿ � is definedÂ ,

for all � � ���#µ*����ÿ>���x�(µ�ª���ÿ .a ý¢���H�v�4ý µ ��� µ ��æGç5s ý ÿ ��� ÿ � , for all �%� ��� µ �f� ÿ ���«ü���� µ ª�� ÿ � .
Example6.3 Let �.µ and �nÿ betheTPOB-schemasgivenin Example4.2andproducedin Example5.13,re-
spectively. Let úeµ and ú,ÿ betheTPOB-instancesover � µ and �nÿ producedin Examples5.9and5.14,respec-
tively. Thenaturaljoin of ú µ and ú ÿ undertheconjunctionstrategy for ignoranceu ½Vô is theTPOB-instance
úeµªæGç s~}2õ ú,ÿ��³��ü���ýL� over � µØæGç��nÿ����������n�� �¡2���¢� , where ü is givenby ü��J�FP±A!¥ R5A!¥ @�WO�	P±A�¥ R5A�¥ @�W9�J����¿9�����Z�f���>��Â
and ü����*���²� for all otherclasses����� , and ý is givenby Table15. Ã

Table15: ý resultingfrom naturaljoin� � Ç � È
Ç ���#×���� È ÏrÐAÑCÒ ÍZÒEÓfÔ��9Ù2ÝvÎ*×LØnÎ
Õ�ÖMÒEÓ,ÊaÖMÒ Ù�ÓOÔOæ�Ù#Õ�Ö�Ù2Ó#×LØnÎ>Ú Ò ÛaÎ>ÑUÜ�Ô�í ÇlÇ6�� ×�"7" È ×
Ï&% '9× � Þ È × ÇPÇ��! ×#) ��È ×
Ï&% )�× � Þ È î#×è.ÒEÝvÎLÔ�í ÇlÇ, ×#"$" È ×
Ï&% '.*H× � Þ È × ÇPÇ, × � " È ×aÏ-% '2× � Þ È î
Þ

6.2 CartesianProduct and Conditional Join

In the above definition of naturaljoin, if the sets ÐÖö and Ð¯÷ aredisjoint, then the naturaljoin is called
Cartesianproductanddenotedby thesymbol ª . Two TPOB-schemas�.µ and ��ÿ areCartesian-product-
compatibleif f they canbecombinedusingCartesianproduct,thatis, iff for all classes�#µ in �.µ and �aÿ in ��ÿ ,
thetypesof � µ and � ÿ have disjoint setsof top-level attributes.
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Theconditionaljoin operationcombinesvaluesof two TPOB-instancesthatsatisfyaprobabilisticselec-
tion condition J . Let úeµ and ú,ÿ beTPOB-instancesover theCartesian-product-compatible TPOB-schemas
� µ and ��ÿ , respectively. The conditional join of úeµ and ú,ÿ with respectto J , denotedúeµ«æGç�²�ú,ÿ , is the
TPOB-instance��²L��ú µ ª�ú ÿ � over theTPOB-schema� µ ªx� ÿ .
Example6.4 Let �.µ and úeµ be the TPOB-schemaandthe TPOB-instance,respectively, producedin Ex-
ample5.12. Let �nÿ and ú,ÿ be the TPOB-schemaand the TPOB-instanceobtainedfrom �.µ and úeµ , re-
spectively, by renamingthe attributes >ÊA!¥ \�¥U¦ , U~R�¦7@#?Z¦7@�D , and M ¥U¤j? with >ÊA!¥ \�¥U¦;Å , UhR�¦$@F?Z¦$@#D	Å , and M�¥§¤[?�Å ,
respectively. The Cartesianproductof � µ and � ÿ is the TPOB-schema� µ ªx� ÿ �����.���n�� �¡2���¢� partially
shown in Table16 andFigure4. The condition join of úeµ and ú,ÿ with respectto J���6>ÊA!¥ \�¥U¦ �xø~R�¤[?Q >ÊA!¥ \�¥U¦4Å.�xP9B�A!¥ D
��´ß�Z�*�aº is theTPOB-instance��²f��úeµ ª¬ú,ÿ,��� ��ü���ýL� over the TPOB-schema� µvªx��ÿ , where
ü��J�FP±A!¥ R5A!¥ @�WO�fM�zªR - @�ACB9¦$DFEG?�A��J�J� ¿9���.�Z�f���>��Â and ü����*�J� � for all other ���%� , and ý is shown in Table17. Ã

Table16: Typeassignment� resultingfrom conditionaljoin
Ä Å�ÇCÄ�È
Ç É2Ê,Ë,Ì�Ê�Í>Î>×�É2Ê,Ë*ÌJÊ�Í#Î È Ï Ð$ÑQÒ ÍHÒEÓfÔHÕ�ÖJÑCÒEÓ�Í9×iÐ$ÑQÒ ÍHÒEÓ.ù�Ô�ÕPÖJÑQÒEÓ�Í*Þ
Ç è(é#ê*Î#×�É2Ê,Ë*ÌJÊ�Í#Î È Ï Ð$ÑQÒ ÍHÒEÓfÔHÕ�ÖJÑCÒEÓ�Í9×iìOÙ�ÓaÖ�Î*ÓaÖ�ÕHÔ�íaÕ�ÖJÑCÒEÓaÍ2î#×9ÐAÑCÒ ÍZÒEÓ�ù�Ô�Õ�ÖJÑCÒEÓ�Í>Þ
Ç ÉLÑCÒ ÙZÑQÒ ÖjÜH×�É2Ê,Ë*Ì�Ê�Í>Î È Ï Ð$ÑQÒ ÍHÒEÓfÔHÕ�ÖJÑCÒEÓ�Í9×2è�ÒEÝvÎ�ÔLÏ Ï ÖMÒEÝvÎ�Þ Þ�×9ÐAÑQÒ ÍHÒEÓ.ùLÔ�Õ�ÖJÑCÒEÓaÍ>Þ
Ç ÐAÓaÎ - ÖJÑðÊeÓ�Õ�ñQÎ*Ñ�×
à,Î�Ö!Ö�Î>Ñ È Ï Ð$ÑQÒ ÍHÒEÓfÔHÕ�ÖJÑCÒEÓ�Í9×iìOÙ�ÓaÖ�Î*ÓaÖ�ÕHÔ�íaÕ�ÖJÑCÒEÓaÍ2î#×�è.ÒEÝAÎ�ÔLÏ Ï ÖMÒEÝvÎ�Þ Þj×iÐ$ÑQÒ ÍHÒEÓ.ù�Ô�ÕPÖJÑQÒEÓ�Í*Þ

Table17: Valueassignmentý resultingfrom conditionaljoin� � Ç � È
Ç ���*×���� È ÏrÐAÑCÒ ÍZÒEÓLÔ��9Ù2ÝvÎ*×Mè.ÒEÝvÎOÔ�í ÇPÇC ×�"7" È ×
Ï&% '�*H×�%+*�Þ È × ÇPÇC × � " È ×
Ï&% '9×�%+*�Þ È î ,ÐAÑCÒ ÍZÒEÓ�ù�ÔOÉ2Ê>ÑQÒ Õ�×lè.ÒEÝAÎ$ù�Ô�í ÇPÇ6��0 ×#"$" È ×
Ï&% )2×�% '*Þ È × ÇPÇ6��0 ×#"7* È ×
Ï&% '9×�%21aÞ È î
Þ

6.3 Intersection, Union, and Differ ence

In this section,we definethesetoperationsof intersection,union,anddifferenceon two TPOB-instances
over the sameTPOB-schema.Informally, the intersectionoperationintersectsthe setsof objectsof the
two TPOB instances,aswell asthe two valuesassociatedwith eachobject in both TPOB-instances.The
unionoperation,in contrast,computestheunionof thesetsof objectsof thetwo TPOB-instances,combined
with theunionof thetwo valuesassociatedwith eachobjectin bothTPOB-instances.Finally, thedifference
operationreturnsthesetof objectsof thefirstTPOB-instance,combinedwith thedifferenceof thetwovalues
associatedwith eachobjectin bothTPOB-instances.

We first definetheintersectionof two TPOB-instances.We thenintroducetheunionof two valuesand
two TPOB-instances,andfinally thedifferenceof two valuesandtwo TPOB-instances.

6.3.1 Intersection of TPOB-Instances

Weformally definetheintersectionof two TPOB-instancesasfollows. Let úeµ
����ü�µ,��ý9µa� and ú,ÿ,����üLÿZ��ýZÿ*� be
TPOB-instancesover thesameTPOB-schema�����������n�� �¡2���¢� , andlet u bea conjunctionstrategy. Then
intersectionof ú µ and ú ÿ under u , denotedú µ þ�s ú ÿ , is theTPOB-instance��ü���ýL� over � , where:
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a ü����*�A� ¿$���%ü�µ>���*�¢þ üfÿ����,�}�Zý9µ#���H��þ s ýZÿ������ is definedÂ , for all ���� .a ý¢���H�v�4ý9µ>���H��þ s ýZÿZ����� , for all ���%ü����¢� .
Thefollowing exampleillustratestheintersectionoperationon two TPOB-instances.

Example6.5 Let �����������n�� �¡2���¢� be the TPOB-schemaof Example4.2. Let úeµ and ú,ÿ be the TPOB
instancesover � given in Example4.3andproducedin Example5.10,respectively. Then,the intersection
of úeµ and ú,ÿ undertheconjunctionstrategy for ignoranceis theTPOB-instanceúeµfþ s~}2õ ú,ÿ��³��ü���ýL� over � ,
whereü is givenby ü��FPiA!¥ R3A!¥ @�W9���û¿$�.�eÂ and ü����*���²� for all other ���� , and ý is shown in Table18. Ã

Table18: ý resultingfrom intersection� � Ç � È��� Ï ÐAÑCÒ ÍZÒEÓ(Ô��iÙ�ÝvÎ>×OØnÎ�Õ�ÖMÒEÓ,ÊaÖMÒ Ù�ÓfÔOæ�Ù>ÕPÖ�Ù�Ó#×fØnÎ*Ú Ò Û�Î*Ñ§Ü(Ô�í ÇPÇ��! ×#"$" È ×
Ï&% '2× � Þ È × ÇlÇ6�! ×�) �aÈ ×aÏ-% )�× � Þ È î ,è�ÒEÝvÎOÔ�í ÇlÇ, ×�"$" È ×aÏ-% '.*�× � Þ È î
Þ

6.3.2 Union of Values

We now definetheunionof two values.Let `iµ and `Hÿ betwo valuesof thesameclassicalor probabilistic
type ¶ . Theunionof ` µ and ` ÿ underadisjunctionstrategy � , denoted̀ µ Ý £ ` ÿ , is inductively definedby:a If ¶ is aclassicaltypeand `iµL�¸`Zÿ , then `iµÝ�£¡`Hÿ}�b`iµ .a If ¶ is anatomicprobabilistictype,then

`iµÌÝ�£t`Hÿ � ¿9�d`L�feeµ,�(�Q`iµ¹�7`¹� � µ$à � ÿ>ÂYÝù¿9�d`L�fe,ÿ>�(�Õ`Zÿ��7`¹� � ÿ�à � µ,ÂÝ
¿9�d`L�fe µ �xe ÿ � ���d`L�fe µ �(�T` µ �¢�d`f�fe ÿ �(�Q` ÿ Â��

where
� µ$� ¿	`«���d`L�fe��(�Õ`iµ�Â and

� ÿ}� ¿	`«���d`L�fe��(�T`HÿeÂ .a If ¶ is aprobabilistictupletypeover thesetof top-level attributes Ð andall `iµ*· �¤Ý�£Ê`Hÿe· � aredefined,
then �d`iµÝ�£�`Hÿ>�
· � �b`iµ�· �úÝ�£¡`Hÿe· � for all � �ÖÐ .

Otherwise,̀iµÝ�£¡`Zÿ is undefined.Thefollowing exampleillustratestheabove concept.

Example6.6 Let @
¥U¤j? bethestandardcalendarw.r.t. í9�.Ä�ê�î¨ï�¾6lOÄ�ð=ñ , andlet � bea disjunctionstrategy.
Considerthevalues̀iµ
�j`Hÿ*���1�	Hi��
Z�2� and `��>�À�1�	Hi�=¥��2� of theclassicaltype @�¥§¤[? . Then,̀iµ9Ý�£Q`Hÿ¢�ì`iµ , while`iµÝ�£¡`�� is undefined.Considernext thefollowing valuesof theprobabilistictype ´ ´ @
¥U¤j?aº º :

`iµL��¿9�J�Gki���H�2�
�>´§·-
i�,·ËÌ#ºj�a�>�J�J�,�������2�
�e´§·-
��,·-Ieºj�
�#�J�J�H�Z�
�H�9�
�#´§·-Hi�*·ËÌeºj��Â9�`Hÿ¢�»¿9�J�1�	Hi���H�2�
�>´§·-Hi�,·+¥Zºj�
Â��` � ��¿9�J�Gki���H�2�
�>´§·-
i�,·+¥Zºj�a�>�J�J�H�H�����2�
�e´§·-
��,·-Ieºj�
�#�J�J�	Hi�
�H�9�
�#´§·-Hi�*·+¥Hºj��ÂA·
Then, we have `iµ�Ý�£ }&� `Hÿ|� ¿9�J�Gki���H�2�
�>´§·-
i�,·ËÌ#ºj�
�#�J�1�*���
�H�9�
�>´ß·-
i�*·-Ieºj�
�e�J�1���Z���H�2�a�>´§·&Hi�>·ËÌ#º��
�A�J�1�	Hi���H�2�
�>´§·-Hi�,·+¥Zºj�
Â ,
while `iµ�Ý�£ }-� `��¢�t¿9�J�Gki���H�2�
�>´§·ËÌ��Z�,·&ûeºj�
�#�J�1�*�����H�9�
�>´ð·-
i�*·-I#º��
�>���1���Z���2�2�a�>´§·2¥�¥��*·-�eºj�
�e�J�1�$Hi���H�9�
�>´ß·-Hi�>·+¥Zº���Â . Ã
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6.3.3 Union of TPOB-Instances

We arenow readyto definetheunionof two TPOB-instances.Let úeµf����ü�µ,��ý9µa� and ú,ÿ�����üLÿZ��ýZÿ*� be two
TPOB-instancesover thesameTPOB-schema�������.���n�� �¡2���¢� , andlet � be a disjunctionstrategy. The
unionof ú µ and ú ÿ under � , denotedú µ Ý £ ú ÿ , is theTPOB-instance��ü���ýL� over � , where:a ü����*��� ��ü�µ>���,��à�üLÿ����*�J�=Ý ��üfÿH���,��à�ü�µ>���*�J�=Ý$¿$����ü�µ#���,�Jþ üLÿH���*����ý9µ>�����Ý�£xýZÿ������ is definedÂ , for all ����� .

a ý������ � üýþ
ýÿ
ý9µ*����� if ���%ü�µ#���*��à üfÿ����*�
ýZÿZ����� if ���%üLÿ����*��à ü�µ#���*�
ý9µ*�����Ýª£ ýZÿ������ if ���%ü�µ#���*��þ�üLÿH���*� .

Thefollowing exampleillustratestheunionoperationon two TPOB-instances.

Example6.7 Let � be the TPOB-schemaof Example4.2. Let úeµ and ú,ÿ be the TPOB-instancesover �
given in Example4.3 andproducedin Example5.10,respectively. Then,theunionof úeµ and ú,ÿ underthe
disjunctionstrategy for positive correlationis theTPOB-instanceúeµiÝ�£����¢ú,ÿ�� úeµ . Ã
6.3.4 Differenceof Values

Wenow definethedifferenceof values.Let `iµ and `Hÿ bevaluesof thesameclassicalor probabilistictype ¶ .
Thedifferenceof `iµ and `Hÿ underadifferencestrategy

�
, denoted̀iµéà��¡`Hÿ , is inductively definedby:a If ¶ is aclassicaltypeand `iµ(�ì`Hÿ , then `iµªà��¡`Zÿ}�n`9µ .a If ¶ is anatomicprobabilistictype,then

` µ à � ` ÿ � ¿9�d`L�fe µ �(�Q` µ �.`¹� � µ à � ÿ ÂOÝù¿9�d`f�fe µ � e ÿ � ���d`f�fe µ �(�Q` µ �¢�d`L�fe ÿ �(�T` ÿ Â��
where

� µ � ¿	`��O�d`L�fei�(�Õ` µ Â and
� ÿ �ö¿	`����d`f�fei�(�Õ` ÿ Â .a If ¶ is aprobabilistictupletypeover thesetof top-level attributesÐ andall `9µ*· �ìà��[`HÿZ· � aredefined,

then �d`iµéà��¡`Hÿ,�
· � �b`iµ*· �bà��¡`HÿZ· � for all � �ÖÐ .

Otherwise,̀iµéà��¡`Hÿ is undefined.

6.3.5 Differenceof TPOB-Instances

We now definethe differenceof two TPOB-instances.Let úeµ«� ��ü�µ,��ý9µa� and ú,ÿ � ��üLÿe��ýZÿ>� be TPOB-
instancesover the sameTPOB-schema��� �������n�
� �� �¡H����� , and let

�
be a differencestrategy. The

differenceof úeµ and ú,ÿ under
�

, denotedúeµªà�� ú,ÿ , is theTPOB-instance��ü���ýL� over � , where:a ü����*��� ��ü�µ>���,��à�üLÿ����*�J�Ýù¿$���%ü�µ#���*��þxüLÿH���*� �Hý9µ>�����yà��xýZÿH����� is definedÂ , for all ���� .

a ý������ � � ý9µ#����� if �$��ü�µ>���*��à}üLÿH���*�
ý9µ#�����yà��xýZÿH����� if �$��ü�µ>���*��þxüLÿ����*� .

7 Preservation of Consistencyand Coherence

Wenow show thatall algebraicoperatorsdefinedin Sections5 and6 preserve consistency andcoherenceof
schemasandinstances.If theinputTPOB-schemas(resp.,TPOB-instances)areconsistent(resp.,coherent),
thentheoutputTPOB-schemas(resp.,TPOB-instances)arealsoconsistent(resp.,coherent).
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The operatorsof selection,restrictedselection,intersection,union, and differencetrivially preserve
consistency of schemas,as the input schemascoincidewith the outputschemas.Renamingandprojec-
tion also preserve consistency of schemas,as they only modify type assignments.The following result
shows thatextractionandnaturaljoin, andthusalsoCartesianproductandconditionaljoin, preserve con-
sistency of schemas.

Theorem 7.1 Let � be a TPOB-schema,and let × be a set of classesfrom � . Let �.µ and ��ÿ be two
natural-join-compatible TPOB-schemas.

(a) If � is consistent,then ÙªÚ��l�¢� is consistent.

(b) If � µ and � ÿ are consistent,then � µ æGç�� ÿ is consistent.

We next concentrateon the preservation of coherence.Recall that the coherenceof a TPOB-instance
ú¢����ü���ýL� over a TPOB-schema�%���������n�� �¡����¢� dependson ü , � ,  �¡ , and � . The operationsof selec-
tion, restrictedselection,intersection,union,anddifferencepreserve coherenceof instances,asthey do not
modify theinputTPOB-schemasandthey mayonly modify theinput TPOB-instancesby removing objects
andchangingvalueassignmentsto objects. Similarly, renamingandprojectionpreserve coherenceof in-
stances,asthey mayonly modify typeandvalueassignmentsto classesandobjects,respectively. Theresult
below shows thatnaturaljoin, andthusalsoCartesianproductandconditionaljoin, preserve coherenceof
instances.It alsoshows that the extractionoperationpreserves coherenceof instances,whenwe do not
remove any characteristicclasses.

Theorem 7.2 Let ú , úeµ , and ú,ÿ be TPOB-instancesover the TPOB-schemas� , �.µ , and �nÿ , respectively,
where ú¢�û��ü���ýL� and �%�³���.���n�� �¡9����� . Let ×ø÷x� such that ¿>�����ö�9� is characteristic for ¡��;�>����������� for
some�}�¦× andsome���%ü���×À��Â ÷Î× . Let � µ and ��ÿ benatural-join-compatible.

(a) If ú is coherent,then Ù Ú ��ú>� is coherent.

(b) If úeµ and ú,ÿ are coherent,then úeµéæGç%ú,ÿ is coherent.

8 Implicit TPOB-Instances

Wenow focusonhow to efficiently implementtheTPOB-instancesintroducedin Section4 andthealgebraic
operationson TPOB-instancespresentedin Sections5 and6.

Themainproblemwith TPOB-instancesis that thesizeof a TPOB-instancecanbevery large. Table7
shows thataprobabilitymustbeassociatedwith eachtimepoint involved.But to statethatagivenpackage
will arrive in St. Louis sometimebetween5:30pm and6:30pm may(if we reasonat a minuteby minute
level) requires60 time pointsto bespecified(Table7 only shows a coupleof time points). Thenumberof
time pointsincreaseevenmoreif they aredefinedin a calendarbasedon secondsinsteadof minutes.The
secondproblemis thatthelargesizeof theTPOB-instancescausesthecostof thealgebraicoperationsto be
potentiallyhigh.

In this and the following section,we alleviate theseproblemsby defining implicit TPOB-instances,
togetherwith algebraicoperationson implicit TPOB-instances.An implicit TPOB-instancesuccinctlycap-
turesa potentiallylarge TPOB value. We furthershow that theseimplicit operationscorrectlyimplement
theircounterpartsin Sections5 and6 by solelyconsideringtheimplicit (i.e. succinct)TPOB-instancerather
thantheexplicit one. Hence,all our implicit algebraicoperatorsareusuallymuchmoreefficient thantheir
explicit counterparts.Furthermore,they immediatelypreserve consistency andcoherenceof schemasand
instances,respectively.
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The main ideabehindimplicit TPOB-instancesis to usean implicit andthusmorecompactrepresen-
tation of the valuesof probabilistictypes. We generalizea constraint-basedapproachdueto Dekhtyaret
al. [13].

For example,supposewe consideran explicit value of the form `��»¿9�1�Z�>´ ��· �H���Z����· �H����ºj�
�*·,·*·2�>�1�,�H�H� ,
´ ��· �H���Z����· �H���>��Â . This saysthat ` ’s valueis oneof �Z�,·,·,·#�*�,�H�H� with someassociatedprobability intervals.
Insteadof storing1000pairsof the form �j¾��>´ ��· �H���Z����· �H���aº�� , we could describethe rangeof valuesvia the
constraint �«o ðto �,�H�H� . We canstoretheprobability informationin this caseby merelysayingthat the
uniformdistribution is usedto distributeprobabilityvaluesover thevalues¿2�Z�,·,·,·#�*�,�H�H�iÂ andthattheentire
probabilitymass� is distributed.Thus,ourgeneralideais to useaconstraint� to representthetimepoints
at which someeventmaypossiblyhold,a lower andupperprobabilitybound §M��Ä , anda distribution È . The
technicaldefinitionof an implicit valuewill usetheseintuitions,but will includesomeadditionaltwists.

We now first describethe conceptsof constraintsandof probability distribution functions. We then
defineimplicit valuesof probabilistictypesandimplicit TPOB-instances.

8.1 Constraints

We usea constraintto implicitly specifya set of valid time pointsof a calendar, or a setof valuesof a
classicaltypewith a totally ordereddomain,which is givenby thesetof all solutionsto thatconstraint.

An atomicconstraint for a calendar¶ over the linear temporalhierarchy� µ î �,�,�Sî	� Ç is eitheran
atomic time-valueconstraint ( �n½�my`e½ ), where m�� ¿3o%�	p��
� �A±�À�	q��	rÂ and `Z½ is a time valueof �(½ , or an
atomictime-intervalconstraint ( ð
µ�
ìð1ÿ ), where ð
µ,�=ðMÿ �� �  ]��¶L� and ð
µQo��bðMÿ . An atomicconstraint for a
classicaltype ¶ with a linearorder p on thedomain � �  ]��¶L� is eitherof the form ��my`�� , where m��À¿3o��	p%�
� ��±� �	q��	rÂ and `���� �  ù��¶L� , or of the form �d`iµ�
ì`Hÿ*� , where `iµ��=`Hÿ ��� �  ]��¶L� with `iµ´o³`Hÿ . We use( ð
µ )
(resp.,( ` µ )) to abbreviate ( ð µ 
ìð µ ) (resp.,( ` µ 
ì` µ )). A constraint for theabove formsof classicaltypes ¶
is a Booleancombinationof atomicconstraintsfor ¶ (that is, constructedfrom atomicconstraintsfor ¶ by
usingtheBooleanoperators© and   ).

Wenow definethesemanticsof aconstraint,thatis, thesetof timepoints(resp.,values)thatit specifies.
A timepoint ë.���Gë�µ*�,·,·,·*��ë$Ç��(��� �  ]��¶L� is asolutionto anatomicconstraint���(½�my`Z½P� (resp.,�dð
µ�
ìð1ÿ*� ) for ¶ ,
denotedë��� ���(½�my`Z½P� (resp., ë»�� �dð
µ�
ìð1ÿ>� ), if f ë>½�m�`Z½ (resp., ð�µ¤o�� ë¶o�� ðMÿ ). A value ëA��� �  «��¶L� is
a solutionto anatomicconstraint ��my`�� (resp., �d`iµ�
ì`Hÿ,� ) for ¶ , denotedë]�� ��m�`�� (resp., ë]�� �d`iµ�
¨`Hÿ>� ),
if f ëimy` (resp., ` µ oÖëéo¤` ÿ ). The solutions ëA��� �  ]��¶L� to a constraint� for ¶ areinductively definedby
(i) ë²�� ©��}µ if f it is not the casethat ë²����}µ , and(ii) ë²�� ���}µS ��$ÿ,� if f ët����}µ and ët����$ÿ , for all
constraints�}µ,���$ÿ . Weuse� ��� ��� � to denotethesetof all solutionsë ��� �  ]��¶L� to theconstraint� for ¶ .

8.2 Probability Distrib ution Functions

Wenow recallthewell-known conceptof aprobabilitydistribution function. In thesequel,weassumethat �
is a nonemptysetof pairwisemutuallyexclusive events ë�µ��,·,·,·>��ë	Ç . A probability distribution function(or
distribution function) over � is a mapping�A©Ì�| ´ ���*�aº suchthat � �"!$#%�(�GëZ�Êo � . Themostwidely used
distribution function is theuniformdistribution over � , denoted& # , which is thefunction & # ©~�| ´ ���*�aº
definedby &��Gëe�v� �±Ôil for all ë �¨� . Thefollowing aresomeotherstandarddistribution functions(where
we additionallyassumethat � hasthelinearorder ëHµØp ·,·,·Ìp ë$Ç ):a Thegeometricdistribution over � for �¶p®<óp � , denoted' # �)( , is the function ' # �*( ©~�  ´ ���*�aº

definedby ' # �)( �Gë>½!���¶< �#�1�]à«<n� ½ for all ë>½.�¨� .a The binomial distribution over � for � p³<Ûp � , denotedÓ # �)( , is the function Ó # �)( ©±�  ´ ���*�aº
definedby Ó # �*( �Gë ½ ��� � Ç½ �f�6< ½ �e�1�]à«<n� Ç ß ½ for all ë ½ �¨� .
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a ThePoissondistribution over � for + q � , denotedK # �-, , is the function K # ��, ©~�4 ´ ���*�aº defined
by K # �-, �Gë*½�� �Îñ ß , ��+ ½ Ô ¾/. for all ë*½��¨� .

8.3 Implicit Valuesof Probabilistic Types

An implicit valueof a probabilistictypeis a finite setof implicit tuples,a conceptborrowedfrom [13]. An
exampleof an implicit tuple (which we defineformally below) is �1�¸oãð�oã¥����*� oãð�o �,�H������·ËÌi�*�Z��Ä�� .
This implicit tuplesaysthat thevalid time pointsaresolutionsof thefirst constraint�¦obð[on¥�� andthata
probabilitymassof 0.5to 1 is uniformly distributedover thesolutionsof thesecondconstraint�To ðOo �,�H� .
From this, we can infer that there is a probability massof ��·-H to ��·+¥ over the set of valid time points
¿2�Z�,·,·,·e�=¥��iÂ . Usingthis intuition, we cannow defineimplicit tuplesformally.

Let ¶ be eithera calendaror a classicaltype with a totally ordereddomain. An implicit tuple for ¶
is a 5-tuple ���¹�10ù�f§M��Ä¢��ÈZ� , where �¹�10 are constraintsfor ¶ with �324� ��� ��� � ÷5� ��� �60x� , §l��Ä are reals
with �Yo¨§�o¬Äto²� , and È is a distribution function over � ��� �60�� . If � ��� ��� ���� ��� �60�� , thenwe use ��7¬� to
abbreviate � .

Thereadermaywonderwhy bothconstraints�¹�10 areneeded.Thereasonis that � describesthevalid
values,while 0 describesthe valuesfrom which the probabilitiesfor solutionsof � arederived. When
selectionoperationsareperformed,we canmerelyrestrict � to theselectioncondition(by performingan
AND) ratherthancomputinganew distribution (whichwouldbeneededif 0 werenotused).Thus,theuse
of 0 eliminatesthe potentiallyexpensive operationof computingnew distributionsevery time a queryis
asked.

Wenow defineimplicit valuesof probabilistictypesby inductionasfollows:a An implicit valueof anatomicprobabilistictype ´ ´ ¶iº º is afinite setof implicit tuplesfor ¶ .a An implicit valueof a probabilistictype ´ �%µO©n¶eµ,�,·,·,·*����¸.©n¶,¸,º is of the form ´ ��µO©Ì`9µ,�,·,·,· , �¹¸¢©Ì`H¸*º ,
wherè µ �,·,·,·*�=`H¸ areeithervaluesor implicit valuesof ¶ µ �,·,·,·*��¶,¸ .

In thesequel,thevaluesof probabilistictypesintroducedin Section3.3arecalledexplicit values, to better
distinguishthemfrom the above conceptof implicit valuesof probabilistictypes. An implicit valueof a
probabilistictypein thePackageExampleis givenbelow.

Example8.1 An implicit valueof the atomicprobabilistictype ´ ´ @
¥U¤j?aº º , where @�¥§¤[? is the calendaroverí9�.Ä�ê�î¨ï�¾6lOÄ�ð=ñ , is givenby `��³�J��7��
�>�J�1�	Hi���H�2�8
 �1�	Hi�=Ì�k��J�
����·ËÌi�*�Z�9&%� . Ã
Observe now that every implicit value ` of an atomicprobabilistictype ´ ´r¶iº º hasa uniqueequivalent

explicit value :9�d`�� , which is definedby :9�d`�����¿9�d`3�!�>´ §i�!Èi�d`3���
��Ä �!Èi�d`3���Pºj� �$;�����10]�f§M��Ä , Èe�(�t`v©9`4�e�<� ��� ������Â .
: is a implicit to explicit transformation. Conversely, every explicit valueof ´ ´ ¶iº º hasat leastoneequiva-
lent implicit value. The following exampleillustratesthe relationshipbetweenimplicit values̀ andtheir
equivalentexplicit values:9�d`�� .
Example8.2 Theimplicit value ` givenin Example8.1hastheequivalentexplicit value :i�d`��A� ¿9�J�1�	Hi���H�2� ,
´6=?> �@ = � µ@ = ºj�
�>�J�1�	Hi�����>�
�>´ µ@ = ºj�
�>�J�1�	Hi���5H��
�>´ µ@ = ºj�
�,·,·,·#�>�J�1�	Hi�=Ì�k��
�>´ µ@ = ºj��Â . Notethat insteadof explicitly expressinga
probability interval for each of 60timepoints,theimplicit valueshownin Example8.1capturesthisexplicit
informationvia singlestatement.Hence,implicit valuesarefar moresuccinctthanexplicit ones. Ã

As every implicit value has its explicit counterpart,we can easily extend the notion of consistency
to implicit valuesasfollows. An implicit value ` �»¿9���}µ*�10 µ*�f§!µ*�"A¢µ*��È#µa�
�,·,·,·>�>����Ç(�10�ÇL�f§�Ç , A�Çf��È�Ç���Â of an
atomicprobabilistictypeis consistentif f � ��� ���A½~ B�DC#���²� for all ¾��FE¹� ¿2�Z�,·,·,·e�=l�Â with ¾%±� E , andit holds
that � Ç½�� µ �HG } !JI�K"LNMPO }�Q §Q½i��Èa½��d`Z½��Yo �Õo � Ç½�� µ �HG } !RI-K"LNMNO }-Q AL½i�!Èa½J�d`e½P� . An implicit value ` of aprobabilistic
typeis consistentif f all containedimplicit valuesof atomicprobabilistictypesareconsistent.
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8.4 Implicit TPOB-Instances

Implicit TPOB-instancesassociateanimplicit valueof appropriateprobabilistictypewith eachobject(rather
thananexplicit one).Formally, animplicit TPOB-instanceoveraconsistentTPOB-schema�¢�����.���n�� �¡2���¢�
is apair ú¢����ü���ýL� , where(i) ü©��� H$S mapseachclass� to afinite subsetof õ suchthat ü����#µa��þÀü�����ÿ>���t�
for all distinct � µ ��� ÿ �� , and(ii) ý mapseachoid ���%ü����*� , ���� , to animplicit valueof type �f¯i���,� . Wethen
defineü������ , themappingü ¯ , theconceptof aprobabilisticextentof aclass,andthenotionsof coherenceand
consistency for implicit TPOB-instancesasin Section4.3. In thesequel,we write explicit TPOB-instance
to referto theTPOB-instancesdefinedin Section4.3.

Every implicit TPOB-instanceú hasauniqueequivalentexplicit TPOB-instance:9��ú>� , which is obtained
from ú by replacingeachcontainedimplicit value ` of anatomicprobabilistictypeby its explicit counter-
part :i�d`�� . Conversely, every explicit TPOB-instancehasat leastoneequivalentimplicit TPOB-instance.

Example8.3 An implicit TPOB-instanceú¢�û��ü���ýL� over theTPOB-schema� of Example4.1 is givenby
themappingü in Table6 andthevalueassignmentý in Table19. Ã

Table19: Valueassignmentý� � Ç � È� � ÏrÐAÑCÒ ÍZÒEÓfÔ��9Ù2ÝvÎ*×LØnÎ
Õ�ÖMÒEÓ,ÊaÖMÒ Ù�ÓOÔOæ�Ù#Õ�Ö�Ù2Ó#×LØnÎ>Ú Ò ÛaÎ>ÑUÜ�Ô�í ÇlÇ-T¹È × ÇPÇ��! ×#"$" ÈVU«Ç��! ×�) ��ÈPÈ ×�% '2×�% W�×"X È ,ÇPÇ6T�È × ÇlÇ6��0 ×�"7" ÈVU]Ç6��0 ×�) �aÈlÈ ×�% 0 ×!% )2×ZY È î#×Hè.ÒEÝvÎ�ÔOí ÇPÇ6T¹È × ÇlÇ, ×�"$" ÈVU]Ç, × � " ÈPÈ ×!% '9× � ×ZY È î
Þ��� ÏrÐAÑCÒ ÍZÒEÓfÔLÉ2Ê*ÑCÒ Õ�×LØnÎ
Õ�ÖMÒEÓ,ÊaÖMÒ Ù�ÓLÔ2ó�ÊeÓ /aÙ>ÕlÎ>×OØnÎ>Ú Ò ÛaÎ>ÑUÜ�Ô�í ÇPÇ-T¹È × ÇPÇ���0 ×�"$" ÈVU�Ç���0 × � * ÈPÈ ×�% � *H× � ×"X È îe×iá(Î�Ò Í2â
ÖZÔ3(7"�×ä«Ò å>ÖJânÔ3*	"�×OØnÎ>ë
ÖJâ(Ô5'7"2×2ì�Ù2Ó
Ö�Î>Ó
Ö�Õ�Ô�í#ë#â�Ù*Ö�Ù#Õ�×�ê*ÙZÙ�Ì�Õ�î#×2è�ÒEÝvÎ�Ô�í ÇlÇPÇ���0 ×#"$" ÈVU�Ç���0 ×#"7* ÈPÈ ×!% )2× � ×ZY È î ,óHè.Ð�É�Ù�Ó�Î�Ô�Ïrì(Ò Ö�Ü*Ô�8fÎ�ô :�ÙZÑ�Ì#×Pò�ÑjÑQÒ Û�Î
Ô�í ÇlÇPÇ6� '2×#"$" È[U Ç�� '9×�"7* ÈPÈZ\ ÇlÇ6� '2× 0 * È[U}Ç�� '9×�)$" ÈPÈ × ÇPÇ�� '9×�"$" ÈZU Ç6� '9×�)7" ÈPÈ ×�% )�× � ×�X È î ,óiâ>ÒEë#ÝvÎ>Ó
ÖHÔ�í ÇPÇ6T�È × ÇlÇ6� (2×�"7" ÈVU«Ç6� 1H×�"7" ÈPÈ ×�% (�× � ×�X È î�Þ�×HóHè.Ð$É9Öjô�Ù�ÔLÏ ì(Ò ÖjÜ(Ô9ó�è à,Ù�é>Ò Õ
,ò�Ñ�ÑCÒ Û�ÎfÔ�í ÇPÇ-T¹È × ÇPÇ�� 1H×�)$" ÈVU]Ç6� 1H×�'�* ÈPÈ ×�%+*H× � ×�X È î#×Hóiâ>ÒEë#ÝAÎ*ÓaÖZÔ�í ÇPÇ6T�È × ÇlÇ6�! ×�"7" ÈVU]Ç6�� ×�)7" ÈlÈ ×�% (�× � ×"X È î
ÞUÞ

9 The Implicit Algebra

In this section,we definethe algebraicoperationsof selection,restrictedselection,naturaljoin, and the
setoperationsof intersectionandunionon implicit TPOB-instances.Theoperationsof projection,extrac-
tion, Cartesianproduct,andconditionaljoin areindependentof thekind of valuesof eachobject,andthus
definedin exactly the sameway for explicit andimplicit TPOB-instances.We show that eachandevery
operationof the implicit TPOB-algebracorrectly implementsits explicit counterpart.Figure1 provides
a diagrammaticrepresentationof what theseresultslook like for unaryoperators(a similar figure canbe
shown for binary operators).For unaryalgebraicoperators��< , the correctnesstheoremsareof the form
:9���!< ½ ��ú>�J���n�!<�]e�6:9��ú>�J� . Weuse�!< ½ (resp. �!<�] ) to denotetheimplicit (resp.explicit) versionsof theoperator��< . Similarcorrectnessresultsarealsoshown to hold for binaryalgebraicoperators.Wheneverweapplyan
algebraicoperation�!< , wecantell by thetypeof argument(explicit TPOBinstanceor implicit) whetherthe
operatoris onefrom theexplicit or from the implicit algebra.Hence,we will usuallyjust write �!< instead
of �!< ] �f��< ½ asthiscanbedeterminedfrom context.
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9.1 Selection

In orderto definetheselectionoperationon implicit TPOB-instances,it is sufficient to definehow to eval-
uatepathexpressionsandhow to assesstheprobability thatan implicit valuesatisfiesanatomicselection
condition. Thevaluationof selectionconditions,thesatisfactionof probabilisticselectionconditions,and
theselectionon implicit TPOB-instancesarethendefinedin thesamewayasin Section5.1.2.

Wefirst definehow to evaluatepathexpressions.Let K beapathexpressionfor theprobabilistictype ¶ .
Thevaluationof K underanimplicit value ` of ¶ , denoted̀L·2K , is definedby:a if `���´ �%µO©N`iµ*�,·,·,·#����¸ ©N`H¸*º and K»� ��½ , then `f·2K��ì`Z½ ;a if `���´ �%µO©N`iµ*�,·,·,·#����¸ ©N`H¸*º and K»� ��½M·2c , then `f·2K��ì`Z½M·2c ;a If `�� ¿9��� µ �10 µ �f§ µ �"A µ ��È µ �
�,·,·,·>�>���$¸i�10�¸9�f§C¸9�"Af¸9��È�¸H��Â and K ��´ ´+c¹º º , then `L·2K � ¿9��� µ �10 µ �f§ µ �"A µ ��È µ �fc�� ,

·,·,·>�>���$¸9�10�¸9�f§C¸9�"Af¸i��È�¸9�fc���Â . Wecall suchsetsgeneralizedimplicit valuesof ¶ ;a Otherwise,̀f·2K is undefined.

Givenanimplicit TPOB-instanceú¢����ü���ýL� over aTPOB-schema�%�³���.���n�� �¡9����� , we now definethe
meaningof anatomicselectioncondition J w.r.t. anobject � in ú . As in Section5.1.2,we associatewith
each J a closedsubinterval of ´ ���*�aº , which describesthe rangefor the probability that the object � in ú
satisfiesJ . This probability is computedin a similar way as in Section5.1.2,basedon the translation:
from implicit to explicit values.Moreformally, theprobabilisticvaluationof J w.r.t. ú and ����ü����¢� , denoted�9�f���S�#� � , is definedasfollows (where � is thedisjunctionstrategy for mutualexclusion):a����f��� �#� � �j¾6lv���*�J�v� ´  ������j¡��;�>���>�>�����J�
�� ��.� �j¡��;�>���>�>�����J�Pº .a Let K bea pathexpressionfor thetypeof � . If ý������
·2K is a valueof a classicaltype,thendefine

� �
¿9�J��7¬�
�>�!ý������J�
�*�Z�*�Z�9&A�fK ��Â , elseif ý������
·2K is a generalizedimplicit valueof an atomicprobabilistic
type,thendefine

� � ý������
·2K . Otherwise,
�

is undefined.

�9�f��� �#� � ��K¶m�`���� � � ¸½ � µ e�½ if
�

is defined

undefined otherwise,

where eeµ��,·,·,·#�fe,¸ aretheintervals ´ §i��È9�d���
�"A���È9�d���Pº suchthat ���¹�10ù�f§l�"A ��È*�!�v�(� � , � �^� ��� ����� , and� ·&�¦m�` , if
�

is defined.Notethat �9�f��� �#� � ��K°my`�� is undefined,if some��·&��my` is undefined.a For each¾��¿2�Z��H9Â , let K¢½ bea pathexpressionfor thetypeof � . If ý¢���H�
·2K ½ is a valueof a classical
type,thendefine

� ½ � ¿9�J��7��
�>�!ý������J�
�*�Z�*�Z�9&$�fK ½ ��Â , elseif ý������
·2K ½ is ageneralizedimplicit valueof an
atomicprobabilistictype,thendefine

� ½�� ý������
·2K¢½ . Otherwise,
� ½ is undefined.Then,

�9�f��� �#� � ��Kvµ�m s K.ÿ>� � � � ¸½�� µ e ½ if
� µ and

� ÿ aredefined

undefined otherwise,

where eeµ,�,·,·,·>�fe,¸ is thelist of all intervals ´ §!µ���È#µ#�d`9µa�
�"A¢µ���È#µ#�d`iµa�Pº9u ´ §Cÿ��!È�ÿ��d`Hÿ*�
�"Afÿ ��È�ÿ��d`Hÿ>�Pº suchthat
���A½1�10À½1�f§Q½M�"AL½1��Èa½1�!�(½��(� � ½ , `Z½���� ��� ���A½P� , and `iµ*·&� µ9my`HÿZ·&�nÿ , if

� µ and
� ÿ are defined. Observe that���f��� �#� � ��K µ m�s¤K ÿ � is undefined,if somè µ ·&� µ my` ÿ ·&� ÿ is undefined.

Thefollowing exampleshows someprobabilisticvaluationsof atomicselectionconditions.

Example9.1 Considerthe implicit TPOB-instanceú¢�û��ü���ýL� of Example8.3. The atomicselectioncon-
dition J¹� � ?`_ ¥ Z.?�A WYqt�1�	�i��H�Ì�� is assigned́ �����eº and ´§· �3û�Ìi�,·Q�	I�k#º under ���f��� �#� �=� and �9����� �#� �F� , respectively.

Here, ´§· �3û�Ìi�,·Q�	I�k#ºe� � @½�� µ ´§· ���	H�Ìi�,· �5H����aº , wherethesix intervals ´§· ���	H�Ì , · �5H����aº areassociatedwith thesix
timepoints �1�	�i��H�I��
�,·,·,·H�>�1�	�i��
��>� of thevalueof object � � at theattribute � ?`_E¥ Z.?�A�W . Ã
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Thefollowing resultshows thatselectionon implicit TPOB-instancescorrectlyimplementsits counter-
parton explicit TPOB-instances.Thatis, themapping: commuteswith ��² .
Theorem 9.2(correctnessof selection) Let ú bean implicit TPOB-instanceover a TPOB-schema � , and
let J bea probabilisticselectioncondition.Then,

��²L�6:9��ú>�J� � :9����²f��ú>�J�f· (1)

9.2 RestrictedSelection

In order to definethe restrictedselectionoperationon implicit TPOB-instances,it suffices to definethe
restrictedselectionon implicit values. Restrictedselectionon implicit TPOB-instancesis thendefinedin
thesamewayasin Section5.2.

Let ¶ bea probabilistictupletype,andlet `��³´ � µ ©f` µ �,·,·,·>��� ½ ©=` ½ �,·,·,·>����¸e©=`H¸*º beanimplicit valueof ¶ .
Let J beanatomicselectionconditionof theform K¶m�� , whereK is apathexpressionfor ¶ . Therestricted
selectionon ` with respectto J , denoted� ·² �d`�� , is definedby:a If `Z½ is avalueof aclassicaltype, K�� �}½ , and `Z½.my� , then �~·² �d`����¸` .a If `e½ is an implicit valueof anatomicprobabilistictype,and K»� �}½ , then � ·² �d`�� is obtainedfrom `

by replacing̀Z½ by ¿9�J��m���N a�¹�10ù�f§l�"A ��Èe���e���¹�10ù�f§M�"A¢��ÈZ�(�´`e½M��� ��� �J��mª��N b� �.±� �9Â .a If `Z½ is animplicit valueof aprobabilistictupletype,and Kû���}½1·2c , then � ·² �d`�� is obtainedfrom ` by
replacing̀Z½ by �~·¹Oº3» �d`Z½�� .a Otherwise,� ·² �d`�� is undefined.

Example9.3 Considerthe implicit TPOB-instanceú¢����ü���ýL� of Example8.3 and the atomic selection
condition J� � ?`_E¥ Z�?�A WOq»�1�	�i��H�Ì�� . The restrictedselectionon ú with respectto J is given by the implicit
TPOB-instance� ·² ��ú>������ü � ��ý � � , where ü � �FPiA!¥ R3A!¥ @�Wi����¿$�.�eÂ , ü � ���*���t� for all otherclasses� , and ý � �����>��
´2>ÊA!¥ \�¥U¦¢©�ø~R�¤j? , � ?�D=@
¥U¦�B7@�¥ R�¦�©ghR�D=@FR�¦ , � ?`_ ¥ Z.?�A W�© ¿9�J�J�1�	�i��H�I��8
 �1�	�i��
��>�J� , �J�1�	�i���H�2�8
 �1�	�i��
��>�J�
�,·+¥��,·-ki�9&%��Â ,M�¥U¤j?�©n¿9�J��7��
�>�J�G�i���H�2�8
4�G�i�*�,�2�J�
�,·+¥��*�Z��'���Â,º . Ã

The following theoremshows that restrictedselectionon implicit instancescorrectly implementsits
counterparton explicit instances.Thatis, themapping: commuteswith �~·² .
Theorem 9.4(correctnessof restricted selection) Let ú bean implicit TPOB-instanceovera TPOB-sche-
ma �%�³���.���n�� �¡9����� . Let J beanatomicselectionconditionof theform K�my` , where K is a pathexpression
for every �����*� with �.��� . Then,

�~·² �6:9��ú>�J� � :9���~·² ��ú>�J�f· (2)

9.3 Renaming

To definerenamingon implicit TPOB-instances,we needto definerenamingon implicit values,which is
thenextendedto implicit TPOB-instancesin thesamewayasin Section5.3.

Let � bea constraintfor theclassicaltype ¶ , andlet Æ bea renamingconditionfor ¶ . The renaming
on � with respectto Æ , denotedÈ�É ��� � , is obtainedfrom � by replacingevery value `Z½ in � by È�É �d`e½P� .

Let Æ bea renamingconditionof the form K ¾ K � for theprobabilistictuple type ¶ � ´ ��µO©f¶eµ,�,·,·,· ,
�ØÇ$©f¶�Ç2º . Let ` � ´ �%µO©�`iµ*�,·,·,·*���ØÇ$©�`�Ç2º be an implicit valueof ¶ . The renamingon ` with respectto Æ ,
denotedÈ�É��d`�� , is definedby:a If K»� � ½ and K � � � ½ � , then È É �d`�� is obtainedfrom ` by replacing� ½ by � ½ � .
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a If K»� ��½1·C´ ´ c¹º º , K � � �}½M·C´ ´+c � º º , and `Z½ is a valueof an atomicprobabilistictype, then È�É��d`�� is ob-
tainedfrom ` by replacingevery ���¹�10]�f§M�"A �"���(�t`e½ by �GÈ ¹ÌËT¹�Í ��� �
��È ¹�ËÕ¹9Í �60x�
�f§M�"A �"�/c3È ß µ¹�ËÕ¹ Í � , whereÈ ß µ¹ÌËT¹�Í denotestheinverseto È ¹�ËT¹ Í ©�� ��� �60x�vd� ��� �GÈ ¹ÌËT¹ Í �60��J� .a If K»� ��½M·2c , K � � �}½M·2c � , and `Z½ is notavalueof anatomicprobabilistictype,then È�É �d`�� is obtained
from ` by replacing̀Z½ by È ¹ÌËT¹9Í �d`Z½!� .

Let Æ � Kvµ��,·,·,·#�fKiÂ ¾ K�µ � �,·,·,·>�fKÂ � bea renamingconditionfor ¶ . The renamingon ` with respectto Æ ,
denotedÈ É �d`�� , is definedasthesimultaneousrenamingon ` with respectto all K ½ ¾ K ½ � .

Thefollowing resultshowsthattherenamingonimplicit TPOB-instancescorrectlyimplementsits coun-
terparton explicit TPOB-instances.Thatis, themapping: commuteswith È É .

Theorem 9.5(correctnessof renaming) Let ú bean implicit TPOB-instanceover theTPOB-schema�²�
�������n�
� �� �¡����¢� , andlet Æ bea renamingconditionfor every �����*� with ���� . Then,

È É �6:i��ú>�J� � :i�GÈ É ��ú>�J�f·
9.4 Natural Join

In orderto definethenaturaljoin operationon implicit TPOB-instances,we needto definetheintersection
of two implicit values.Thejoin of two implicit valuesandthejoin of two TPOB-instancesarethendefined
in thesamewayasin Section6.1.

Let ` µ and ` ÿ beeithertwo valuesof thesameclassicaltype ¶ or two implicit valuesof thesameproba-
bilistic type ¶ , andlet u beaconjunctionstrategy. Theintersectionof `iµ and `Hÿ underu , denoted̀iµOþ s `Hÿ ,
is inductively definedasfollows:a If ¶ is aclassicaltypeand ` µ �n` ÿ , then ` µ þ�s¡` ÿ �ì` µ .a If ¶ is anatomicprobabilistictypeand � ±�4� , then ` µ þ�s�` ÿ �n� , where:

� � ¿9�J��7��
�>�d`��
�f§l�"A �9&����$;���� µ �10 µ �f§ µ �"A µ ��È µ �(�Q` µ �>��� ÿ �10 ÿ �f§ ÿ �"A ÿ ��È ÿ �(�Q` ÿ ©`x��� ��� ���}µ ��$ÿ*�
� ´ §M�"AOº�� ´ §!µ��!È#µ#�d`��
�"A�µ¢��È#µ#�d`��Pº�u4´ §�ÿ��!È�ÿH�d`��
�"Afÿ��!È�ÿ��d`��Pº!Â�·a If ¶ is aprobabilistictupletypeoverthesetof top-level attributesÐ , andall ` µ · ��þ�s]` ÿ · � aredefined,
then �d`iµ.þ s `Hÿ>�
· � �b`iµ�· �³þ s `Hÿe· � for all � �ÖÐ .a Otherwise,̀iµ.þ s `Hÿ is undefined.

Thefollowing exampleillustratestheintersectionof two implicit valuesof atomicprobabilistictypes.

Example9.6 Let @�¥§¤[? bethestandardcalendarw.r.t. í9�JA�ê�î¨ï�¾6leA�ð=ñ , andlet u½_Ç betheconjunctionstrat-
egy for independence.Considernow thefollowing implicit valuesof theatomicprobabilistictype ´ ´ @
¥U¤j?aº º :

` µ �»¿9�J�J�Gki�=¥O�>�8
ø�Gki�=¥jÌ��J�
�>�J�Gki�=¥O�>�/
 �Gki�=ÌZ�2�J�
�,·ËÌi�*�Z�9&���Â��` ÿ �»¿9��7¬�
�>�J�Gki�=¥�¥9�8
 �Gki�=¥3���J�
�,·-Hi�*�Z�9&���Â
Then, `iµ(þ s~}&� `Hÿ¢�»¿9�J��7��
�>�J�Gki�=¥�¥9�J�
�,· ��¥��*· �H�5¥��f&��
�#�J��7¬�
�#�J�Gk��=¥ Ì����
�,·U��¥��*· ����¥��f&%��Â . Ã

The resultbelow shows that join on implicit TPOB-instancesis correct,i.e. themapping: commutes
with æGç s .

Theorem 9.7(correctnessof natural join) Let úeµ and ú,ÿ betwoimplicit TPOB-instancesoverthenatural-
join-compatibleTPOB-schemas�.µ and ��ÿ , respectively. Let u bea conjunctionstrategy. Then,

:9��úeµa�æGç s :i��ú,ÿ>� � :9��úeµéæGç s ú,ÿ*�f· (3)
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9.5 Intersection, Union, and Differ ence

To definetheintersection,union,anddifferenceof two TPOB-instances,we needto definetheintersection,
union, and difference,respectively, of two implicit values,which are then extendedto implicit TPOB-
instancesusingmethodssimilar to thoseof Section6.3. Intersectionof two implicit valueswasdefinedin
theprecedingsection.Unionanddifferenceof two implicit valuesaredefinedbelow.

Let `iµ and `Hÿ be either two valuesof the sameclassicaltype ¶ or two implicit valuesof the same
probabilistictype ¶ , andlet � (resp.,

�
) beadisjunction(resp.,difference)strategy. Theunionof ` µ and ` ÿ

under � , denoted̀iµiÝ�£¡`Zÿ , is inductively definedasfollows:a If ¶ is aclassicaltypeand `iµ(�ì`Hÿ , then `iµiÝ�£¡`Zÿ}�n`9µ .a If ¶ is anatomicprobabilistictype,then`iµÝ�£¡`Hÿ � ¿9���}µy ¬©hg�$ÿe�10 µ>�f§�µ*�"A�µ,��È#µ��������}µ*�10 µ*�f§�µ*�"A�µ,��È#µ��(�Q`iµ,��� ��� ���}µ ¬©hg�$ÿ,��±�4�9ÂÝ
¿9���$ÿ� ¬© g�}µ,�10�ÿH�f§�ÿZ�"Afÿe��È�ÿ#�������$ÿZ�10�ÿZ�f§�ÿZ�"Afÿe��È�ÿ#�(�Q`Hÿe��� ��� ���$ÿé ¬© g�}µ���±�4�9ÂÝ
¿9�J��7��
�>�d`��
�f§M�"A �9&����$;����}µ,�10 µ>�f§�µ*�"A�µ,��È#µ��(�Q`iµ,�>���$ÿH�10�ÿZ�f§CÿZ�"A(ÿZ��È�ÿ>�(�Q`Hÿn©` �i� ��� ���}µ ��$ÿ*�
� ´ §M�"AOºn� ´ §!µ��!È#µ>�d`��
�"A¢µ¢�!È#µ#�d`��Pº��4´ §Cÿ���È�ÿ��d`��
�"Afÿ ��È�ÿ��d`��Pº!Â��

where g�A½ , ¾L�À¿2�Z��H9Â , denotesthelogicaldisjunctionof all �A½ suchthat ���A½M�10À½1�f§Q½1�"AL½M��Èa½P�(�Q`Z½ .a If ¶ is aprobabilistictupletypeover thesetof top-level attributesÐ andall `iµ,· �¬Ýª£Ê`HÿZ· � aredefined,
then �d`iµÝ�£¡`Hÿ,�
· � �b`iµ*· � Ý�£¡`HÿZ· � for all � �ÖÐ .a Otherwise,̀iµiÝ�£¡`Zÿ is undefined.

Thedifferenceof ` µ and ` ÿ under
�

, denoted̀ µ à � ` ÿ , is inductively definedasfollows:a If ¶ is aclassicaltypeand `iµ(�ì`Hÿ , then `iµªà��¡`Zÿ}�n`9µ .a If ¶ is anatomicprobabilistictype,then`iµéà��¡`Hÿ � ¿9���}µy ¬© g�$ÿe�10 µ>�f§�µ*�"A�µ,��È#µ��������}µ*�10 µ*�f§�µ*�"A�µ,��È#µ��(�Q`iµ,��� ��� ���}µ ¬© g�$ÿ,��±�4�9ÂÝ
¿9�J��7��
�>�d`��
�f§M�"A �9&����$;����}µ,�10 µ>�f§�µ*�"A�µ,��È#µ��(�Q`iµ,�>���$ÿH�10�ÿZ�f§CÿZ�"A(ÿZ��È�ÿ>�(�Q`Hÿn©` �i� ��� ��� µ  �� ÿ �
� ´ §M�"AOºn� ´ § µ �!È µ �d`��
�"A µ �!È µ �d`��Pº � ´ § ÿ ��È ÿ �d`��
�"A ÿ ��È ÿ �d`��Pº!Â��

where g�A½ , ¾L�À¿2�Z��H9Â , denotesthelogicaldisjunctionof all �A½ suchthat ���A½M�10À½1�f§Q½1�"AL½M��Èa½P�(�Q`Z½ .a If ¶ is aprobabilistictupletypeover thesetof top-level attributesÐ andall ` µ · �ìà � ` ÿ · � aredefined,
then �d`iµéà��¡`Hÿ,�
· � �b`iµ*· �bà��¡`HÿZ· � for all � �ÖÐ .a Otherwise,̀iµªà��¡`Zÿ is undefined.

The following theoremshows that the intersection,union, anddifferenceof implicit TPOB-instances
correctly implementtheir counterpartson explicit TPOB-instances.That is, the mapping : commutes
with þ�s , Ý £ , and à � , respectively.

Theorem 9.8(correctnessof intersection,union, and difference) Let úeµ and ú,ÿ be two implicit TPOB-
instancesover the sameTPOB-schema � , and let u (resp., � ,

�
) be a conjunction(resp.,disjunction,

difference)strategy. Then,

:i��úeµ��¢þ s :9��ú,ÿ>� � :i��úeµ.þ s ú,ÿ*�f� (4)

:i��úeµ��±Ý�£j:9��ú,ÿ>� � :i��úeµÝ�£ ú,ÿ*�f� (5)

:i��úeµ���à��j:9��ú,ÿ>� � :i��úeµéà�� ú,ÿ*�f· (6)
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9.6 CompressionFunctions

The implicit operationsof naturaljoin, intersection,union, anddifferencemay generateimplicit TPOB-
instancesthatcontaina largenumberof implicit tuples.Adoptingan ideafrom [13], we now definecom-
pressionfunctionsthroughwhichsuchimplicit TPOB-instancescanbemademorecompact.

A compressionfunction k for anatomicprobabilistictype ¶ is a functionthatmapsevery implicit value` of ¶ to animplicit value kA�d`�� of ¶ suchthat(i) � k$�d`��,�No � `n� , and(ii) thereexistsabijectionbetween:9�d`��
and :9�6k$�d`��J� thatmapseach �d`L�>´ §M�"AOºj�(�h:9�d`�� to a pair �d`L�>´ §M�"A��ßºj�(��:i�6kA�d`��J� suchthat §yolA��~omA .
Example9.9 Let ¶ be an atomicprobabilistictype. The same-distribution compressionfunction k maps
every implicit value ` of ¶ to theimplicit value kA�d`�� , which is obtainedfrom ` by iteratively replacingany
two distinct ��� µ �10 µ �f§l�"A ��Èe�
�>��� ÿ �10 ÿ �f§M�"A¢��ÈZ�(�Õ` with � ��� �60 µ ���n� ��� �60 ÿ � by ��� µ ¢�� ÿ �10 µ �f§l�"A ��Èe� .

Wenow definethecompressionof implicit valuesof probabilistictypes.Here,weassumethatfor every
atomicprobabilistictype ¶ , we have somecompressionfunction kpo . More formally, let ` beeithera value
of a classicaltype ¶ , or an implicit valueof a probabilistictype ¶ . Thecompressionof ` , denotedk$�d`�� , is
inductively definedasfollows:a If ¶ is aclassicaltype,then k$�d`����n` .a If ¶ is anatomicprobabilistictype,then kA�d`����qkpo��d`�� .a If ¶ is aprobabilistictupletypeover thesetof top-level attributes Ð ,

then k$�d`��
· � �qk$�d`L· ��� for all �»�´Ð .

Wefinally definethecompressionof implicit TPOB-instancesasfollows. Let ú}� ��ü���ýL� beaTPOB-in-
stanceover theTPOB-schema�ù�®���.���n�
�4�� �¡H����� . Thecompressionof ú , denotedk$��ú>� , is definedasthe
TPOB-instance��ü���ý��C� over � , where ý��!�������qk$�!ý������J� for all ���%ü������ .
10 Conclusions

Therearenumerousapplicationswhereobjectmodelsarenaturallyusedandwheretemporaluncertaintyis
a critical part of theapplication.A naturalplaceto start is shippingandtransportationcompanies.These
companiesutilize numerousdifferent kinds of resources(airplanes,ships,and trucks, all with different
capacities,fuel requirements,fuel consumption,servicingneeds,andotherproperties)andship hundreds
of thousandsof itemsdaily. Thepropertiesof thesevehiclesvary dramatically(asthepropertiesof ships,
planes,andtrucksareall very different).Theitemsbeingshippedalsohave diverseproperties(commercial
shipperssuchasCSX shipeverythingfrom packagesof papersto machineparts,vehicles,andhazardous
materials,eachwith verydifferentproperties).Suchshippersusepredictionprogramsthatprovide temporal
projectionsthatarecharacterizedby uncertainty. Theseprojections(andtheotherdatadescribedabove)are
usefulin a wide rangeof decisionmakingactivities rangingfrom schedulingto assetallocationproblems.
Theability to querytheabove datain thepresenceof suchtemporallyuncertainprojectionsis critical for
suchdecisionmaking.

In thispaper, wehavemadeafirst attemptto dealwith temporaluncertaintyin object-basedsystems.We
have provideda datamodelandalgebraicoperationsfor suchsystems.Thedatamodelallows to associate
with events ñ a setof possibletime points � andwith eachtime point ðn�r� an interval for theprobability
that ñ occurredat ð . We have presentedexplicit objectbaseinstances,wherethesetsof time pointsalong
with their probability intervals aresimply enumerated,andimplicit ones,wherethesetsof time pointsare
expressedby constraintsandtheir probability intervalsby probabilitydistribution functions.Thus,implicit
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objectbaseinstancesaresuccinctrepresentationsof explicit ones;they allow for anefficient implementation
of algebraicoperations,while their explicit counterpartsmake definingalgebraicoperationseasy. We have
definedour algebraicoperationson both explicit andimplicit objectbaseinstances,andshown that each
operationon implicit objectbaseinstancescorrectlyimplementsits counterparton explicit instances.

Therearenumerousdirectionsfor futureresearch.Building physicalcostmodelsandcostbasedquery
optimizersfor TPOBsis a majorchallengethatmustbeaddressedif applicationssuchasthepackageand
stockmarket exampleareto scaleup for heavy duty use. Building mechanismsto updatesuchdatabases
posesyetanotherchallenge.Building view creationandmaintenancealgorithmsprovidesathird challenge.
Developinganimplementationof (theimplicit versionof) TPOBsposesa fourth majorchallengeasit will
provide a testbedfor all thealgorithmsresultingfrom theotherproblemsmentionedhere.
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Appendix A: Proofsfor Section7

Proof of Theorem 7.1. (a) Let �%���������n�
� �� �¡������ , andlet ÙªÚ¹�l�����û� � ����� � ��� � �
� � �� �¡ � ��� � � . Assume
that � is consistent.Thatis, thereexistsamodel :�©O�] H$S of � . Let themapping: � ©O� �  H$S bedefined
by :	�!���*�v�q:i���,� for all ���x�Ì� . Wenow show that :$� is amodelof �~� . C1holds,as :i���*�±�4� for all classes���
� implies : � ���*�±�4� for all classes��x� � . Wenext show C2. Considertwoclasses�>µ,����ÿ%�x� � suchthat �#µ$� �
�aÿ . Thatis, somepath �Oµ�� �9ÿ�� �,�,�O� �9¸ existssuchthat ��µ�� �#µ , �2¸%�4��ÿ , and �9ÿe�,·,·,·>���2¸7ß µ �«�¤à �Ì� .
As :9����µa��÷m:9���9ÿ>��÷4�,�,�L÷m:i���2¸�� , it thusfollows :9���#µ��$÷s:9����ÿ#� . Wenow provethatC3holds.Let �>µ*����ÿ��x� �
be two distinct classesthatbelongto thesamecluster è � �� �¡ � ���,� for some���� � . That is, thereexistsa
cluster è|�� �¡9���*� suchthat,for ¾f�À¿2�Z��H9Â , either �a½ belongsto è or �a½ is a propersubclassof a classin è .
As C2andC3hold for : , it thusfollows that :i���>µ,�(þj:i����ÿ>���4� . Thisshows thatC3holds.Wefinally prove
C4. Considertwo classes�#µ*���aÿ�� �~� suchthat �>µ�������ÿ . That is, somepath �Oµ� �9ÿ � �,�,��� �9¸ exists
suchthat ��µ � �#µ , �9¸ �4��ÿ , and �9ÿZ�,·,·,·*���2¸7ß µ �«�¤à � � . Moreover, it holds � � ���>µ*����ÿ>�$� â ¸7ß µ½�� µ ������½1����½�ä µa� .
As C4 holdsfor : , it follows that � :9����½P�,��� ������½M����½�ä µ��f�#� :9���2½�ä µ��,� for all ¾f�À¿2�Z�,·,·,·>��Á¦à|�eÂ . This shows
that � :i���#µ��,���®â ¸7ß µ½�� µ ������½1����½�ä µa�f�#� :9����ÿ#�,� , thatis, � : � ���#µ��,�H� � � ���#µ*����ÿ>�f�e� : � ����ÿ>�,� . This provesC4.

(b) Let �.µ(�����(µ�����µ*�
� µ*�� �¡Zµ*���.µ
� , ��ÿ¢������ÿ , �fÿZ�
�ûÿe�� �¡>ÿe����ÿ>� , and � µ]æGçx��ÿ¢���������n�
� �� �¡H���¢� . Let :�µ%©
� µ  H$Sut and : ÿ ©O� ÿ  H$Spv bemodelsof � µ and � ÿ , respectively. Let themapping:¬©O�t H$S , where
�]�ø�fµ ªx��ÿ and õ � õÀµ}ªùõ�ÿ , bedefinedasfollows:

:i���*���w:�µ*���#µ��$ªB:>ÿ�����ÿ>�
� for all ��� ���>µ*����ÿ>����� .

We now show that : is a modelof � . We first prove C1. Since :�µ#���#µa� ±� � for all classes�#µ]� �fµ and
:>ÿ�����ÿ>��±� � for all classes��ÿ ����ÿ , we get :9���*� ±� � for all classes� �»� . We next show C2 andC4. Let
� � ���#µ*����ÿ>�
���]� ����µ*���2ÿ>�%�²� with � � � . Without lossof generality, we canassumethat �#µ��øµ���µ and
�aÿ}�4�2ÿ . Since:�µ is amodelof �.µ , it holdsthat :Hµ#���#µa�$÷m:Hµ#���Oµa� and � :Hµ#���#µa�,���ö� µ>���#µ*����µa���J� :�µZ���Oµa�,� . Hence,
it immediatelyfollows :9���*�¹÷q:9���i� and � :9���*�,�O� �����#����� ��� :9�����,� . We finally prove C3. Let �e���]��� betwo
distinct classesthatbelongto thesamecluster è � �  �¡2���¢� . Without lossof generality, we canassume
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that �#µ*����µ�«�(µ belongto thesamecluster è}µ� �  �¡Zµ>���fµa� andthat ��ÿ¹� �2ÿ . Since :�µ is a modelof �.µ , it
holdsthat :Hµ#���#µa��þx:�µ#����µa���4� . Thus, :9���*� þx:9�������4� . Ã
Proof of Theorem 7.2. (a) Let ú � ��ü���ýL� and Ù Ú ��ú>��� ú � � ��ü � ��ý � � . Let � � �������n�
�4�� �¡H����� andÙªÚ¹�l�������Ì�>�����~�����~���
� ���� �¡$�����~�ð� . Towardsa contradiction,supposethat ú�� is not coherent.That is, there
existsa class���²� � andanobject ���»ü � ���*� suchthat <�µ,��<fÿ��²¡���� � ���,������� with <�µ ±�ó<fÿ . Hence,thereare
at leasttwo distinct classes�Oµ*���2ÿ��|�~� suchthat (i) �t� ��ü~�C� ¯ ����½�� and � �����C� ¯ ��½ , and(ii) �2½ is minimal
under ��� � ��¯ with (i), and(iii) <L½ is the productof edgeprobabilitiesfrom � up to ��½ . As × containsall
characteristicclassesfor ¡��;�>���*������� , thereareat leasttwo distinctclasses� ½ �x� suchthat(i) �À�«üf¯i��� ½ � and
�}� ¯ ��½ , and(ii) ��½ is minimalunder � ¯ with (i). This impliesthat <¢µ���<(ÿ���¡��;�e���,������� . But this contradicts
� beingcoherent.

(b) Let � µ(�����(µ,����µ*�
� µ��� �¡Hµ,��� µa� , ��ÿ¢������ÿ , �LÿZ�
��ÿ#�� �¡>ÿe���nÿ>� , and �.µØæGçx��ÿ¢�»�������.���n�
�4�� �¡����¢� . Let
ú µ � ��ü µ ��ý µ � , ú ÿ � ��ü ÿ ��ý ÿ � , and ú µ æGç³ú ÿ � út� ��ü���ýL� . Towardsa contradiction,supposethat ú is
not coherent.That is, thereexists a class �x� ���#µ*����ÿ>��� � andan object � � ���2µ*�f�Zÿ>�¬� ü����,� suchthat< µ ��< ÿ ��¡��;�e���,������� with < µ ±�Î< ÿ . Hence,thereareclasses� µ � ��� µµ ��� µÿ �
��� ÿ � ��� ÿ µ ��� ÿÿ � �»� suchthat (i)�À�«ü ¯ ��� ½ � and � � ¯ � ½ , (ii) � ½ is minimalunder� ¯ with (i), and(iii) < ½ is theproductof edgeprobabilities
from � up to � ½ . Thus, � , � µ , and � ÿ arepairwisedistinct. Moreover, < µ �b< µµ ��< µÿ and < ÿ �n< ÿ µ �6< ÿÿ , where< ½C is the productof edgeprobabilitiesfrom �"C up to � ½C . Supposenow �#µÀ� � µµ . Then, �t�|ü ¯ �J���#µ*��� ÿÿ �J� ,
� �t¯³���#µ*��� ÿÿ � , and ���#µ*��� ÿÿ �x�t¯²� ÿ . By the minimality of � ÿ , it then follows �#µ«� � µµ � � ÿ µ , and thus< µµ � < ÿ µ � � . Moreover, if � µµ � � ÿ µ , then < µµ �Ï< ÿ µ . Thus,as < µ ±� < ÿ , we canassumewithout lossof
generalitythat �#µ , � µµ , and � ÿ µ arepairwisedistinct. As �.µ is coherent,thereis some � = µ � �(µ suchthat� µ ��üf¯2��� = µ � , � µ �»¯¹� = µ , � = µ �t¯� µµ , and � = µ �t¯¹� ÿ µ . Without lossof generality, we canassumethat � = µ ±� � µµ .
Hence,���»ü ¯ �J��� = µ ��� µÿ �J� , ��� ¯ ��� = µ ��� µÿ � , ��� = µ ��� µÿ �}� ¯ � µ , and ��� = µ ��� µÿ ��±� � µ . But this contradicts� µ being
minimal under �t¯ with (i). Hence,ú is coherent.Ã

Appendix B: Proofsfor Section9

For the proof of Theorem9.2, we needthe following lemma,which saysthat the valuationof path ex-
pressionsunderimplicit valuescorrectlyimplementsthevaluationof pathexpressionsunderexplicit val-
ues.Here,themapping: is extendedto generalizedimplicit valuesasfollows: Every generalizedimplicit
value � � ¿9���}µ*�10 µ*�f§�µ*�"A�µ*��È#µ*�!���
�,·,·,·#�>���$¸ , 0�¸9�f§C¸9�"Af¸9��È�¸9�!�v��Â is associatedwith the generalizedexplicit
value :i�d��A� ¿9�d� � �feL�!��� ���d� � �fe�����:i�l¿9���}µ>�10 µ*�f§!µ*�"A¢µ*��È#µa�
�,·,·,·>�>���$¸9�10�¸9�f§�¸2�"A(¸2��È�¸���Âe��Â .
Lemma B.1 Let K bea pathexpressionfor theprobabilistictype ¶ , and ` bean implicit valueof ¶ . Then,

:i�d`L·2K � � :i�d`��
·2K · (7)

Proof. It is sufficient to show that :i�d`L·2K �%�y:9�d`��
·2K holdsfor every implicit value ` of anatomicproba-
bilistic type ¶ . Let `��ö¿9���}µ*�10 µ*�f§!µ*�"A�µ*��È#µa�
�,·,·,·#�>���$¸i�10�¸2�f§�¸2�"A(¸2��È�¸���Â and K � ´ ´ c¹º º . Then,

:9�d`f·2K � � :i�l¿9��� µ �10 µ �f§ µ �"A µ ��È µ �fc��
�,·,·,·>�>���$¸i�10�¸9�f§C¸9�"Af¸i��È�¸2�fc���Âe�
� ¿9�d�[�!�feO�fc�� �O�d�Ø���fei���B:9�l¿9���}µ>�10 µ*�f§�µ*�"A�µ*��È#µa�
�,·,·,·>�>���$¸9�10�¸i�f§C¸9�"Af¸9��È�¸Z��Âe��Â
� ¿9�d�[�!�feO�fc�� �O�d�Ø���fei���B:9�d`���Â
� :i�d`��
·2K ·�Ã
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Proof of Theorem 9.2. It is sufficient to show thatthevaluationof atomicselectionconditionswith respect
to implicit TPOB-instancesis correct.Let ú¢����ü���ýL� beanimplicit TPOB-instanceover theTPOB-schema
�]� ���.���n�
�4�� �¡����¢� , andlet ����ü����¢� . Let � bethedisjunctionstrategy for mutualexclusion.Then,a��9����� �#� � �j¾6lv���*�J�A� ´  ������j¡����>���>�*�����J�
�� ��.� �j¡����>���>�*�����J�Pºn� ���f���8z M � Q � � �j¾6lv���*�J� .a Let K bea pathexpressionfor thetypeof � . If ý������
·2K is avalueof a classicaltype,thendefine

� �
¿9�J��7��
�>�!ý¢���H�J�
�*�Z�*�Z�9&$�fK ��Â , elseif ý¢���H�
·2K is a generalizedimplicit valueof an atomicprobabilistic
type,thendefine

� �4ý������
·2K . Otherwise,
�

is undefined.

�9�f��� �#� � ��K�m�`���� ��� ¸½�� µ e ½ if
�

is defined

undefined otherwise,

where eeµ*�,·,·,·*�fe,¸ aretheintervals ´ §9��Èi�d��
�"A �	È9�d���Pº suchthat ���¹�10ù�f§M�"A¢��È>�!���(� � , ����� ��� ��� � , and� ·&��m�` , if
�

is defined.Thatis, theintervals ´ § � �"A � º suchthat �d���>´ § � �"A � º��!���(�{:9� � � and ��·&��my` , if
�

is defined.By LemmaB.1 andas :i�l¿9�J��7��
�>�!ý������J�
�*�Z�*�Z�9&A�fK ��ÂH� � ¿9�!ý������
�>´ß�Z�*�aº��fK ��Â , it follows that�9�f���9�#� � ��K¶my`��v� �9�f��� z M � Q � � ��K¶m�`��f·
a For each¾¹�³¿2�Z��H9Â , let K¢½ bea pathexpressionfor thetypeof � . If ý������
·2K ½ is a valueof a classical

type,thendefine
� ½ � ¿9�J��7��
�>�!ý������J�
�*�Z�*�Z�9&A�fK ½ ��Â , elseif ý¢���H�
·2K ½ is ageneralizedimplicit valueof an

atomicprobabilistictype,thendefine
� ½¢�4ý¢���H�
·2K ½ . Otherwise,

� ½ is undefined.Then,

�9�f��� �#� � ��Kvµ�m s K.ÿ>��� � � ¸½�� µ e ½ if
� µ and

� ÿ aredefined

undefined otherwise,

where eeµ��,·,·,·#�fe,¸ is thelist of all intervals ´ §!µ���È#µ#�d`iµa�
�"A�µ���È#µ*�d`iµa�Pº�u ´ §�ÿ���È�ÿ��d`Hÿ>�
�"Afÿ��!È�ÿH�d`Hÿ>�Pº suchthat
���A½M�10À½1�f§Q½1�"AL½M��Èa½1�!�(½P�(� � ½ , `Z½���� ��� ���A½P� , and `iµ,·&� µ�my`HÿZ·&�nÿ , if

� µ and
� ÿ aredefined.Thatis, thelist of

all intervals ´ § µ � �"A µf� º�u4´ § ÿ � �"A ÿ�� º suchthat �d` ½ �>´ § ½ � �"A ½d� º��!� ½ �(��:i� � ½ � and ` µ ·&� µ mª` ÿ ·&� ÿ , if
� µ and

� ÿ are
defined.By LemmaB.1 andas :i�l¿9�J��7��
�>�!ý������J�
�*�Z�*�Z�9&A�fK.½���Âe��� ¿9�!ý¢���H�
�>´ß�Z�*�aº��fK ½���Â , it follows that�9�f���9�#� � ��K�µ�m s K ÿ>��� �9�f��� z M � Q � � ��Kvµ�m s K.ÿ>�f·

Thisshows that �9�f��� �#� � �6Jn��� �9�f��� z M � Q � � �6J(� for all atomicselectionconditionsJ . Noticethatthis statement
alsoincludesthat ���f��� �#� � �6J(� is definediff �9�f��� z M � Q � � �6J(� is defined. Ã
Proof of Theorem 9.4. It is sufficient to show that the restrictedselectionon implicit valuesof atomic
probabilistictypesis correct. Let ¶ö� ´ �%µO©�¶eµ,�,·,·,·*���¹¸.©�¶,¸,º be a probabilistictuple type, and let ` �
´ �%µO©�`9µ,�,·,·,·#����¸ ©�`H¸,º beanimplicit valueof ¶ . Let J�� �}½M·)� , where ¾f�À¿2�Z�,·,·,·>��ÁfÂ and � is a constraint,
andlet ¶�½ beanatomicprobabilistictype.Then,

:9�l¿9���t b�Ê���10]�f§M�"A ��Èe�¹�����Ê�j�10ù�f§l�"A ��Èe�(�t`Z½1�/� ��� ���Õ |�Q�ð��±�4�9Âe�
� ¿9�d`Z½d�j�>´ §���Èi�d`e½G�Q�
�"A���È9�d`Z½G�Q�Pºj� ��;����Q�C�10ù�f§l�"A ��Èe�(�´`Z½e©9`Z½C�Z��� ��� ���t |�Ê�Q��Â
� ¿9�d`Z½ � �>´ § � �"A � ºj�(��:9�d`Z½P� �7`Z½ � �<� ��� ������Â�·

This shows that :9���~·² �d`��J�A� �~·² �6:9�d`��J� . Ã
Proof of Theorem 9.5. It is sufficient to show that therenamingof singleattributesinsideimplicit values
of atomicprobabilistictypesis correct. Let Æ be a renamingconditionof the form � ½ ·C´ ´+c¹º º ¾ � ½ ·C´ ´+c � º º
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for theprobabilistictuple type ¶ ��´ ��µO©f¶eµ,�,·,·,·>���[Çv©(¶�Ç�º , where ¶�½ is anatomicprobabilistictype,andlet`�� ´ �%µO©N`iµ*�,·,·,·*���[Ç$©N`.Ç2º beanimplicit valueof ¶ . Then,

:i�l¿9�GÈ ¹�ËT¹�Í �����
��È ¹ÌËT¹�Í �60��
�f§M�"A¢�"�<cOÈ ß µ¹�ËÕ¹ Í � �����¹�10ù�f§M�"A¢�"���(�´`Z½lÂe�
� ¿9�d`Z½�� ���>´ §��"�n�GÈ ß µ¹�ËT¹�Í �d`e½�� �Q�J�
�"A��}�n�GÈ ß µ¹�ËÕ¹9Í �d`Z½C� �C�J�Pºj� ��;�����10]�f§M�"A¢�"���(�Õ`Z½e©9`Z½C� �H��� ��� �GÈ ¹ÌËT¹ Í ��� �J��Â
� ¿9�GÈ ¹ÌËT¹�Í �d`Z½ � �
�>´ §��"�n�d`Z½ � �
�"A����(�d`Z½ � �Pºj���$;����¹�10ù�f§l�"A �"���(�t`Z½#©9`Z½ � ��� ��� ������Â
� ¿9�GÈ ¹ÌËT¹�Í �d`Z½ � �
�>´ § � �"A � ºj� ���d`Z½ � �>´ § � �"A � ºj�(�<:9�d`Z½P��Â�·

Thisshows that :i�GÈ�É �d`��J���ÎÈ�É �6:9�d`��J� . Ã
Proof of Theorem9.7. It is sufficient to show thattheintersectionof two implicit valuesof thesameatomic
probabilistictypeis correct.Let `iµ and `Hÿ betwo valuesof thesameatomicprobabilistictype,andlet u be
aconjunctionstrategy. Then,

:i�l¿9�J��7��
�>�d`��
�f§M�"A¢�9&%���$;���� µ �10 µ �f§ µ �"A µ ��È µ �(�Q` µ �>��� ÿ �10 ÿ �f§ ÿ �"A ÿ ��È ÿ �(�Q` ÿ ©`x��� ��� ���}µ ��$ÿ>�
�¢´ §M�"AOº�� ´ §!µ��!È#µ#�d`��
�"A�µ¢��È#µ#�d`��PºNu ´ §�ÿ��!È�ÿ��d`��
�"A(ÿ ��È�ÿ��d`��Pº!Âe�
� ¿9�d`f�>´ §l�"ALºj���$;����}µ��10 µ*�f§�µ*�"A�µ*��È#µ��(�T`9µ,�>���$ÿZ�10�ÿH�f§�ÿZ�"Afÿe��È�ÿ#�(�Q`Hÿn©`x��� ��� ��� µ  �� ÿ �
�¢´ §M�"AOº�� ´ § µ �!È µ �d`��
�"A µ ��È µ �d`��PºNu ´ § ÿ �!È ÿ �d`��
�"A ÿ ��È ÿ �d`��Pº!Â
� ¿9�d`f�>´ §!µ � �"A�µf�Uº�u4´ §�ÿ � �"A(ÿ��Eºj� ���d`f�>´ §!µ � �"A¢µF�§ºj�(��:i�d`iµa�
�>�d`L�>´ §Cÿ � �"A(ÿ��§ºj�(��:9�d`Hÿ>��Â�·

Thisshowsthat :i�d`9µfþ s `Hÿ,� is definediff :9�d`iµa��þ s :i�d`Hÿ>� is defined.Moreover, if they arebothdefined,then
:9�d`iµ.þ s `Hÿ>� �q:i�d`9µ,��þ s :9�d`Hÿ>� . Ã
Proof of Theorem 9.8. Equation(4) follows immediatelyfrom theproof of Theorem9.7. We next prove
Equation(5). It is sufficient to show that theunionof two implicit valuesof thesameatomicprobabilistic
typeis correct.Let `iµ and `Hÿ betwo valuesof thesameatomicprobabilistictype,andlet � beadisjunction
strategy. Then,

:i�d`9µÝª£�`Hÿ*�
� :i�l¿9���}µy ¤©{g�$ÿe�10 µ*�f§!µ*�"A¢µ,��È#µ��������}µ*�10 µ*�f§!µ*�"A¢µ*��È#µa�(�Q`iµ*�/� ��� ���}µ ¬©hg�$ÿ*�±� �9Âe�NÝ
:i�l¿9��� ÿ  ¤©{g� µ �10 ÿ �f§ ÿ �"A ÿ ��È ÿ ������� ÿ �10 ÿ �f§ ÿ �"A ÿ ��È ÿ �(�Q` ÿ �/� ��� ��� ÿ  ¬©hg� µ �±� �9Âe�NÝ
:i�l¿9�J��7��
�>�d`��
�f§M�"A¢�9&%���$;����}µ*�10 µ*�f§!µ*�"A¢µ,��È#µ��(�Q`iµ,�>���$ÿH�10�ÿZ�f§CÿZ�"A(ÿZ��È�ÿ>�(�Q`Hÿn©`x��� ��� ���}µ ��$ÿ>�
�¢´ §M�"AOº�� ´ §!µ��!È#µ#�d`��
�"A�µ¢��È#µ#�d`��PºN� ´ §�ÿ��!È�ÿ��d`��
�"A(ÿ ��È�ÿ��d`��Pº!Âe�

� ¿9�d` µf� �>´ § µ ��È µ �d` µf� �
�"A µ �!È µ �d` µ=� �Pºj� �$;���� µ �10 µ �f§ µ �"A µ ��È µ �(�Q` µ ©N` µf� ��� ��� ��� µ �yà~� ��� �`g� ÿ ��ÂÝ
¿9�d`Hÿ��j�>´ §Cÿ ��È�ÿ��d`Hÿ��Q�
�"Afÿ��!È�ÿ��d`Hÿ��C�Pºj� �$;����$ÿZ�10�ÿZ�f§CÿZ�"A(ÿZ��È�ÿ>�(�Q`Hÿn©N`Hÿ��e��� ��� ���$ÿ*�yà~� ��� � g�}µa��ÂÝ
¿9�d`f�>´ §!µ � �"A�µ � º��4´ §�ÿ � �"A(ÿ � ºj� ���d`f�>´ §!µ � �"A¢µ � ºj�(��:i�d`iµa�
�>�d`L�>´ §Cÿ � �"A(ÿ � ºj�(��:9�d`Hÿ>��Â

� ¿9�d` µf� �>´ § µ � �"A µf� ºj�(��:9�d` µ ����` µ=� ±��� ��� �`g� ÿ ��ÂYÝù¿9�d` ÿ�� �>´ § ÿ � �"A ÿ�� ºj�(�{:9�d` ÿ ���.` ÿ�� ±��� ��� �`g� µ ��ÂÝ
¿9�d`f�>´ §!µ � �"A�µf�Uº��4´ §�ÿ � �"A(ÿ��Eºj� ���d`f�>´ §!µ � �"A¢µF�§ºj�(��:i�d`iµa�
�>�d`L�>´ §Cÿ � �"A(ÿ��§ºj�(��:9�d`Hÿ>��Â

� :i�d`9µa�hÝª£a:i�d`Hÿ>�f·
Wefinally proveEquation(6). Again, it is sufficient to show thatthedifferenceof two implicit valuesof the
sameatomicprobabilistictypeis correct.Let ` µ and ` ÿ betwo valuesof thesameatomicprobabilistictype,
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andlet
�

beadifferencestrategy. Then,

:9�d`iµéà��¡`Hÿ>�
� :9�l¿9���}µy Ö© g�$ÿe�10 µ*�f§!µ*�"A�µ*��È#µa�}�����}µ*�10 µ*�f§!µ*�"A�µ*��È#µa�(�T`9µ*�/� ��� ���}µ ¤© g�$ÿ*�¹±�4�9Âe�NÝ
:9�l¿9�J��7��
�>�d`��
�f§M�"A¢�9&����V;����}µ,�10 µ*�f§!µ*�"A�µ*��È#µa�(�T`9µ*�>���$ÿZ�10�ÿZ�f§�ÿZ�"AfÿZ��È�ÿ>�(�Q`Hÿn©`���� ��� ���}µ i�$ÿ>�
� ´ §M�"AOºn� ´ §!µ���È#µ#�d`��
�"A¢µ¢��È#µ#�d`��Pº � ´ §Cÿ���È�ÿ��d`��
�"Afÿ ��È�ÿ��d`��Pº!Âe�

� ¿9�d`iµf���>´ §�µ � �"A¢µf�Eºj�(�{:9�d`iµa���.`iµ=� ±��� ��� � g�$ÿ>��ÂÝ
¿9�d`L�>´ §�µ � �"A¢µ � º � ´ §Cÿ � �"Afÿ � ºj� ���d`f�>´ §!µ � �"A�µ � ºj�(�<:i�d`9µa�
�>�d`f�>´ §Cÿ � �"A(ÿ � ºj�(��:i�d`Hÿ#��Â

� :9�d`iµa�yà��j:i�d`Zÿ>�f· Ã
Appendix C: Table of Commonly UsedSymbols

Table20: Notation

Symbol Description SectionÏ Ï �ZÞ Þ
atomicprobabilistictype 3.3�

setof classes 4.1Å�Ç�Ä�È typeassignmentof aclassÄ 4.1� immediatesubclassrelationship 4.1� Æ subclassrelationship(i.e., reflexiveandtransitiveclosureof � ) 4.1���eÇCÄ�È partitionof thesubclassesof a classÄ 4.1� ÇCÄ�� × Ä1�aÈ conditionalprobabilitythatanobjectbelongsto a classÄ��
giventhatit belongsto animmediatesuperclassÄ1� 4.1��� Ç � × Å × �r� × � È TPOB-schema 4.1�
mappingfrom thesetof classesto a setof objects 4.1��Ç�Ä�È setof objectidentifiersin a classÄ 4.3� Ç � È valueof anobject

��� ��Ç�Ä�È 4.3� � Ç,� ×#� È TPOB-instance 4.3�}�`�aÇ��aÈ�Ç � È probabilitieswith which anobject
�

belongsto aclassÄ 4.3��ÆZÇCÄ
È objectidentifiersin Ä andall subclassesof Ä 4.3Å�ÆZÇCÄ
È inheritancecompletionof a typeof a classÄ 4.2� mappingfrom implicit values(instances) 8.3
to explicit values(instances)
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