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Abstract.Thispaperis onthecombinationof two powerful approachesto uncertainreasoning:logic
programmingin a probabilisticsetting,on the onehand,andthe information-theoreticalprinciple
of maximumentropy, on the other hand. More precisely, we presenttwo approachesto proba-
bilistic logic programmingundermaximumentropy. The first oneis basedon the usualnotion of
entailmentundermaximumentropy, andis definedfor thevery generalcaseof probabilisticlogic
programsoverBooleanevents.Thesecondoneis basedon anew notionof entailmentundermaxi-
mumentropy, wheretheprincipleof maximumentropy is coupledwith theclosedworld assumption
(CWA) from classicallogic programming.It is only definedfor themorerestrictedcaseof proba-
bilistic logic programsoverconjunctiveevents.Wethenanalyzethenonmonotonicbehavior of both
approachesalongbenchmarkexamplesandalonggeneralpropertiesfor defaultreasoningfrom con-
ditional knowledgebases.It turnsout thatbothapproacheshave very nicenonmonotonicfeatures.
In particular, they realizesomeinheritanceof probabilisticknowledgealongsubclassrelationships,
without suffering from theproblemof inheritanceblockingandfrom thedrowning problem.They
bothalsosatisfythepropertyof rationalmonotonicityandseveralirrelevanceproperties.We finally
presentalgorithmsfor bothapproaches,whicharebasedongeneralizationsof techniquesfrom prob-
abilistic logic programmingunderlogical entailmentin [45]. Thealgorithmfor the first approach
still producesquite large weightedentropy maximizationproblems,while the onefor the second
approachgeneratesoptimizationproblemsof the samesizeasthe onesproducedby probabilistic
logic programmingunderlogical entailmentin [45].
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1 Intr oduction

A numberof recentresearchefforts aredirectedtowardsintegrating logic-orientedandprobability-based
representationandreasoningformalisms.Probabilisticpropositionallogicsandtheir variousdialectshave
beenthoroughlystudiedin theliterature(seeespeciallythework by Nilsson[56], Faginet al. [15], Dubois
andPradeet al. [12, 11], FrischandHaddawy [17], andthe secondauthor[41, 42]). Their extensionsto
probabilisticfirst-orderlogicscanbeclassifiedinto first-orderlogicsin whichprobabilitiesaredefinedover
thedomainandthosein whichprobabilitiesaregivenover asetof possibleworlds(seeespeciallythework
by Bacchuset al. [2] andHalpern[23]). The first onesaresuitablefor describingstatisticalknowledge,
while thelatterareappropriatefor representingdegreesof belief. Thesameclassificationholdsfor existing
approachesto probabilisticlogic programming. In particular, Ng [52] concentratesonprobabilitiesover the
domain,while Subrahmanianandhis group[53, 54, 8, 9] focuson annotation-basedapproachesto degrees
of belief. Anotherapproachto probabilisticlogic programmingwith degreesof belief, which is especially
directedtowardsefficient implementations,hasbeenrecentlyintroducedin [40, 45]. Thefollowing shows
a very simpleprobabilisticlogic programasin [40, 45], which expressesthat “all penguinsarebirds” and
that“birds have legswith aprobabilityof at least0.98”:� � ���

bird
�	��
�

penguin
�	��
�
������������

�
havelegs

�	��
�
bird

�	��
�
�� ������� �����"!#�
Nearly all the above approachesof integrating logic and probability are basedon the notion of model-
theoreticlogical entailment. This notion, however, hasoften beencriticized in the literature for its in-
ferentialweakness.For example,the tight probability interval that follows undermodel-theoreticlogical
entailmentfrom theabove program

�
for “Tweetyhaslegs,giventhatTweetyis apenguin”is givenby the

uninformative interval
� �������

. For this reason,many recentapproachestowardsintegratinglogic andproba-
bilities combinelogic-basedformalismswith Bayesiannetworks [60]. In particular, Poole’s work [63, 62]
describesanapproachto Horn clauseabductionin which probabilitiesareassociatedwith hypotheses.It is
implementedby a generalizationof SLD resolution.Haddawy andhis group[22, 55] describeanapproach
to queryprocessingin first-orderprobabilisticknowledgebasesby Bayesiannetwork constructionandinfer-
ence.Jaeger’swork [24, 25] goesin asimilardirection. Thereis lesscloselyrelatedwork onobject-oriented
Bayesiannetworksby Koller andPfeffer [32] andby Laskey andMahoney [36] wheremethodsfrom object-
orientedprogramminglanguagesareusedto enableflexible andlarge-scaleknowledgerepresentationwith
Bayesiannetworks.

Anotherpromisingway towardsstrongerentailmentrelationsaretherecentapproachesto probabilistic
default reasoningwith conditionalconstraintsin [47] andto probabilisticlogic programmingunderinheri-
tancewith overridingin [44]. Theseapproachesarebasedon new notionsof entailmentfor reasoningwith
conditionalconstraints,which areobtainedfrom theclassicalnotionof logical entailmentby addinginher-
itancewith overriding,usingtechniquesfrom default reasoningwith conditionalconstraints.For example,
underprobabilisticdefault entailment,thetight probability interval that follows from theabove program

�
for “Tweetyhaslegs,giventhatTweetyis a penguin”is givenby

� ������� �����
. Thenew notionsof entailment

have very nicenonmonotonicproperties,andthey canalsobeusedin reasoningfrom statisticalknowledge
anddegreesof belief [47]. A companionpaper[46] exploresrelatednotionsof entailmentfor conditioning
on zeroevents.

A furtherway to overcomethe inferentialweaknessof model-theoreticlogical entailmentis to usethe
principleof maximumentropy. In general,theavailableprobabilisticknowledgedoesnot suffice to com-
pletelyspecifya uniqueprobabilitydistribution. Rather, it specifiesa largesetof probabilitydistributions,
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giving rise to an inconvenientimprecisenessof the inferredprobability intervals. Applying the principle
of maximumentropy is a well-appreciatedmeansto improve probabilisticinference,both from a statisti-
cal point of view, andfor commonsensereasons[58]. Entropy is an information-theoretical measure[75]
reflectingthe indeterminatenessinherentto a distribution. Givensomesatisfiablesetof probabilisticfacts
andrules,theprincipleof maximumentropy choosesasthemostappropriaterepresentationtheuniquedis-
tribution, amongall the distributionssatisfyingthoseformulas,that hasmaximumentropy. For example,
undermaximumentropy, theabove program

�
entailstheprobability

�������
for “Tweetyhaslegs,giventhat

Tweetyis apenguin”.Within arich statisticalfirst-orderlanguage,Groveetal. [21] show thatthismaximum
entropy distribution maybetakento computedegreesof beliefof formulas.ParisandVencovskà [59] inves-
tigatethefoundationsof consistentprobabilisticinferenceandsetuppostulatesthatcharacterizemaximum
entropy inferenceuniquelywithin thatframework. A similarresultwasstatedin [76], basedonoptimization
theory. Jaynes[26] regardedtheprincipleof maximumentropy asaspecialcaseof amoregeneralprinciple
for translatinginformationinto a probabilityassignment.Oneof theauthors[29] proved it to be themost
appropriateprinciple for dealingwith conditionals(that is, usingthenotionsof the presentpaper, ground
conditionalconstraintsof theform

�%$��'&(
�� )*�+),�
), andworkedout its relevancealsofor qualitative approaches

to uncertainreasoning[31].
Themainideaof thispaperis to elaborateanapproachto probabilisticlogic programmingthatis based

on the inferentially powerful notion of entailmentundermaximumentropy. We thus follow an old idea
that is alreadystatedin theimportantwork by Nilsson[56], however, lifted to thefirst-orderframework of
probabilisticlogic programs.To our knowledge,this is thefirst work in theliteratureon probabilistic logic
programmingundermaximumentropy.

Our researchin this paperis directedtowardsan approachto probabilisticlogic programmingunder
maximumentropy, which hasnicenonmonotonicpropertiesandin thesametime alsonicecomputational
features.At first sight,this projectmight seema very hardtask,especiallyfrom thecomputationalpoint of
view, sincealreadypropositionalprobabilisticlogicsundermaximumentropy suffer from efficiency prob-
lems(dueto anexponentialnumberof possibleworldsinvolved in theoptimizationprocess).In this paper,
however, wewill seethatthis is not thecase.In particular, weshow thattheefficientapproachto probabilis-
tic logic programmingin [45], refinedby new ideas,andcombinedwith a new notionof entailmentunder
maximumentropy, canbeextendedto anefficientandsemanticallyappealingapproachto probabilisticlogic
programmingundermaximumentropy.

More generally, in thispaper, we considerthefollowing two approachesto probabilisticlogic program-
ming undermaximumentropy:

- Ourfirst approachcombinestheefficientapproachto probabilisticlogic programmingin [45] with the
classicalnotionof entailmentundermaximumentropy. This approachis definedfor thevery general
caseof probabilisticlogic programsoverBooleanevents.Weshow thatit hasverynicenonmonotonic
properties.However, it producesquitelargeentropy maximizationproblems.

- Oursecondapproachcombinestheapproachin [45] with anew notionof entailmentundermaximum
entropy, wheretheprincipleof maximumentropy is coupledwith theclosedworld assumption(CWA)
from classicallogic programming.Thisapproachis definedfor themorerestrictedcaseof probabilis-
tic logic programsover conjunctive events. It hasnearlythesamenice nonmonotonicpropertiesas
our thefirst approach,but it hasalsonicecomputationalfeatures.

Themaincontributionsof thispapercanbesummarizedasfollows:
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- Werecallthesyntaxof probabilisticlogic programsfrom [45] anddefinetheirnew semanticsthrough
theclassicalnotionof entailmentundermaximumentropy (or .0/ -entailment)andthenew notionof
entailmentundermaximumentropy andCWA (or .21 -entailment).Weprovide severalexamplesthat
show the relevanceof probabilisticlogic programsin practice,andthatgive a comparative view on.3/ -entailment,.01 -entailment,andlogical entailment.In particular, they show that therearecases
wherelogicalentailmentis simply tooweak.

- We explore thenonmonotonicbehavior of .3/ -entailment,.21 -entailment,andlogical entailmentin
standardbenchmarkexamplesfrom default reasoningfrom conditionalknowledgebases.It turnsout
that .3/ - and .01 -entailmenthave very niceproperties.Differentlyfrom logicalentailment,they both
inherit probabilisticknowledgealongsubclassrelationships,andthey ignore irrelevant knowledge.
Moreover, they show neitherthe problemof inheritanceblocking, nor the drowning problem. We
alsostudythebehavior of thethreeentailmentrelationsin thecaseof conflictingandnon-conflicting
information.

- Weexplorethegeneralnonmonotonicpropertiesof thenotionsof .3/ -entailment,.01 -entailment,and
logicalentailment.Also here, .3/ - and .01 -entailmentbehave verynicely. In particular, weshow that
both .3/ -entailmentandlogicalentailmentsatisfyall thepostulatesof System

�
, while .01 -entailment

satisfiesnearlyall of them. Moreover, all threenotionsof entailmenthave thedirect inferenceprop-
erty. Furthermore,.3/ - and .01 -entailmentbothsatisfythe rationalmonotonicityproperty, andthey
have someirrelevanceandstrongirrelevanceproperties,while logical entailmentis lackingall these
properties.

- As for therelationshipbetween.3/ -entailment,.01 -entailment,andlogical entailment,we show that
both .0/ - and .01 -entailmentare strongerthan logical entailment,and that they coincideon non-
probabilisticconclusions.Furthermore,all threenotionsof entailmentareprobabilisticgeneraliza-
tionsof model-theoreticlogicalentailmentin classicalpropositionallogics.

- We presentalgorithmsfor the problemsPOSITIVE PROBABILITY (given a probabilisticlogic pro-
gram

�
anda groundevent 4 , decidewhether

�
hasa model 576 with 576 � 4 
98:�

) andTIGHT
�
-

CONSEQUENCE (givenaprobabilisticlogic program
�

andagroundconditionalevent ; � 4 , compute
the reals < ��=?>@� �������

suchthat
� ; � 4 
�� < ��=A� is a tight logical consequenceof

�
). They reducePOSI-

TIVE PROBABILITY andTIGHT
�
-CONSEQUENCE to linear optimizationproblems,andthey make

useof the following techniquesfor an increasedefficiency: (i) makinghiddenclassicalknowledge
explicit, (ii) removing vacuousconditionalconstraints,(iii) removing inactiveconditionalconstraints,
(iv) decomposingaprobabilisticlogic program,(v) exploiting classicalknowledge,and(vi) clustering
possibleworlds. Here,(i)–(iii), (v), and(vi) arerefinementsof implicit techniquesin [45], while (iv)
is inspiredby similarmethodsin [49, 14].

- Wepresentalgorithmsfor thetasksTIGHT .3/ -CONSEQUENCE (resp.,TIGHT .01 -CONSEQUENCE):
Givenaprobabilisticlogicprogram

�
andagroundconditionalevent ; � 4 , computethereals< ��=B>C� ���D���

suchthat
� ; � 4 
�� < ��=A� is a tight .0/ -consequence(resp., .01 -consequence)of

�
. They reducethese

problemsto entropy (resp.,weightedentropy) maximizationssubjectto asystemof linearconstraints,
and they make useof the above techniques(i), (ii), and (iv)–(vi) (resp.,the above techniques(i)–
(vi)), which areshown to carryover to solvingTIGHT .3/ -CONSEQUENCE (resp.,TIGHT .01 -CON-
SEQUENCE). In particular, thisshowsthatTIGHT .01 -CONSEQUENCE andTIGHT

�
-CONSEQUENCE
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arereducedto two optimizationproblemsof thesamesize,while TIGHT .0/ -CONSEQUENCE is re-
ducedto a significantly larger optimizationproblem,sincethe technique(iii) of removing inactive
conditionalconstraintscannotbeapplied.

A numberof examplesthroughoutthe papershedlight on many interestingaspectsof maximumentropy
reasoning,andillustratethepresentedtechniques.In particular, wegiveanexampleof asmallprobabilistic
logic programwherethe size of the generatedsystemof linear constraintsdropsdown from

��E��
linear

constraintsover
E�FHGJIK���ML*�N� OQP

(!) variablesin the naive characterizationto R linear constraintsover R
(resp., S ) variablesin thecharacterizationproducedby our algorithmsfor POSITIVE PROBABILITY (resp.,
TIGHT

�
- and .01 -CONSEQUENCE).

The rest of this paperis organizedas follows. In Section2, we give sometechnicalpreliminaries.
Section3 introducestheentailmentsemanticsfor probabilisticlogic programsthatweconsiderin thispaper.
In Section4, we give someexamplesthat show the relevanceof probabilisticlogic programsin practice.
Section5 thenanalyzesthesemanticpropertiesof thediscussedentailmentsemanticsfor probabilisticlogic
programs.In Section6, we give naive algorithmsfor probabilisticlogic programmingundertheentailment
semanticsof this paper. Sections7–9thenpresentmoresophisticatedtechniques.In Section10,we finally
summarizethemainresultsandgive anoutlookon futureresearch.

In orderto not distractfrom theflow of reading,sometechnicaldetailsandproofshave beenmovedto
AppendicesA–D.

2 Preliminaries

In this section,we first describethe probabilisticbackgroundof this work. We thendefinethe syntaxof
probabilisticlogic programsandof probabilisticqueriesto probabilisticlogic programs.We next define
themeaningof probabilisticqueries,usingnotionsof entailmentfor probabilisticlogic programs,andwe
finally describetheprobabilisticlogic programmingtasksthatwe especiallyfocuson in thispaper.

2.1 Probabilistic Background

We now briefly describehow first-order logics of probability are given a semanticsin which probabili-
ties aredefinedover a setof possibleworlds (cf. especiallythe work by Carnap[4], Gaifman[18], Scott
andKrauss[74], andHalpern[23]). We restrict our considerationsto a languageof first-orderBoolean
combinationsof conditionalconstraintsthatareimplicitly universallyquantifiedandthatareinterpretedby
probabilitiesoverasetof Herbrandinterpretations.

Let T beafirst-ordervocabulary thatcontainsafinite setof predicatesymbolsandafinite setof constant
symbols(that is, we do not considerfunctionsymbolsin the framework of this paper).Let U be a setof
objectvariablesandboundvariables. Objectvariablesrepresentelementsof acertaindomain,while bound
variablesdescriberealnumbersin theunit interval

� �������
.

An objectterm is eithera constantsymbolfrom T or anobjectvariablefrom U . We defineeventsby
inductionasfollows. Thepropositionalconstantsfalseandtrue, denotedV and W , respectively, areevents.
If X is apredicatesymbolof arity Y[Z �

from T and \ O �N�N�N�]� \_^ areobjectterms,thenX � \ O �N�N�N�`� \H^ 
 is anevent
(calledatom). If

&
and

$
areevents,thenalso a & and

��&�b2$c

. A conditionaleventis anexpressionof the

kind
$d�'&

with events
$

and
&
. A conditionalconstraint is anexpressionof the form

�%$d�'&9
�� < ��=e� with real
numbers< ��=?>f� �������

andevents
$

and
&
. Wecall

$
its consequent(or head) and

&
its antecedent(or body).

We defineprobabilistic formulasby inductionas follows. Every conditionalconstraintis a probabilistic
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formula. If g and h areprobabilisticformulas,thenalso aig and
� g b h 
 . Weuse

� gkj2h 
 , � gklmh 
 , and� gonph 
 to abbreviate a � aqg b aCh 
 , a � aqg b h 
 , and
� a � aqg b h 
rb a � g b a#h 
�
 , respectively, where g

and h areeithertwo eventsor two probabilisticformulas.Weeliminateparenthesesasusual.Objectterms,
events,conditionalevents,andprobabilisticformulasaregroundif f they do not containany variables.The
notionsof substitutions,groundsubstitutions,andgroundinstancesof conditionaleventsandprobabilistic
formulasarecanonicallydefined.

Wedistinguishbetweenclassicalandpurelyprobabilisticconditionalconstraints.Classicalconditional
constraintsareof thekind

�%$��'&(
����������
or

�%$��'&(
�� ���+�*�
, while purely probabilisticconditionalconstraintsare

of theform
�%$d�'&9
�� < ��=e� with <�s �

and
=?8t�

. Weoftenidentify theclassicalconditionalconstraint
�%$d�'&9
����������

(resp.,
�%$��'&(
�� ���+�*�

) with theevent
$ l &

(resp.,Vol $ubv&
).

Weusewyx{z (resp.,wt|yz ) to denotetheHerbrandbase(resp.,Herbranduniverse)over T . In thesequel,
we assumethat w}x?z is nonempty. A possibleworld ~ is a subsetof w}x?z . We use��z to denotethesetof
all possibleworldsover T . A variableassignment� mapseachobjectvariableto anelementof wt| z , and
eachboundvariableto a realnumberfrom

� �������
. It is extendedto objecttermsby � ��)�
M��)

for all constant
symbols

)
from T . The truth of events

&
in ~ under� , denoted~ � ����&

, is inductively definedasfollows
(wewrite ~ � ��&

when
&

is ground):

- ~ � � � X � \ O �N�N�N�]� \_^ 
 if f X � � � \ O 
,�N�N�N�]� � � \_^ 
�
c> ~ ;

- ~ � � � a & if f not ~ � � � &
;

- ~ � � � ��&�b�$c

if f ~ � � � &

and ~ � � � $
.

An event
&

is true in a possibleworld ~ , or ~ is a modelof
&
, denoted~ � ��&

, if f ~ � � � &
for all variable

assignments� . A possibleworld ~ is a modelof a setof events � if f ~ is a modelof all
&?> � . A setof

events� is satisfiableif f amodelof � exists.An event
&

is a logical consequenceof � , denoted� � �o&
, if f

eachmodelof � is alsoamodelof
&
. Weuse���� ��&

to denotethat � � ��&
doesnothold.

A probabilisticinterpretation 5c6 is aprobabilityfunctionon ��z (thatis, as��z is finite, amappingfrom��z to theunit interval
� �������

suchthatall 5c6 � ~ 
 with ~ > ��z sumup to 1). Theprobability of anevent
&

in
theprobabilisticinterpretation5c6 undera variableassignment� , denoted5c6 ����&(
 , is thesumof all 576 � ~ 

suchthat ~ > ��z and ~ � � � & (we write 576 ��&(
 when

&
is ground).For events

&
and

$
with 5c6 � ��&(
98:�

, we
thendefine5c6 ���%$d�'&9
r� 5c6 ���%$tb0&(
r� 5c6 ����&(
 . For groundevents

&
with 5c6 ��&(
98:�

, theconditioningof 5c6
on

&
, denoted5c6�� , is definedby 5c6�� � ~ 
C� 5c6 � ~ 
r� 576 ��&(
 for all ~ > ��z with ~ � ��&

, andby 5c6�� � ~ 
C���
for

all other ~ > ��z . The truth of a probabilisticformula g in a probabilisticinterpretation576 underavariable
assignment� , denoted5c6 � � � g , is definedby inductionasfollows:

- 576 � � � �%$��'&(
�� < ��=A� if f 5c6 � ��&(
r�u�
or 5c6 � �%$��'&(
�>o� < ��=A� ;

- 576 � � � aqg if f not 5c6 � � � g ;

- 576 � � � � g b h 
 if f 5c6 � � � g and 5c6 � � � h .

A probabilisticformula g is true in a probabilisticinterpretation5c6 , or 576 is a modelof g , denoted5c6 � � g , if f 5c6 � � � g for all variableassignments� . A probabilisticinterpretation5c6 is a modelof asetof
probabilisticformulas � , denoted576 � � � , if f 576 is a modelof all g > � . A setof probabilisticformulas� is satisfiableif f amodelof � exists.
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2.2 Syntax of Probabilistic Logic Programs

A probabilisticlogic program
�

is afinite setof conditionalconstraintsof theform
�%$��'&(
�� < ��=A� where<�� =

.
Weuse��6H������� ���?


to denotethesetof all groundinstancesof conditionalconstraintsin
�

. Weuse�y��� to
denotethesetof all groundatomsX > �}�dz thatoccurin ��6�������� ���?


. A probabilisticqueryis anexpression
of theform � � ; � 4 
��'��� \ � , where 4 and ; aretwo events,and

�
and \ areeithertwo realnumbersfrom

� �������
or two distinctboundvariablesfrom U . A probabilisticquery � � ; � 4 
��'��� \ � is object-ground if f 4 and ; are
groundand

��� \ > U .
An event

&
is conjunctiveif f

&
is either W or a conjunctionof atoms. A conditionalevent

$��'&
is

conjunctive(resp.,1-conjunctive) iff
$

is a conjunctionof atoms(resp.,an atom) and
&

is conjunctive.
A conditionalconstraint

�%$d�'&(
�� < ��=e� is conjunctive(resp.,1-conjunctive) iff
$d�'&

is conjunctive (resp.,1-
conjunctive). A probabilisticlogic program

�
is conjunctiveif f all g >{�

areconjunctive. A probabilistic
query � � ; � 4 
��'��� \ � is conjunctiveif f ; � 4 is conjunctive.

Conjunctive conditionalconstraints
�%$��'&(
�� < ��=A� with <�� =

arealso called probabilistic Horn clauses.
They areclassifiedinto integrity clausesandprobabilisticprogramclauses, whichareof theform

�%$��'&(
�� ���+�*�
and

�%$��'&(
�� < ��=A� , respectively, where
=?8t�

. The latter aredivided into probabilistic factsandprobabilistic
rules, whichareof theform

�%$d� W 
�� < ��=A� and
�%$��'&(
�� < ��=A� , respectively, where

& �� W .
A classicalHorn clauseis a classical1-conjunctive conditionalconstraintof the form

�%$d�'&9
����������
or�%$��'&(
�� ���+�*�

. A classicallogic program is a finite setof classicalHorn clauses.A classicalprogram clause
is a classicalHorn clauseof thekind

�%$d�'&(
����������
. A classicaldefinitelogic program is a finite setof clas-

sicalprogramclauses.Finally, classicalfactsandclassicalrulesareclassicalprogramclausesof theform�%$�� W 
���������� and
�%$d�'&9
����������

, respectively, where
& �� W .

2.3 Semanticsof Probabilistic Logic Programs

To definethe meaningof probabilisticqueriesto probabilisticlogic programs,we first have to definea
notionof entailmentfor probabilisticlogic programs.Thereareseveraldifferentsuchnotions.Eachnotion
of entailment

�
is associatedwith a consequencerelation � �u  anda tight consequencerelation � �� ¡£¢�¤¦¥N¡ ,

which relateprobabilisticlogic programswith theirentailedconditionalconstraints.
In orderto specifya notionof entailment

�
, it is sufficient to only definetheconsequencerelation � �u 

for the groundcase. The tight consequencerelation � �  ¡£¢�¤¦¥N¡ for the groundcaseis thencanonicallyde-
fined by

� � �u ¡£¢�¤¦¥N¡ � ; � 4 
�� < ��=A� if f < (resp.,
=
) is the supremum(resp.,infimum) of � (resp., § ) subjectto� � ��  � ; � 4 
�� � � § � . Furthermore,the relations � ��  and � �u ¡£¢�¤¦¥N¡ arenaturallyextendedto the non-ground

caseas follows. For all probabilistic logic programs
�

and all conditional constraints
� ; � 4 
�� < ��=A� , we

define
� � �u  � ; � 4 
�� < ��=A� if f ��6H��� �9� ���?
 � �o  � ;©¨ � 4�¨ 
�� < ��=e� for all groundinstances;©¨ � 4©¨ of ; � 4 . We define� � �� ¡£¢�¤¦¥N¡ � ; � 4 
�� < ��=A� if f < (resp.,

=
) is thesupremum(resp.,infimum) of � (resp., § ) subjectto ��6�������� ����


� �� ¡£¢ª¤,¥N¡ � ;©¨ � 4�¨ 
�� � � § � andall groundinstances;©¨ � 4©¨ of ; � 4 .
We arenow readyto definethemeaningof probabilisticqueriesto probabilisticlogic programsunder

somenotion of entailment
�
. Given a probabilisticquery � � ; � 4 
�� < ��=e� with < ��=�>3� �������

to a probabilistic
logic program

�
, its correctanswersubstitutionsunder

�
aresubstitutions« suchthat

� � �o  � ;�« � 4J« 
�� < ��=A�
andthat « actsonly on variablesin � � ; � 4 
�� < ��=e� . Its correct answerunder

�
is ¬(�® if sucha « exists and¯B°

otherwise.Givenaprobabilisticquery � � ; � 4 
�� ±���²�� with
±���²�> U to aprobabilisticlogic program

�
, its

tight answersubstitutionsunder
�

aresubstitutions« suchthat
� � �  ¡£¢�¤¦¥N¡ � ;J« � 4�« 
�� ± « ��² « � , that « actsonly

on variablesin � � ; � 4 
�� ±J��²�� , andthat
± « ��² « >�� �������

. Note that for probabilisticqueries� � ; � 4 
�� ±���²�� with±���²d> U , therealwaysexist tight answersubstitutions(in particular, object-groundqueriesalwayshave a
uniquetight answersubstitution).



INFSYS RR 1843-02-12 7

2.4 Problem Statements

In thispaper, weespeciallyconcentrateon thefollowing two importantdecisionandoptimizationproblems
relatedto probabilisticlogic programs:

POSITIVE PROBABILITY: Givena probabilisticlogic program
�

anda groundevent
&
, decidewhether

�
hasamodel 5c6 suchthat 5c6 ��&(
98:�

.

TIGHT
�
-CONSEQUENCE: Givenaprobabilisticlogic program

�
andanobject-groundprobabilisticquery³ � � � ; � 4 
�� ±��'²�� , computethetight answersubstitutionfor

³
to
�

underafixednotionof entailment
�
.

Observe thatPOSITIVE PROBABILITY is a generalizationof theproblemof decidingwhethera proba-
bilistic logic programis satisfiable,sinceaprobabilisticlogic program

�
is satisfiableiff it hasa model 5c6

suchthat 5c6 � W 
98:�
.

Noticealsothat,differently from classicaldefinitelogic programs,conjunctive probabilisticlogic pro-
gramsmaybeunsatisfiable,becauseof logical inconsistenciesthroughintegrity clausesor, moregenerally,
becauseof probabilisticinconsistenciesin theassumedprobabilityranges.

3 Entailment Semantics

In thissection,wedescribethenotionsof entailmentfor probabilisticlogic programsthatwefocusonin this
paper. Wefirst definetheclassicalnotionof model-theoreticlogicalentailment,alsocalled

�
-entailment. We

thenrecalltheclassicalnotionof entailmentundermaximumentropy, andwefinally introduceanew notion
of entailmentundermaximumentropy, which adoptsthe closedworld assumption(CWA) from classical
logic programming.They arecalled .3/ -entailmentand .21 -entailment, respectively, andarebothstronger
than

�
-entailment(seeFig. 1).

me−entailment mc−entailment

0−entailment

Figure1: Entailmentsemanticsfor probabilisticlogic programs.

3.1 Logical Entailment

Wenow describetheclassicalnotionof model-theoreticlogicalentailment,whichwealsocall
�
-entailment.

It is basedon theideaof conditioning.
We definelogical entailment(or

�
-entailment) asfollows. Givena groundprobabilisticlogic program�

and a groundconditionalconstraint
� ; � 4 
�� < ��=e� , we say

� ; � 4 
�� < ��=A� is a
�
-consequenceof

�
, denoted� � � 0 � ; � 4 
�� < ��=A� , if f every model of

�
is also a model of

� ; � 4 
�� < ��=A� . We say
� ; � 4 
�� < ��=A� is a tight

�
-

consequenceof
�

, denoted
� � � 0¡£¢�¤¦¥N¡ � ; � 4 
�� < ��=A� , if f < (resp.,

=
) is theinfimum(resp.,supremum)of 5c6 � ; � 4 
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subjectto all models 5c6 of
�

with 5c6 � 4 
98´�
. Note that,canonically, < �K�

and
=��u�

, when
� � � 0 V�lµ4

(i.e., 5c6 � 4 
r�u�
for all models576 of

�
).

Intuitively, weperformaconditioningof every model 576 of
�

on thepremise4 , since
� � � 0 � ; � 4 
�� < ��=A�

expressesthat 5c6�¶ � ; 
9>f� < ��=A� for all models576 of
�

with 576 � 4 
98:�
. Moreover,

� � � 0¡£¢�¤¦¥N¡ � ; � 4 
�� < ��=A� says
that < (resp.,

=
) is theinfimum (resp.,supremum)of 5c6�¶ � ; 
 subjectto all models576 of

�
with 5c6 � 4 
98:�

.
This intuition is moreformally expressedby thefollowing lemma.

Lemma 3.1 Let
�

be a ground probabilistic logic program, and let
� ; � 4 
�� < ��=e� be a ground conditional

constraint. Then,
� � � 0 � ; � 4 
�� < ��=e� iff 5c6]¶ � ; 
9>f� < ��=A� for all models5c6 of

�
with 576 � 4 
98:�

. Moreover,� � � 0¡£¢�¤¦¥N¡ � ; � 4 
�� < ��=A� iff < (resp.,
=
) is theinfimum(resp.,supremum)of 5c6�¶ � ; 
 subjectto all models5c6 of�

with 576 � 4 
98:�
.

3.2 Entailment under Maximum Entropy

Thenotionof logical entailmenthasoftenbeencriticized in the literaturefor its inferentialweakness(see
alsoExamples4.2and4.3).Onewayto strengthenlogicalentailmentis by usingtheprincipleof maximum
entropy. This is anold ideathat is alreadydiscussedby Nilsson[56]. Entailmentundermaximumentropy
is basedon selectinga singleuniquemodel (the onewith maximumentropy) ratherthanconsideringall
modelsof aprobabilisticlogic program.

The maximumentropy model (or me-model) of a satisfiableprobabilistic logic program
�

, denoted.0/ � ��� , is theuniqueprobabilisticinterpretation5c6 that is a modelof
�

andthathasthegreatestentropy
amongall the modelsof

�
, wherethe entropy of a probabilistic interpretation576 , denoted� � 5c6 
 , is

definedasfollows:

� � 5c6 
·� ¸K¹º�»�¼�½ 576 � ~ 
BL�¾£¿�À 5c6 � ~ 
��

UsingLagrangeoptimizationtechniques,we obtainthefollowing representationof theme-modelof
�

for
all possibleworlds ~ > � z :

.3/ � ���Á� ~ 
3� 4�Â ÃÄÆÅ�Ç È�ÉËÊ ÌªÍ Î+ÏÑÐ�Ò%ÓªÔ%Õ�Ö�×_ÄÆØ�ÉÙ Ç Ú�Å�Û�È 4JÜÝ(Þ � ÃÄÆÅ�Ç È,ÉËÊ ÌªÍ Î+ÏÑÐ�Ò	Ó�Ô%Õ�Ö�×ÁÄ�Ø�ÉÙ Ç Ú�ß�Å�Û�È 4#àÝ9Þ � � (1)

where 4 ÜÝ(Þ � and 4 àÝ(Þ � arereal numbersassociatedwith eachelement
�%$��'&(
�� < ��=A� of ��6�������� ���?


suchthat�
is satisfiedandthe entropy is maximized[77]. Thus, .3/ � ��� is a so-calledc-adaptation, following the

structureimposedby theconditionalconstraintsin ��6�������� ����

[29]. In particular, thefollowing holds:

4 ÜÝ(Þ � �á�
and 4 àÝ(Þ � ���

for all
�%$��'&(
����������#> ��6�������� ����
��

4 ÜÝ(Þ � ���
and 4 àÝ(Þ � �á�

for all
�%$��'&(
�� ���+�*�#> ��6�������� ����
�� (2)

Wearenow readyto definethenotionof entailmentundermaximumentropy(or .3/ -entailment) asfollows.
Let

�
beagroundprobabilisticlogic program,andlet

� ; � 4 
�� < ��=e� beagroundconditionalconstraint.Wesay� ; � 4 
�� < ��=e� is an .3/ -consequenceof
�

, denoted
� � �´âMã � ; � 4 
�� < ��=A� , if f either(i)

�
is unsatisfiable,or (ii).0/ � ��� satisfies

� ; � 4 
�� < ��=A� . Wesay
��&q� $c
�� < ��=e� is a tight .3/ -consequenceof

�
, denoted

� � � âäã¡£¢�¤¦¥�¡ � ; � 4 
�� < ��=e� ,
if f either(i)

�
is unsatisfiable,< �K�

, and
=��å�

, or (ii) .0/ � ���Á� 4 
r�o�
, < �K�

, and
=��å�

, or (iii) .0/ � ���Á� 4 
98´�
and .3/ � ���Á� ; � 4 
r� < �å=

.
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3.3 Entailment under Maximum Entropy and CWA

Wenext introduceanew notionof entailmentundermaximumentropy, whichappliesto conjunctive proba-
bilistic logic programs,andwhichadoptstheclosedworld assumption(CWA) from classicallogic program-
ming. Wewill seethatit hasin particularnicercomputationalpropertiesthanthenotionof .3/ -entailment.

The closedworld assumptionfor a conjunctive probabilisticlogic program
�

is definedrelative to a
classicalapproximationof

�
asfollows. The classicalapproximationof a conjunctive probabilisticlogic

program
�

, denoted�`X�X ���?
 , is thesetof all
$ l &

suchthat (i)
�%$��'&(
�� < ��=A��> ��6H������� ���?


for some< 8t�
,

and(ii)
� �� � 0 V{l &

. For groundconjunctive events 4 , theclosedworld assumptionfor
�

w.r.t. 4 , denoted
CWA

���7� 4 
 , is definedasfollows:

CWA
���7� 4 
:�æ� VolçX � X > w}x z � ��X�X ���?
rèf� 4 ! �� � X !#�

We distinguishbetweenactive and inactive groundformulasw.r.t.
�

and 4 as follows. A groundatomX > wyx?z is inactive w.r.t.
�

and 4 if f V�léX belongsto CWA
���7� 4 
 . A groundevent ê (resp.,ground

conditionalconstraintg ) is inactivew.r.t.
�

and 4 if f at leastonegroundatomin ê (resp., g ) is inactive
w.r.t.

�
and 4 . A groundatom(resp.,groundevent, groundconditionalconstraint)is activew.r.t.

�
and4 if f it is not inactive w.r.t.

�
and 4 . In thesequel,we often omit

�
and 4 whenthey areclearfrom the

context.
Thefollowing theoremshowsthatconclusionsof theform

� � � 0 � ; � 4 
�� < ��=A� areinvariantundertheclosed
world assumptionfor

�
w.r.t. ; b 4 .

Theorem 3.2 Let
�

bea conjunctiveprobabilisticlogic program,andlet
� ; � 4 
�� < �'=e� bea groundconjunctive

conditionalconstraint. Then,

� � � 0 � ; � 4 
�� < ��=e� iff
�ëè3ìMí´îï���7� ; b 4 
 � � 0 � ; � 4 
�� < ��=e� .

Hence,all groundatomsX > w}x{z that are inactive w.r.t.
�

and ; b 4 areactually irrelevant to con-
clusionsof theform

� � � 0 � ; � 4 
�� < ��=A� . That is, logical entailmentfrom
�

coincideswith logical entailment
from the“active equivalent” to

�
. This resultis moreformally expressedby thefollowing theorem.

Theorem 3.3 Let
�

bea conjunctiveprobabilisticlogic program,andlet
� ; � 4 
�� < �'=e� bea groundconjunctive

conditionalconstraint. Let ð� denotethesetof (i) all members of ��6�������� ����

that are activew.r.t.

�
and; b 4 , and(ii) all Vol &

such that (ii.a)
&

is activew.r.t.
�

and ; b 4 , and(ii.b)
�%$��'&(
�� ñ*�¦�N�Q> ��6H������� ���?


for some
ñc8:�

andsome
$

that is inactivew.r.t.
�

and ; b 4 . Then,

� � � 0 � ; � 4 
�� < ��=e� iff ð� � � 0 � ; � 4 
�� < ��=A� .
Thenotionof .3/ -entailment,however, lacksthepropertiesdescribedin Theorems3.2 and3.3, asthe

following counterexampleshows.

Example3.4 Let theconjunctive probabilisticlogic program
�

begivenby:

�á�ò����)�� § 
�� ����� �+�����]���`� § � � 
�� �r��� �¦���������]��)�� � 
�� �A��� �¦�����*�"!C�
It thenholds

� � � âMã � § � )�
�� ��� R�ó �+��� R�ó � . However, since
ìcí´î2���7� § bï)�
r�k� Volô� ! , weobtain

�kè2ìMíåî2���7�
§ bï)�
 � �åâMã � § � )�
�� ��� ó�R �+��� ó�R � andalso ð� � �´âMã � § � )�
�� ��� ó�R �+��� ó�R � , where ð�ë�ë����)�� § 
�� ����� �+�����]�"! . õ
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To combinethestrengthof .3/ -entailmentwith thestraightnessof logicalentailment,wenow definethe
notionof entailmentundermaximumentropy andCWA (or .01 -entailment). Intuitively, thegroundatoms
thatareirrelevantto logicalconclusionsshouldactuallyalsobeirrelevantto maximumentropy conclusions.

More formally, let
�

be a groundconjunctive probabilistic logic program,and let
� ; � 4 
�� < ��=A� be a

groundconjunctive conditionalconstraint.Wesay
� ; � 4 
�� < ��=A� is an .01 -consequenceof

�
, denoted

� � � âMö� ; � 4 
�� < ��=e� , if f
��è

CWA
����� ; b 4 
 � �´âMã � ; � 4 
�� < ��=A� . We say

� ; � 4 
�� < ��=A� is a tight .01 -consequenceof
�

,
denoted

� � � âäö¡£¢�¤¦¥�¡ � ; � 4 
�� < ��=A� , if f
�÷è

CWA
���7� ; b 4 
 � � âMã¡£¢�¤¦¥N¡ � ; � 4 
�� < ��=A� .

The following two resultsthen follow from the definition of .01 -entailment. They show that The-
orems3.2 and 3.3 carry over to .01 -entailment. The first one shows that also conclusionsof the form� � � âMö � ; � 4 
�� < ��=e� areinvariantundertheclosedworld assumptionfor

�
w.r.t. ; b 4 .

Theorem 3.5 Let
�

bea conjunctiveprobabilisticlogic program,andlet
� ; � 4 
�� < �'=A� bea groundconjunctive

conditionalconstraint. Then,

� � � âäö � ; � 4 
�� < ��=A� iff
�ëè2ìMíåîï����� ; b 4 
 � � âMö � ; � 4 
�� < ��=e� .

Thenext theoremshowsthatall groundatomsX > wyx?z thatareinactivew.r.t.
�

and ; b 4 arealsoirrel-
evantto conclusions

� � �´âäö � ; � 4 
�� < ��=A� . It alsoshows that .01 -entailmentcanbedefinedas .3/ -entailment
from the“active equivalent” to

�
.

Theorem 3.6 Let
�

bea conjunctiveprobabilisticlogic program,andlet
� ; � 4 
�� < �'=A� bea groundconjunctive

conditionalconstraint. Let ð� denotethesetof (i) all members of ��6H��� �9� ���?

that are activew.r.t.

�
and; b 4 , and(ii) all V�l &

such that (ii.a)
&

is activew.r.t.
�

and ; b 4 , and(ii.b)
�%$��'&(
�� ñ*�¦�N�Q> ��6�������� ����


for some
ñc8t�

andsome
$

that is inactivew.r.t.
�

and ; b 4 . Then,

� � � âäö � ; � 4 
�� < ��=A� iff ð� � � âäö � ; � 4 
�� < ��=A� iff ð� � � âMã � ; � 4 
�� < ��=A� .
4 Examples

In thissection,wegivesomeexamplesthatshow therelevanceof probabilisticlogic programsin practice.In
thesequel,predicateandconstantsymbolsbegin with lowercaseletters,whereasobjectandboundvariables
startwith uppercaseletters.Thecorrectanswersandthetight answersubstitutionsunder

�
-entailmentbelow

arecomputedwith LINOP [68], which is built on top of the public-domainlinear optimizationsoftware
lp_solve, while thecorrectanswersandthetight answersubstitutionsunder .3/ - and .01 -entailmentare
computedwith SPIRIT[67] andPIT [16, 71]. Our first exampleconcernstheproblemof routeplanning.

Example4.1(RoutePlanning) AssumethatJohnwantsto pick up Mary aftershestoppedworking. To do
so,hemustdrive from hishometo heroffice. But, heleft quitelate.So,heis wonderingif hecanstill reach
herin time. Unfortunately, sinceit is rushhour, it is veryprobablethatherunsinto a traffic jam. Now, John
hasthefollowing knowledgeat hand:

Givena road(ro) from ø to ù , theprobability thathecanreach(re) ù from ø without runninginto a
traffic jam is greaterthan0.7. Given a roadin the south(so) of the town, this probability is even greater
than0.9.A friend justcalledhim andgavehim advice(ad) aboutsomeroadswithoutany significanttraffic.
Clearly, if hecanreachù from

�
and

�
from ø , bothwithout runninginto a traffic jam, thenhecanalso

reachù from ø without runninginto a traffic jam. Furthermore,Johnhassomeconcreteknowledgeabout
theroads,theroadsin thesouthof thetown, andtheroadsthathis friend wastalking about.For example,
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heknows that thereis a roadfrom his home(h) to theuniversity (u), from theuniversity to theairport (a),
andfrom theairportto Mary’s office (o). Moreover, Johnbelievesthathis friendwastalkingabouttheroad
from theuniversity to theairportwith a probabilitybetween0.8and0.9 (heis not completelysureaboutit
anymore,though).

Theaboveandsomeotherprobabilisticknowledgeis expressedby thefollowing conjunctiveprobabilis-
tic logic program

�
:� � ���

ro
�
h
�
u

� W 
�������������

ro
�
u
�
a

� W 
�������������

ro
�
a
�
o

� W 
�������������

ad
�
h
�
u

� W 
�������������

ad
�
u
�
a

� W 
�� ����� �+�����]����

so
�
a
�
o

� W 
�������������

re
� ø � ù 
� ro � ø � ù 
�
�� ��� S ��������

re
� ø � ù 
� ro � ø � ù 
©b so

� ø � ù 
�
�� ����� ��������
re
� ø � ù 
� ro � ø � ù 
©b ad

� ø � ù 
�
�������������
re
� ø � ù 
� re � ø �H��
©b

re
�	�ú� ù 
�
����������"!#�

Johnis wonderingwhetherhecanreachMary’s office from his home,suchthat theprobabilityof him
runninginto a traffic jam is smallerthan0.01.Moreover, heis wonderingabouttheprobabilityof reaching
theoffice, without runninginto a traffic jam. Finally, he is wonderingaboutthis probability, giventhathis
friend wastalking abouttheroadfrom theuniversity to theairport. This canbeexpressedby thefollowing
conjunctive probabilisticqueries:³ O � � � re� h � o
� W 
��ª����� �������³[û � � � re� h � o
� W 
�� ü��+ý����

³[þ � � � re� h � o
� ad
�
u
�
a

�
�� ü:�+ý?���

The correctanswerfor
³ O to

�
andthe tight answersubstitutionsfor

³[û
and

³ þ
to

�
under

�
- and .21 -

entailmentareshown in Table4.1. õ
Table1: Correctanswersandtight answersubstitutionsfor Example4.1.

probabilisticquery
�
-entailment .01 -entailment³ O ¯q° ¯B°

³ û ��üf�*��� S �������+ý7� �*! ��üf�*������ÿ ó ÿ �+ý7�*������ÿ ó ÿ !³ þ ��üf�*����� S�ó ���+ý7� �*! ��üf�*����� R ÿ�E �+ý7�*����� R ÿ�E !

Thefollowing two examplesaretakenfrom theareaof medicaldiagnosis.

Example4.2(Diagnosis1: Appendicitis) In a hospital,physicianshave to diagnosewhetherpatientswith
acuteabdominalpainaresufferingfrom appendicitisor not. Diagnosingappendicitisis adifficult task,since
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a lot of differentsymptoms(ase.g.high temperature,a high rateof leucocytes,vomiting,andvarioustypes
of pains)canindicateappendicitis,but oftenonly thejoint occurrenceof severalof thesesymptomsreliably
supportsthediagnosis(seee.g.[57, 69]).

Here,we only considerfour possiblesymptomsof appendicitis
�
app



, namelya high rateof leucocytes�

leuco high



and the following threedifferent typesof pain: rectal pain
�
rec pain



, pain when released�

pain rel


, andreboundtenderness

�
reb tender



. Thus,for thesake of intelligibility, our view on this area

is a very simplifiedone.1 Let our knowledgeabouttherelationshipsbetweenapp
�
leuco high andthethree

typesof painbeexpressedby thefollowing conjunctive probabilisticlogic program
�

(seealso[73]):

� � ���
reb tender

���?
�
pain rel

���?
�
�� ��� S ���+��� S�ó ����
reb tender

���?
�
leuco high

���?
�
�� ��� S ���+��� S�ó ����
app

���?
�
rec pain

���?
©b
pain rel

���?
�
�� ��� S ���+��� S�ó ����
app

���?
�
rec pain

���?
©b
reb tender

���?
�
�� ��� R�ó �+��� S �*����
app

���?
�
pain rel

���?
©b
reb tender

���?
©b
leuco high

���?
�
�� ���������+����� ó �"!#�
Supposenow thatJudyis apatientshowing thesymptomsleuco highandpain rel. Which is theprobability
thatJudyhasappendicitis?Which is theprobabilitythatshehasappendicitisgiventhatshealsofeelsrectal
pain?Thesequestionscanbeexpressedby thefollowing two probabilisticqueries:

³ O � � � app
�
judy


�
leuco high

�
judy


©b
pain rel

�
judy


�
�� ü:�+ý����
³dû � � � app

�
judy


�
leuco high

�
judy


©b
pain rel

�
judy


©b
rec pain

�
judy


�
�� ü��+ý{���
Thetight answersubstitutionsfor

³ O and
³dû

to
�

under
�
-, ��� -, and � )

-entailmentareshown in Table2.
Here,we observe a slight differencebetweenthe tight answersubstitutionsunder .3/ - and .21 -entailment
to

³ O , whereasthetight answersubstitutionsunder .3/ - and .01 -entailmentto
³[û

arethesame.õ
Table2: Tight answersubstitutionsfor Example4.2.

probabilisticquery
�
-entailment .3/ -entailment .01 -entailment³ O ��üf�*���+ý7� �*! ��üf�*��� S ÿ S�ó �+ýc�*��� S ÿ S�ó ! ��üf�*��� S E ó ���+ý7�*��� S E ó ��!³dû ��üf�*���+ý7� �*! ��üf�*��� S ��ÿ S �+ýc�*��� S ��ÿ S ! ��üf�*��� S ��ÿ S �+ý7�*��� S ��ÿ S !

Example4.3(Diagnosis2: Cold) Wenow modelthedependenciesbetweenthediseasecold (cold) andits
symptomsheadache(headache), cough(cough), sorethroat(sore throat), andfever (fever). Considerthe
following conjunctive probabilisticlogic program

�
:

� � ���
cold

�%üu
�
headache

�%üu
�
�� ��� R ���+��� S �*����
cold

�%üu
�
cough

�%üu
©b
sore throat

�%üå
�
�� ���������+����� ó ����
fever

�%üå
�
cold

�%üå
�
�� ��� R ���+�������*�"!#�
1The systemLEXMED [16] shows that maximumentropy inferenceis able to take into accountmany moresymptomsfor

appendicitis.By acceptingarbitrarycombinationsof themfor queries,LEXMED aimsat capturingadequatelythecomplex inter-
relationshipsbetweensymptomsanddiseasesto proposeareliablediagnosis.
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Supposethat Peter(peter), Paul (paul), and Mary (mary) are patients,eachof them suspectingto have
caughta cold. Petercomplainsaboutheadacheanda sorethroat,Paul is coughingandhasheadache,too,
andMary shows all four symptoms.Whatis theprobabilityof eachof themactuallysuffering from acold?
Thiscanbeexpressedby thefollowing threeconjunctive probabilisticqueries:³ O � � � cold

�
peter


�
headache

�
peter


©b
sore throat

�
peter


�
�� ü:�+ý?���
³[û � � � cold

�
paul


�
cough

�
paul


b
headache

�
paul


�
�� ü:�+ý����
³ þ � � � cold

�
mary


�
cough

�
mary


©b
headache

�
mary



b

sore throat
�
mary


b
fever

�
mary


�
�� ü:�+ý����
Thetight answersubstitutionsfor thesequeriesto

�
under

�
-, ��� -, and � )

-entailmentareshown in Table3.
Here,we seea cleardifferencebetweentight me- andtight .01 -entailmentin the answersto the first two
queries.Of course,for the third query, we obtainthesametight probability intervals under ��� - and � )

-
entailment,showing aclearaccumulationof effects. õ

Table3: Tight answersubstitutionsfor Example4.3.

probabilisticquery
�
-entailment .3/ -entailment .01 -entailment³ O ��üf�*���+ý7� �*! ��üf�*��� R � ó �r�+ý7�*��� R � ó ��! ��üf�*��� R �������+ý7�*��� R ����� !³[û ��üf�*���+ý7� �*! ��üf�*��� R � ó �r�+ý7�*��� R � ó ��! ��üf�*��� R �������+ý7�*��� R ����� !³ þ ��üf�*���+ý7� �*! ��üf�*������E��r���+ý7�*������E��r�*! ��üf�*������E��r���+ý7�*������E��r�*!

5 NonmonotonicProperties

Nonmonotoniclogics are appreciatedfor their closenessto commonsensereasoning,but also known as
problematicasto concernscomplexity andformal logical aspects.In a probabilisticenvironment,all the
moreweightmustbeattachedto theseproblems,dueto therichnessof syntaxandtheabundanceof models.

Within thelastdecade,standardshavebeenestablishedto judgethequalityof nonmonotoniclogics,and
benchmarkexamplespointingout specificproblemshave beendiscussedvividly. Thatwork hasbeendone
mostlyin qualitative andsymbolicsettings.In thissection,weelaboratethenonmonotonicbehavior of .3/ -
and .01 -entailmentwith respectto probabilisticversionsof the above mentionedstandards,to show their
well-behavedness.In addition,we comparethemto classicalformalisms,andhighlight specialfeaturesby
illustrative examples.

We startwith delineatingthenonmonotonicaspectsof probabilisticreasoningunder
�
-, .0/ -, and .21 -

entailmentthatweexplorein thissection.

5.1 Nonmonotonicity of Probabilistic Reasoning

Certainconditionalconstraints
�%$d�'&(
����������

and
�%$��'&(
�� ���+�*�

canbe understoodclassicallyas“
&

implies
$

”
and“

&
implies a $ ”, respectively. Thenotionsof

�
-, .0/ -, and .01 -entailmentareall compatiblewith the

monotonicnotionof model-theoreticlogicalentailmentin classicalpropositionallogicsfor suchconstraints,
andsatisfythefollowing propertyof inheritanceof classicalknowledge:
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C-INH If � � � �%$��'&(
�� )*�+)¦�
and

& l &��
is valid, then � � � �%$d�'&���
�� )*�+)¦�

,

for all groundevents
$

,
&
, and

& �
, all setsof groundconditionalconstraints� , andall

)q>ï�`�����*!
. That is,

classicalknowledgeis inheritedalongsubclassrelationships.
Purelyprobabilisticconditionalconstraints

�%$��'&(
�� < ��=A� , however, shouldbe interpretedas“the condi-
tional probability of

$
given

&
lies between< and

=
”. Due to this inherentuncertainty, the notionsof

�
-,.0/ -, and .21 -entailmentgenerallydonotsatisfythefollowing propertyof inheritanceof purelyprobabilistic

knowledge:

P-INH If � � � �%$��'&(
�� < ��=A� and
& l &��

is valid, then � � � �%$��'&���
�� < ��=A� .
for all groundevents

$
,
&
, and

&��
, all setsof groundconditionalconstraints� , andall < ��=?>@� �������

with< s �
and

=�8t�
. Evenworse,strengtheningthe antecedentof a purelyprobabilisticconditionalconstraint

may leadto totally differentprobability values. This is exactly what makesprobabilisticreasoningunder�
-, .3/ -, and .01 -entailmentan excellentcandidatefor default reasoningwith exceptions. Therefore,no

completesubclassinheritanceof purelyprobabilisticknowledge,asexpressedby P-INH , canbeexpected
to holdunder

�
-, .3/ -, and .01 -entailment

The inheritanceof purelyprobabilisticknowledge,however, canneverthelessbea desirablefeatureof
probabilisticentailment,which is well-known from e.g.referenceclassreasoning[64, 34, 35, 61]. In fact,
while logical entailmentdoesnot have any subclassinheritanceof purelyprobabilisticknowledge,we will
show that bothnotionsof entailmentundermaximumentropy realizesomelimited form of inheritanceof
purelyprobabilisticknowledgealongsubclassrelationships.This suggeststhatanappropriateform of sub-
classinheritanceof purelyprobabilisticknowledgemaybeobtainedby focusingonsomepreferredmodels,
or onone“best” model,asis doneby .3/ - and .01 -entailment.Wewill first illustratethenonmonotonicbe-
havior of .3/ - and .01 -entailmentby studyingbenchmarkexamples,andthendescribesomeof theirgeneral
propertiesof nonmonotonicinference.

5.2 Benchmark Examples

Westartwith analyzingin moredetailthenonmonotonicbehavior of .3/ - and .01 -entailmentwith respectto
themissingpropertyP-INH . Our first exampledealswith Tweety, thenon-flyingpenguin,which is worth-
while studyingfor many reasons.It is not only the most famousexamplefor illustrating nonmonotonic
behavior in general,but it alsoprovidesa well-understoodsettingto investigatesubclassinheritance, the
aspectof irrelevance, andhow exceptionalityis dealtwith.

Example5.1(Tweety) The following probabilisticlogic program
�

describesthe penguinTweetywith
regardto onepropertythathedoesnotsharewith otherbirds

�
fly


, andonepropertythatis commonto both

birdsandpenguins
�
havelegs



:� � ���

fly
�	��
�

bird
�	��
�
�� ����� �+�������]���

�
bird

�	�d
�
penguin

�	�d
�
������������
�
fly
�	��
�

penguin
�	��
�
�� ���+���Æ� ó ����

havelegs
�	��
�

bird
�	��
�
�� ������� �����"!#�

So,Tweety
�
tweety



is anexceptionalbird with respectto thepropertyof beingableto fly

�
fly


. But is

Tweetyalsoexceptionalwith respectto having legs
�
havelegs



? Certainlynot— it wouldbeunintuitive to

believe thatTweetydoesnot have legsfor theonly reasonthatTweetyis anon-flyingbird. Moreover, what
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abouttheability to fly of thebird Robin
�
robin



, who is red

�
red



andthusbelongsto a propersubclassof

birds?Theatomred is not mentionedat all in theprobabilisticrulesabove. Thus,it shouldbeconsidered
irrelevant to theconditionaleventfly

�	�d
N�
bird

�	�d

.

Considerthefollowing probabilisticqueries:³ O � � � havelegs
�
tweety


�
penguin

�
tweety


�
�� ü��+ý����
³[û � � � havelegs

�
robin


�
bird

�
robin


�
�� ü:�+ý����
³[þ � � � fly

�
robin


�
bird

�
robin


b
red

�
robin


�
�� ü:�+ý����
³ G � � � fly

�
robin


�
bird

�
robin


�
�� ü:�+ý?���
³�� � � � fly

�
tweety


�
penguin

�
tweety


�
�� ü��+ý����
The tight answersubstitutionsfor thesequeriesaregiven in Table4. Under .0/ - and .01 -entailment,

Tweety’s inability to fly hasindeednoeffectontheprobabilityof him having legs– Tweetyis anexceptional
bird with respectto flying, but notwith respectto beingequippedwith legs.Moreover, processingthethird
query

³ þ
reveals that, in fact, the propertyof being red doesnot influenceRobin’s ability to fly. So,

obviously irrelevant attributesaresimply ignoredby me-inference.The notion of
�
-entailment,however,

doesnot yield thesedesiredresults. õ
Table4: Tight answersubstitutionsfor Example5.1.

probabilisticquery
�
-entailment .3/ -entailment .01 -entailment³ O ��üf�*���Æ�����9ý7� ���Æ��� ! ��üf�*������� �(ýc�*��������! ��üf�*������� �9ý7�*��������!

³dû ��üf�*������� �9ý7� ���Æ��� ! ��üf�*������� �(ýc�*��������! ��üf�*������� �9ý7�*��������!
³ þ ��üf�*���Æ�����9ý7� ���Æ��� ! ��üf�*���������(ýc�*������� ! ��üf�*���������9ý7�*������� !
³ G ��üf�*���������9ý7�*��������! ��üf�*���������(ýc�*������� ! ��üf�*���������9ý7�*������� !
³ � ��üf�*���Æ�����9ý7�*���Æ� ó ! ��üf�*���Æ� ó �(ýc�*���Æ� ó ! ��üf�*���Æ� ó �9ý7�*���Æ� ó !

Probabilitytheoryprovidesan excellentframework to handlenonmonotonicity:Birds mostlyfly, that
is, 5c6 � fly

�	��
N�
bird

�	��
�
rI �
, but Tweety, who is a bird anda penguin,doesnot fly within a probabilistic

environment: 5c6 � fly
�
tweety


N�
bird

�
tweety


b
penguin

�
tweety


�
r�u�
, if only 5c6 � fly

�	��
N�
penguin

�	��
�
r�å�
. The

notionof logical entailment,which is basedon consideringall probabilisticmodels,however, is too weak
in general– for instance,it allows of no systematicsubclassinheritance,regardinganything asrelevant in
principle.

In contrastto this, thenotionsof .3/ - and .01 -entailment,bothbasedon consideringexactlyonedistin-
guisheddistribution, copein anelegantwaywith obviously irrelevant information,asthefollowing general
considerationshows: If 4 is agroundinstanceof anatomnotmentionedin aprobabilisticlogic program

�
but occurringin thebodyof a query

³ � � �%$��'&2b 4 
�� ±J��²�� , then

.3/ � ���Á�%$d�'&0b 4 
#� .3/ � ���Á�%$��'&(
��
No externalandexplicit assumptionof conditionalindependenceis necessaryhere.Rather, theprincipleof
maximumentropy treatsinformationasirrelevantaslongasthereis no reasonto supposethecontrary. This
permitsa systematicsubclassinheritance, asin Example5.1: birdsmostlyfly, andredbirdsdo so,too.
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Moreover, Example5.1illustratesthatme-inferencehandlesexceptionalitywith respectto oneattribute
in anadequateway, withoutblockingotherreasonableconclusions.Weshowedthat,given

�ë�å�	��
�������
, the

probabilityof Tweetyto have legs is thesameasthatof any otherbird, althoughTweetyis anexceptional
bird. This is notamerenumericalcoincidence– usingformula(1), it is easyto verify that

.3/ � � ��
�������� �Á� havelegs
�	��
N�

penguin
�	��
�
#� .3/ � � ��
�������� �Á� havelegs

�	��
N�
bird

�	��
�

whatever probabilityis assignedto havelegs

�	�d
N�
bird

�	�d

.

Thiswell-behavednessis dueto anindifferencepropertythattheme-modelshowsfor worldsthatbehave
in thesamepositive,negative,or neutralwayw.r.t. theinvolvedconditionalevents(seeLemma7.7),which
in turn is only a superficialmanifestationof a deeperconditionalindifference: Theme-principlerepresents
conditionalconstraintsby balancingconditionaleffects;for moredetails,see[29, 31].

In thefollowing example,weillustratehow obviously irrelevantinformationis dealtwith under
�
-, .3/ -,

and .01 -entailment.

Example5.2 Considerthefollowing conjunctive probabilisticlogic program
�

:

� � ���
bird

�	�d
�
penguin

�	�d
�
������������
�
fly
�	��
�

bird
�	��
�
�� ����� �+����� ó ����

fly
�	��
�

penguin
�	��
�
�� ���+���Æ� ó ����

easyto see
�	��
�

yellow
�	�d
�
�� ����� ó �����"!#�

We arenow interestedin theprobabilitieswith which Brian, thebrightly yellow penguin,is ableto fly, and
is easyto beseen,respectively:

³ O � � � fly
�
brian


�
penguin

�
brian


b
yellow

�
brian


�
�� ü:�+ý����
³[û � � � easyto see

�
brian


�
penguin

�
brian


b
yellow

�
brian


�
�� ü:�+ý����
As expected,thetight answersubstitutionsfor

³ O and
³dû

underboth .3/ - and .01 -entailmentaregivenby��üf�*���Æ� ó �+ýc�*���Æ� ó ! and
��üf�*����� ó �+ý7�*����� ó ! , respectively. So,themaximumentropy methodologiesfaithfully

observeexplicit information,while notallowing obviously irrelevantinformationto haveany influence.The
tight answersubstitutionsfor

³ O and
³[û

under
�
-entailment,however, arebothgivenby

��üf�*���Æ�����+ý7� ���Æ��� !
,

falling backto completeignorancein bothcases.õ
The (extended)Nixon Diamondin the next exampledealswith conflicting evidenceandthe relevanceof
informationin amoregeneralsense.

Example5.3((Extended)NixonDiamond) We considera probabilisticgeneralizationof the well-known
Nixon Diamond“generally, quakersarepacifists”and“generally, republicansarenotpacifists”extendedby
thedefault rules“generally, quakersareAmericans”,“generally, Americanslike baseball”,and“generally,
quakersdo not like baseball”.More precisely, let thefollowing probabilisticlogic program

�
describethe

original Nixon Diamond:

� � ���
pacifist

�	�d
�
quaker

�	��
�
�� ����� �+����� ó ����
pacifist

�	�d
�
republican

�	��
�
�� ���Æ� ó �+����E]�"!#�
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Let theprobabilisticlogic program
� ¨ describetheextendedNixon Diamond:� ¨ � �ëèf���

american
�	��
�

quaker
�	��
�
�� ����� �+�������]���

�
like baseball

�	�d
�
american

�	��
�
�� ����� ó �+����� ó ����
like baseball

�	�d
�
quaker

�	��
�
�� ���Æ� ó �+����ÿ]�"!#�
Given

�
and

� ¨ , whatis theprobabilityof Dick, who is known to bea quaker anda republican,to bea
pacifist?Wegetthefollowing probabilisticquery

³
:³ � � � pacifist

�
dick


�
quaker

�
dick


b
republican

�
dick


�
�� ü:�+ý����
The tight answersubstitutionsfor

³
to

�
and

� ¨ under
�
-entailmentareboth given by

��üf�*���+ý7� �*!
,

while the tight answersubstitutionsunderboth .0/ - and .01 -entailmentaregivenby
��üf�*��� ó �9ý7�*��� ó ! and��üf�*��� R ���(ýc�*��� R �*! , respectively.

Thatis, in thiscase,thetight answersubstitutionsunder
�
-entailmentgiveamoreintuitive,but lessinfor-

mative result,reflectingcompleteignorance.The tight answersubstitutionsunder .3/ - and .01 -entailment
show that,similar to treatingthis problemvia the rationalclosureapproach[38] or by System� [20] (cf.
[10, p. 26]), the(numerical)answerto thequerydependson which of thetwo programs

�
and

� ¨ is used.
While theoriginalNixon diamonddoesnotallow usto draw any conclusionaboutwhetherDick is apacifist
or not, theextendedNixon diamondis now biasedin favor of Dick beinga pacifistunderthemaximumen-
tropy approach.This appearsa bit strange,asthenew informationaboutAmericans,quakers,andbaseball
seemsprimafacieirrelevant to therelationshipsbetweenquakers,pacifists,andrepublicans.Theobserved
shift in probability, however, maybeexplainedby theincreasedinteractionsbetweenconditionalconstraints
in
� ¨ , whichmaximumentropy methodologiescarefullyfollow — addingconstraintsmaychangethepoint

of view. This, however, doesnot imply that beingAmericanor liking baseballis definitely relevant for
Dick’s loving peace:Addingamerican

�
dick


�b
like baseball

�
dick



to theantecedentof theconditionalevent

above will notalterthemaximumentropy probability:

.3/ � � ¨ �Á� pacifist
�
dick


�
quaker

�
dick


�b
republican

�
dick


b
american

�
dick


b
like baseball

�
dick


�
·� ��� R �q� õ
Onceagain,we illustratehow themaximumentropy approachescombineconflictinginformationin another
penguin-example.

Example5.4 Thefollowing probabilisticlogic program
�

expressesknowledgeabouttheflying capabili-
tiesof penguins,birds,andobjectswith metalwings:� � ���

bird
�	��
�

penguin
�	��
�
������������

�
fly
�	�d
�

metal wings
�	��
�
�� ����� ó ��������

fly
�	�d
�

bird
�	�d
�
�� ����� ó ��������

fly
�	�d
�

penguin
�	�d
�
�� ���+���Æ� ó �"!#�

Whatis theprobabilityto fly of Supertweety, apenguinwith metalwings,

� � fly
�
supertweety


�
penguin

�
supertweety


�b
metal wings

�
supertweety


�
�� ü:�+ý��
?

As tight answersubstitutionsfor this query underboth .3/ - and .01 -entailment,we obtain
��üf�*����E���E S �ý7�*����E���E S ! . AlthoughthemetalwingsthatSupertweetyhasattachedto hissidesincreaseourconfidencein

him beingableto fly, they arenot convincing enoughto makeusbelieve thathecanreally fly. Notethatthe
tight answersubstitutionunderlogical entailmentis givenby

��üf�*���+ý7� �*!
. õ
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The last example,which is taken from [2], shows how non-conflictinginformation is combinedby the
maximumentropy approaches.

Example5.5 Let theprobabilisticlogic program
�

begivenasfollows:� � ���
bird

�	�d
�
magpie

�	��
�
������������
�
chirp

�	��
�
bird

�	��
�
�� ��� S �+�����]����
chirp

�	��
�
magpie

�	��
�
�� ���+�������]�"!#�
Considerthefollowing probabilisticquery

³
:³ � �

chirp
�
polly


�
magpie

�
polly


�
�� ü��+ý����
Knowing that magpiesarebirds, the probability to chirp of the magpiePolly is alreadyexpectedto be in� ���+�������]�

. So,thelastconditionalconstraintof
�

turnsout to bevacuous,andby maximizingindeterminate-
ness,thetight answersubstitutionsunder .3/ - and .01 -entailmentarebothgivenby

��üf�*��� S �+ýc�*��� S ! , while
thetight answersubstitutionunderlogicalentailmentis givenby

��üf�*���+ýc�*��������!
. õ

5.3 GeneralProperties

As theexamplesfrom theprecedingsectionshow, thenotionsof .3/ - and .01 -entailmentraisetheinferen-
tial powerof probabilisticreasoningsubstantially. Insteadof consideringall possiblemodels,themaximum
entropy methodbasesits inferencesononeparticularlydistinguishedmodel— thatwith maximumentropy.
However, onemaywonderif this view is not too narrow. Oneway to explain the reasonablenessof max-
imum entropy inferenceis to investigateits formal propertiesaccordingto widely acceptedstandardsfor
nonmonotonicinferencerelations,suchasSystem

�
[33] andrelatedpostulates.A specialfocuswill be

on irrelevanceproperties;herewe proposea new postulatecalledstrong irrelevanceaimingat preventing
interactionsof conditionalconstraints.

In the following, we assumethat
&���$}������� ¨ � 4 � ; are groundevents,and that

�
is a (fixed) ground

probabilisticlogic program.In caseof .01 -entailment,we additionallyassumethat
&©��$}������� ¨ � 4 � ; , and

�
areall conjunctive. Let < � < ¨ ��=���= ¨ ��ñ*�¦�C>@� ���D���

.
Moreover, for thesake of representationalclarity, we presupposethat

�
satisfiesthe following explic-

itnesscondition, which ensuresthat every classicalrelationshipthat is logically entailedby
�

is already
explicitly statedin

�
.

Explicitness condition: For every ~ > ��z , if 576 � ~ 
r�u�
for all models 5c6 of

�
, then thereexists some�%$��'&(
�� )*�+)¦�#>t�

suchthateither)��á�
and ~ � � &ïb a $ or

)ú���
and ~ � � &ïb@$:�

(3)

We implicitly assumethat all notionsof entailmentarenaturallyextendedto negationsof conditional
constraintsof the form a � ; � 4 
�� ñ*�¦��� , which aretrue in a probabilisticinterpretation576 if f 5c6 � 4 
98´�

and5c6 � ; � 4 
 �>o� ñ*�¦�N�
.

We first considerthe postulatesRight Weakening (RW), Reflexivity (Ref), Left Logical Equivalence
(LLE), Cut, CautiousMonotonicity(CM), andOr proposedby Kraus,Lehmann,andMagidor [33], which
arecommonlyregardedasbeingparticularlydesirablefor any reasonablenotionof nonmonotonicentail-
ment � � , andwhich areusuallyreferredto asSystem

�
. We considerthe following generalizationfor a

probabilisticsetting:
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RW. If
��&B� W 
�� < ��=e��� �%$d� W 
�� < ¨ ��= ¨ � is logically valid and

� � � ��&q� �*
�� < ��=A� , then
� � � �%$d� �*
�� < ¨ ��= ¨ � .

Ref.
� � � ��� � ��
����������

.

LLE. If
� n � ¨ is logically valid, then

� � � ��&q� �*
�� < ��=e� if f
� � � ��&q� � ¨ 
�� < ��=e� .

Cut. If
� � � ��� ¨ � ��
���������� and

� � � ��&q� �Bb�� ¨ 
�� < ��=A� , then
� � � ��&B� ��
�� < ��=A� .

CM. If
� � � ��� ¨ � ��
���������� and

� � � ��&q� �*
�� < ��=A� , then
� � � ��&q� �Bb�� ¨ 
�� < ��=A� .

Or. If
� � � ��&q� �*
����������

and
� � � ��&B� � ¨ 
���������� , then

� � � ��&B� � j � ¨ 
���������� .
Thefollowing theoremshows thatmostof thesepostulatesareindeedsatisfiedby all describednotions

of entailmentfor conditionalconstraints(notethatOr doesnotapplyto .21 -entailment).

Theorem 5.6 � � 0 and � � âäã satisfyRW, Ref, LLE, Cut, CM, and Or for all probabilistic logic programs�
, all groundevents

�
,
� ¨ , & ,

$
, and all < � < ¨ ��=J��= ¨ >3� �������

. Moreover, � �´âäö satisfiesRef, LLE, Cut, and
CM for all conjunctiveprobabilistic logic programs

�
, all groundconjunctiveevents

�
,
� ¨ , & ,

$
, and all< � < ¨ ��=J��= ¨ >3� �������

.

It is unclearwhether � �´âäö satisfiesRW or not. Thepoint is thattakingnew conditionalconstraintsinto
accountmaychangetheresultingmaximumentropy distribution sothatlogical dependenciesmaygetlost.
Nevertheless,thereareinformation-theoretical, informal argumentsthatsuggestthatRW holdsfor � � âäö .
However, neithera formalproof noracounterexamplefor RW have beenfoundsofar.

Anotherdesirablepropertyis RationalMonotonicity(RM) [33]:

RM. If
� � � �%$�� ��
�� < ��=A� and

� �� ��a ��� ¨ � �*
���������� , then
� � � �%$�� �qb�� ¨ 
�� < ��=e� .

Informally, RM describesa restrictedform of monotony, and thus allows to ignore certainkinds of
irrelevantknowledge.Thefollowing theoremshows thatboth .3/ - and .01 -entailmentalsosatisfyRM.

Theorem 5.7 � �´âäã (resp., � �´âMö ) satisfiesRM for all probabilistic(resp.,conjunctiveprobabilistic) logic
programs

�
, all ground(resp.,groundconjunctive)events

�
,
� ¨ , and

$
, andall < ��=?>3� �������

.

Wenext considerthepropertyIrrelevance(Irr) , which is adaptedfrom [3]:

Irr. If
� � � ��&q� �*
�� < ��=A� , andno atomof ��6�������� ���?


and
&q� �

occursin
� ¨ , then

� � � ��&q� �qb�� ¨ 
�� < ��=A� .
Informally, Irr saysthat

� ¨ is irrelevant to a conclusion“
� � � �%$�� ��
�� < ��=A� ” whenthey aredefinedover

disjoint setsof atoms.Thefollowing resultshows thatboth .3/ - and .01 -entailmentsatisfyIrr .

Theorem 5.8 � � âäã (resp., � � âMö ) satisfiesIrr for all probabilistic (resp.,conjunctiveprobabilistic) logic
programs

�
, all ground(resp.,groundconjunctive)events

�
,
� ¨ , and

&
, andall < ��=?>@� �������

.

ThepropertyIrr formalizesaverybasicform of irrelevanceto beexpectedfrom inferencerelations.We
now proposeastrongerirrelevanceproperty, calledstrongirrelevance(SI):

SI. If
� � � �%$��'&(
�� < �'=A� andnoatomof ��6�������� ���?


and
$d�'&

occursin ; � 4 , then
�2è���� ; � 4 
�� ñ*���N�"! � � �%$d�'&9
�� < �'=e�

and
�÷è´��� ; � 4 
�� ñ*�¦���"! � � �%$��'&0b 4 
�� < ��=A� .
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Strongirrelevancesaysthataddingconditionalconstraintson newly occurringatoms,on theonehand,
doesnot changepreviously madeinferences,and,on theotherhand,doesnot causeinterferenceswith the
otherconditionalconstraints.The following theoremstatesthat both .3/ - and .01 -entailmentsatisfy the
propertySI.

Theorem 5.9 � �åâäã (resp., � �´âäö ) satisfiesSI for all probabilistic (resp.,conjunctiveprobabilistic) logic
programs

�
, all ground(resp.,groundconjunctive)events4 , ; ,

&
, and

$
, andall < ��=J��ñ]�¦�ä>f� �������

.

Wenext considerthepropertyDirectInference(DI), adaptedfrom [2]:

DI. If
�%$d�'&9
�� < ��=e��> ��6H������� ���?
 and

� n &
is logically valid, then

� � � �%$�� �*
�� < ��=e� .
Informally, DI expressesthat

�
shouldentailall its own conditionalconstraints.Notethattheproperty

DI is similar to LLE. In fact, DI is implied by LLE togetherwith anothernonmonotonicpropertycalled
Inclusion(Inc):

Inc. If
�%$d�'&9
�� < ��=e��> ��6H������� ���?
 , then

� � � �%$��'&(
�� < ��=A� .
Lemma 5.10 If � � satisfiesLLE andInc, thenit alsosatisfiesDI.

Thenext resultshows thatall discussednotionsof entailmentsatisfyInc andDI.

Theorem 5.11 � � 0 and � � âäã satisfyInc andDI for all probabilistic logic programs
�

, all groundevents�
,
&
, and

$
, andall < ��=�>3� �������

. Moreover, � �´âäö satisfiesInc andDI for all conjunctiveprobabilisticlogic
programs

�
, all groundconjunctiveevents

�
,
&
, and

$
, andall < ��=�>f� �������

.

5.4 RelationshipbetweenProbabilistic Formalisms

Wenext analyzetherelationshipbetweenthediscussednotionsof entailment.
For entailmentsemantics

� O and
� û

, we say
� O is stronger than

� û
if f � �  �� is a supersetof � �  � .

That is, �á� �u   g implies � � ��  � g , for all setsof groundconditionalconstraints� andall groundcon-
ditional constraintsg for which both

� O and
� û

are defined. Equivalently, � � �  ! ¡£¢�¤¦¥N¡ �%$d�'&(
�� < û ��= û � and� � �u ��¡£¢�¤¦¥N¡ �%$��'&(
�� < O ��= O � implies
� < û ��= û �#" � < O ��= O � , for all setsof groundconditionalconstraints� andall

groundconditionalconstraints
�%$��'&(
�� < û ��= û � and

�%$d�'&9
�� < O ��= O � for which both
� O and

� û
aredefined. Note

thatthis “strongerthan” relationis reflexive andtransitive.
The following theoremshows that thearrows in Fig. 1 actuallyrepresent“strongerthan” relationships

betweentheentailmentsemanticsshown in Fig. 1. In fact, from Example3.4,or 4.2,or 4.3 it canbeseen
that Fig. 1 draws a completepicture of the “strongerthan” relationshipsbetweenthe shown entailment
semantics.

Theorem 5.12 Both .3/ - and .01 -entailmentare stronger thanlogical entailment.

The next resultshows that entailmentundermaximumentropy andlogical entailmentcoincideon the
concludedgroundclassicalconditionalconstraints.

Theorem 5.13 Let
�

bea probabilisticlogic program,andlet
�%$��'&(
�� )*�+)¦�

with
)q>ï�`�����*!

bea groundclassi-
cal conditionalconstraint. Let

�
and

�%$d�'&9
�� )*�+),�
beconjunctivefor

��� � )
. Then,for every

�?>´� ��� � � )]!
:

(a)
� � �   �%$��'&(
�� )*�+),� iff

� � � 0 �%$��'&(
�� )*�+)¦� .
(b)

� � �  ¡£¢�¤¦¥N¡ �%$d�'&(
�� )]�+),� iff
� � � 0¡£¢�¤¦¥N¡ �%$d�'&9
�� )*�+),� .
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5.5 Relationship to ClassicalFormalisms

Wenow analyzetherelationshipto classicalformalisms.
For classicalconditionalconstraintsg of theform

� ; � 4 
�� ���+�*� (resp.,
� ; � 4 
���������� ), weuseê � g 


to denote
theevents V�l ; b 4 (resp.,;�lµ4 ). For probabilisticlogic programs

�
, we define ê ���?


asthesetof all
eventsê � g 
 with g >t�

.
The following theoremshows that all threedescribednotionsof probabilisticentailmentgeneralize

logicalentailmentwith events.

Theorem 5.14 Let
�C>��`��� ��� � � )]!

. Let
�

be a probabilistic logic program, and let g � �%$��'&(
�� )*�+)¦�
with)q>ï�`�����*!

bea groundclassicalconditionalconstraint. Let
�

and g beconjunctivefor
�y� � )

. Then,

(a)
� � �� �g iff ê ���?
ú� � ê � g 
 .

(b)
� � �� ¡£¢ª¤,¥N¡ g iff ê ����
�� � ê � g 


and ê ���?
 �� � a & .

6 NaiveCharacterizations

In this section,we characterizethe solutionsof the problemsPOSITIVE PROBABILITY and TIGHT
�
-

CONSEQUENCE, where
�C>ï�`��� ��� � � )]!

, by straightforwarddecisionandoptimizationproblemsinvolving
a systemof linear constraints.We first describehow the modelsof a probabilisticlogic programcorre-
spondto the solutionsof a systemof linear constraints.We thendescribehow POSITIVE PROBABILITY

canbereducedto thesolvability of a systemof linearconstraints,andhow TIGHT
�
-CONSEQUENCE can

bereducedto POSITIVE PROBABILITY andtwo linearoptimizationproblems.We next show how TIGHT.3/ -CONSEQUENCE canbe reducedto POSITIVE PROBABILITY andan entropy maximizationproblem.
All theabove resultsarewell-known from theliterature.As a new resultof this paper, we finally describe
how TIGHT .01 -CONSEQUENCE canbereducedto POSITIVE PROBABILITY, computingtheleastHerbrand
modelof a classicaldefinitelogic program,andTIGHT .3/ -CONSEQUENCE.

6.1 Preliminaries

Thefollowing theoremshows thatthemodelsof aprobabilisticlogic program
�

correspondto thesolutions
of thesystemof linearconstraints$&% �('`� � � ø 
 shown in Fig. 2, wheretheparameters

'
, � , and ø denotea

conditioningevent,afinite setof groundconditionalconstraints,andanindex setfor thevariables.

Theorem 6.1 Let
�

bea probabilistic logic program. Let theparameters
'
, � , and ø begivenby

'i� W ,� � ��6�������� ���?
 , and ø � ��z , respectively. Then:

(a) For everymodel 576 of
�

, there is a solution
�%² � 
 � »*) of thesystemof linear constraints $+% �('`� � � ø 


such that 5c6 �%ñ�
r�´² � for all
ñ7> ø .

(b) For everysolution
�%² � 
 � »*) of thesystemof linear constraints $&% �('�� � � ø 
 , there existsa model 5c6

of
�

such that
² � � 5c6 �%ñ�
 for all

ñ7> ø .

The crux with this naivesystemof linear constraintsis that the numberof variablesis given by the
numberof possibleworldsover T andthatthenumberof linearconstraintsis linearin thenumberof ground
instancesof conditionalconstraintsin

�
. Hence,especiallythenumberof variablesis generallyquitelarge,

asthefollowing exampleimmediatelyshows.
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,
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for all
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,
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for all
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: -�NPO L
for all a YcbcM

Figure2: Systemof linearconstraints$&% �('�� � � ø 
 for Theorems6.1and6.3–6.5.

Example6.2 Considertheprobabilisticlogic program
�

of Example4.1. Thenaive systemof linearcon-
straintsof Theorem6.1hasthequitelargenumberof

E FHG I����AL��N� OQP
(!) variablesand120linearconstraints.õ

6.2 PositiveProbability

Thenext theoremshows thatthedecisionproblemPOSITIVE PROBABILITY canbereducedto theproblem
of decidingif thesystemof linear constraintsd+e�f(g1hjikh�lnm in Fig. 2 is solvable. This resultfollows from
Theorem6.1.

Theorem 6.3 Let o bea probabilisticlogic program,andlet p bea groundevent.Then,o hasa modelq+r
with q+r�f(psm 8�t iff thesystemof linear constraints d+e�f(g1hjikh�lnm is solvable, where gvuwp , ixuwy�rjz*{}|^~�f�o#m ,
and l�u=�K� .

6.3 Tight Logical Consequence

Considernow an object-groundprobabilisticquery ��u���f��&� psm�� �Kh���� to a probabilisticlogic program o .
To computethe tight answersubstitution� for � to o underlogical entailment,we first decidewhether
o�� � 0 ��� p , which is thecomplementof aninstanceof POSITIVE PROBABILITY. If o�� � 0 ��� p , then �
is immediatelygivenby ������*h^��� t� . Otherwise,weadditionallysolve two optimizationproblemsin which
a linear fractional objective function must be minimized and maximizedsubjectto the systemof linear
constraintsin Fig. 2 asfollows.

Theorem 6.4 Let o bea probabilisticlogic program,andlet ��uw��f��+� p;m�� ��h��E� beanobject-groundproba-
bilistic querywith o��� � 0 ��� p . Then,thetight answersubstitutionfor � to o underlogical entailmentis
givenby �nu��������!h9�9�Z� � , where � (resp.,� ) is theoptimalvalueof thefollowing linear fractionalprogram
over thevariables�� `f�¡c¢�lnm , where g�un£ , i¤u¥y�r�z*{}|^~Kf�o\m , and l�u¦�K� :

minimize (resp.,maximize) f §  »*¨H©  Bª «+¬��® �� �m��+f §  »*¨H©  9ª «¯® �� °m
subjectto d+e�f(g1hji=h�lnm and §  »�¨�©  9ª «`® �  

8±t
.

(4)

By a standardtechniquegoingbackto CharnesandCooper[5], the linear fractionalprograms(4) can
betransformedinto two equivalentlinearprogramsasfollows.
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Theorem 6.5 Let o bea probabilistic logic program,andlet ��u���f��&� psm�� �Kh���� bean object-groundprob-
abilistic querywith o��� � 0 ��� p . Then,thetight answersubstitutionfor � to o underlogical entailment
is givenby �nu���������hB���Z� � , where � (resp.,� ) is theoptimalvalueof thefollowing linear programover the
variables�   f�¡c¢�lnm , where gsu�p , i²u³y�rjz�{|3~Kf�o#m , and l�u¦� � :

minimize (resp.,maximize) §  »�¨�©  Bª «+¬*E® ��  subjectto d+e�f(g1hjikh�lnm . (5)

6.4 Tight Consequenceunder Maximum Entropy

Consideragainan object-groundprobabilisticquery ��u��Hf��&� p;m�� ��h��E� to a probabilisticlogic programo .
To computethe tight answersubstitution � for � to o under ´¶µ -entailment,we first decidewhether
o�� �¸·&¹ ��� p . By thefollowing well-known proposition,wecanequivalentlydecidewhethero�� � 0 ��� p ,
which is thecomplementof aninstanceof POSITIVE PROBABILITY.

Proposition 6.6 Let o bea probabilisticlogic program,andlet p bea groundevent.Then,o�� �¸·º¹ ��� p
iff o�� � 0 ��� p .

If indeedo�� �¸·º¹ ��� p , then � is immediatelygivenby ������*h���� t� . Otherwise,� is givenby ������»Bh
�9��» � , where »�u¼´¶µ� o½��f��&� psm¶u¼´¶µ� o½��f���¾¿p;m��º´¶µ�� o½��f(psm . Thus, it remainsto computethe valuesof
�\¾�p and p undertheme-modelof o .

More generally, theme-modelof o canbecomputedin astraightforwardwayby solvingthefollowing
entropy maximizationproblemover thevariables�� `f�¡c¢�lnm , whereg¥uÀ£ , iPuÁy�r�z*{}|^~Kf�o\m , and lÂu��K� :

Ã¶Ä�ÅÇÆ §  »�¨ ��  ¾£¿�È ��  subjectto d&e¶f(g�hjikh�lnm . (6)

6.5 Tight Consequenceunder Maximum Entropy and CWA

To computethe tight answersubstitution� under ´�É -entailmentfor an object-groundprobabilisticquery
��u���f��&� psm�� �Kh���� to aprobabilisticlogic programo , wefirst computethelogicalapproximationof o , which
canbe doneby solving someinstancesof POSITIVE PROBABILITY. Using classicaldefinitelogical pro-
grammingtechniques,wethencomputethesetof all activegroundatomsw.r.t. o and�;¾vp , whichis theleast
Herbrandmodelof thelogical approximationof o . Wenext computetheset Êo of (i) all active membersof
y�r�z*{}|^~�f�o#m w.r.t. o and �	¾½p , and(ii) all active ���ÌË w.r.t. o and �	¾½p suchthat f�Í½� Ë m�� ¡�h/Î°�E¢�y�rjz*{}|^~Kf�o#m
for some¡ 8Ït andsomeinactive Í w.r.t. o and ��¾�p . By Theorem3.6, � is thengivenby thetight answer
substitutionfor � to Êo under ´¶µ -entailment.

7 Exploiting ClassicalKnowledgeand Clustering PossibleWorlds

In thissection,wegivesomemoresophisticatedcharacterizationsof thesolutionsof POSITIVE PROBABIL-
ITY andTIGHT Î -CONSEQUENCE, whereÎ�¢;� t h�Ð�Ñ�h�ÐÏÒ � , by decisionandoptimizationproblemsinvolving
asystemof linearconstraints.Weshow how classicalknowledgecanbeexploitedandhow variablescanbe
clusteredinto equivalenceclassesin orderto obtaina systemof linearconstraintsthathasfewer variables
and fewer linear constraintsthan the one in Section6. Note that the characterizationsfor TIGHT ´¶µ -
CONSEQUENCE, andTIGHT ´�É -CONSEQUENCE arenew results,while thecharacterizationsfor POSITIVE

PROBABILITY andTIGHT
t
-CONSEQUENCE areessentiallytakenfrom [45].
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7.1 Preliminaries

In thesequel,let o be a probabilisticlogic program.We write o�uÓfÔeÕh�Ökm to denotethat e (resp.,Ö ) is
thesetof all classical(resp.,purelyprobabilistic)membersof o (resp.,y�r�z*{}|^~Kf�o\m ). For setsof conditional
constraintsi , we use � � i¿� � to denotethesetof all conditionaleventsÍ¥� Ë suchthat f�Í½� Ë m�� �!h��9�E¢ni for some
��h��\¢¤� t h��6� .

Roughlyspeaking,themainideasbehindexploiting classicalknowledgeandclusteringpossibleworlds
canbesummarizedasfollows:

× Weintroduceavariableonly for every Ø`¢¯�K� thatsatisfiese , ratherthanfor every Ø	¢c�K� . Moreover,
we introduceup to two linear inequalitiesonly for eachmemberof Ö , ratherthanfor eachmember
of y�r�z*{}|^~Kf�o\m .

× Weexploit thestructureof theconditionaleventsin Ö , which imposesanequivalencerelationon the
setof all modelsØÕ¢+�K� of e . Wethenintroduceavariableonly for eachequivalenceclassof possible
worlds.

We first definea characterizationof the above set of equivalenceclassesof possibleworlds. Given
a setof classicalconditionalconstraintse anda setof groundconditionalevents Ù�u��1Ú�Û�h°Ü°Ü°Ü1h�Ú�Ý � , de-
note by l¥Þ+f�Ù\m the set of all mappings¡ that assignevery Ú1ß¸uàÍsß�� Ë ß�¢áÙÓâ¶��£��ã£ � an elementof
��Í;ßE¾ Ë ß!h@ä;ÍsßE¾ Ë ß�h@ä Ë ß � suchthat e�â¦��¡�f�Ú1ß�m��!Ú�ß�¢�Ù � is satisfiable.Weuse¾\¡ todenote¡9f�Ú�Û6m/¾+å°å°åæ¾v¡�f�Ú1Ým .
For suchmappings¡ andgroundevents Ë , we use¡¯� u Ë to abbreviate ¾\¡¯� u Ë .

Thefollowing lemmaformulatestheimmediateresultthat l Þ f�Ù\m definesa partition ç Þ f�Ù\m of theset
of all possibleworlds Ø`¢¯�K� thatsatisfy e . Thatis, l¥Þcf�Ù¿m definesanequivalencerelationon thesetof all
modelsØ`¢c� � of e .

Lemma 7.1 Let e beasetof classicalconditionalconstraints,andlet Ù beafinitesetofgroundconditional
events.Then,the family ç�Þ+f�Ù\m�u���ç� è��¡c¢¥l¥Þcf�Ù\m � , where ç3 �u��1Ø	¢+�K���!Ø�� uée²â���¾\¡ ��� , is a partition
of �1Ø	¢c�K���!Ø¥� u�e � .

We next show that the set of conditionalevents Ù canbe interpretedby a probability function over
ç�Þ+f�Ù\m . That is, as far as Ù is concerned,we do not needthe fine granulationof �1Ø	¢c�K���!Ø¥� u�e � . To
formulatethis result, we introducethe notion of measurability in l½Þ+f�Ù¿m . We say that a groundeventË is measurable in l¥Þ+f�Ù\m if f for all ¡&¢nl½Þ+f�Ù¿m , it holds that Ø½� u Ë for some Ø	¢nç3  if f Ø¥� u Ë for all
Ø	¢nç   . A groundconditionalevent Í¥� Ë is measurable in l Þ f�Ù\m if f Ë and ÍÏ¾ Ë aremeasurablein l Þ f�Ù¿m .
Intuitively, Ë (resp., Í½� Ë ) is measurablein l¥Þcf�Ù\m if f it canbe interpretedby a probability function over
ç�Þ+f�Ù\m . In particular, £ andall Í½� Ë ¢nÙ aremeasurablein l¥Þ+f�Ù\m , as the following immediatelemma
shows,whichalsoimpliesthatall ä Ë and äsÍk¾ Ë with Í½� Ë ¢nÙ aremeasurablein l¥Þ+f�Ù\m .
Lemma 7.2 Let e bea setof classicalconditionalconstraintsand Ù bea finite setof groundconditional
events.Then,£ andall Í½� Ë ¢�Ù are measurablein l¥Þ+f�Ù\m .

The next resultshows that the modelsof a probabilisticlogic program o�uÓfÔe½h�Ö=m correspondto the
solutionsof a systemof linearconstraintsin which we have onevariablefor each¡c¢¥l¥Þ+f�� � Ö�� �ãm andup to
two linearconstraintsfor eachêë¢nÖ . This resultis immediateby Theorem6.1andLemmas7.1and7.2.

Theorem 7.3 Let o�uÓfÔe½h�Ö=m bea probabilistic logic program. Let theparameters g , i , and l begiven
by gvu�£ , iìuwÖ , and lÂu²l Þ f�� � Ö¶� �ãm . Then:
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(a) For everymodel qcr of o , there is a solution f��� �m�  »*¨ of thesystemof linear constraints d+e�f(g1hjikh�lnm
such that q+r�f�¡Em�u¸��  for all ¡c¢�l .

(b) For everysolution f��� �m�  »*¨ of thesystemof linear constraints d&e¶f(g�hjikh�lnm , there existsa model q+r
of o such that �� �u�q+r�f�¡Em for all ¡c¢�l .

The index set l¥Þ+f�� � Ö�� �ãm of the new systemof linear constraintscan be computedusing Algorithmíïî�ðEñ@ò ó�ñ�ô õ
from [45]. The following propositionshows that for groundconjunctive probabilistic logic

programso , theset l Þ f�� � Ö¶� �ãm canbecomputedin time ö¶f�� Ö³�1�/o=�;� l Þ f�� � Ö¶� �ãm°�ãm , where �ãç¯� denotesthecar-
dinality of a set ç , and �/o=� denotesthe input sizeof o . This shows that the index set l¥Þ+f�� � Ö�� �ãm canbe
computedin output-polynomialtotal time(seeespecially[13]).

Proposition 7.4 Givena groundconjunctiveprobabilisticlogic program oìuxfÔe½h�Ö=m , computingl½Þ+f�� � Ö¶� �ãm
canbedonein time ö�f�� Öw�1�/o=�;� l Þ f�� � Ö¶� �ãm°�ãm .
7.2 PositiveProbability

Thefollowing theoremshows thatPOSITIVE PROBABILITY canbereducedto thesolvability of asystemof
linearconstraintssimilar to theonein Theorem7.3. This resultfollows immediatelyfrom Theorem6.3and
Lemmas7.1and7.2.

Theorem 7.5 Let o�uÓfÔeÕh�Ökm bea probabilisticlogic program,andlet p bea groundevent.Then,o hasa
model q+r with q+r�f(psm 8�t iff thesystemof linear constraints d&e¶f(g�hjikh�lnm is solvable, where gvuwp , i²u¸Ö ,
and l�u³l¥Þ+f�� � Ö�� ��â=�Zp&�ã£ � m .
7.3 Tight Logical Consequence

Let o�uÓfÔeÕh�Ökm beaprobabilisticlogic program,andlet ��uw�Hf��&� p;m�� ��h��E� beanobject-groundprobabilistic
querywhereo��� � 0 ��� p . Thenext theoremshows thatalsothetight answersubstitutionfor � to o under
logicalentailmentcanbecomputedby solvingtwo linearprogramswith asystemof linearconstraintsasin
Theorem7.3.This resultis immediateby Theorem6.5andLemmas7.1and7.2.

Theorem 7.6 Let o�uÓfÔeÕh�Ökm be a probabilistic logic program, and let ��u���f��+� p;m¿� ��h��E� be an object-
groundprobabilistic querysuch that o��� � 0 ��� p . Then,the tight answersubstitutionfor � to o under
logical entailmentis givenby �nu��������!hZ�9�Z� � , where � (resp.,� ) is theoptimalvalueof thefollowing linear
programover thevariables�� `f�¡+¢nlnm , where gvuwp , ixu³Ö , and l�u³l¥Þ+f�� � Ö¶� ��â¦���&� p � m :

minimize (resp.,maximize) §  »�¨�©  Bª «+¬*E® ��  subjectto d+e�f(g1hjikh�lnm . (7)

7.4 Tight Consequenceunder Maximum Entropy

Consideragaina probabilisticlogic program o�uÓfÔeÕh�Ökm andan object-groundprobabilisticquery �Çu
��f��&� psm�� �Kh���� whereoà�� � 0 ��� p . Wenow show thatexploiting classicalknowledgeandclusteringpossible
worldscanalsobedonewhencomputingthetight answersubstitutionfor � to o under ´¶µ -entailment.The
following lemmastatestheauxiliary resultthatall possibleworlds in thesameequivalenceclasshave the
sameprobabilityundertheme-modelof o .
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Lemma 7.7 Let o�uÓfÔeÕh�Ökm be a probabilistic logic program. Let l�u³l¥Þ+f�� � Ö�� �Eâ����&� p � m . Then,for all
Ø�Û�h�Ø°÷v¢+�K� such that Ø�Û�h�Ø°÷n� uÂe�â¤��¾\¡ � for some¡c¢�l , it holdsthat ´¶µ�� o¥��f�Ø�Û6m�uø´¶µE� o¥��f�Ø°÷Zm .

Thefollowing theoremshows how thetight answersubstitutionfor � to o under ´¶µ -entailmentcanbe
characterizedthroughtheoptimalsolutionof anoptimizationproblemthathasasystemof linearconstraints
similar to the onein Theorem7.3. This resultcanbe proved usingLemmas7.1, 7.2, and7.7. Note that
the objective function involvesweights ù� ¿f�¡c¢¥lnm , whereeach ùE  is given by the numberof all possible
worlds Ø`¢c� � thatbelongto theequivalenceclassç   .
Theorem 7.8 Let o�uëfÔeÕh�Ö=m be a probabilistic logic program, and let ��uw��f��&� psm¿� �Kh���� be an object-
groundprobabilisticquerywith o��� � 0 ��� p . Let gvu�£ , ixu³Ö , and l�uwl½Þ+f�� � Ö¶� �*â³���&� p � m . For ¡c¢�l ,
let ù� �uë�ú�1ØÕ¢c�K���jØ½� u�e�â¶��¾\¡ ��� � . Then,the tight answersubstitutionfor � to o under ´¶µ -entailment
is givenby �Ku\������»9h��9��» � h where »&uÓf §   »�¨�©  °ª «3¬��® �Eû  m��+f §   »*¨H©  °ª «�® �Eû  m and �Eû  f�¡c¢¥lnm is the optimal
solutionof thefollowing optimizationproblemover thevariables�� `f�¡c¢�lnm :

Ã�Ä�ÅÇÆ §  »*¨ �� �f ¾£¿�È ��  Æ ¾£¿�È ù� �m subjectto d&e�f(g1hjikh�lnm . (8)

In the following two subsections,we briefly discusstheproblemof computingtheweights ù� �f�¡+¢nlnm
andtheproblemof solvingtheoptimizationproblem(8).

7.5 Computing the Weights ü  
We now discusshow to computethe weights ùE ¦f�¡+¢nlnm in Theorem7.8. In the sequel,let o�uëfÔeÕh�Ö=m
be a probabilistic logic program,and let ��u���f��&� psm�� �Kh���� be an object-groundprobabilisticquery. Let
l�u³l¥Þ&f�� � Ö¶� ��âý���+� p � m .

In general,theweightsù� KuÓ�ú�1Ø	¢¯�K���!ØÕ� u�e�â¤��¾\¡ ��� � with ¡}¢�l canbecomputedby simply counting
all Ø	¢c�K� suchthat Ø½� u�e�â¶��¾\¡ � .

In the caseof conjunctive o and � , they canbe computedmoreefficiently by solving onesystemof
linearequations.Let ç�u³l½þ�f�� �ãy�r�z*{}|^~;f�o#m�� �1â¸���&� p � m . For every Îÿ¢nç , let Ø�� bethesetof all groundatoms� ¢���� � with Î&� u � . By Lemma7.1, theset ç partitions� � into thesets �1Ø	¢¯� � �!Ø¥� u�¾�Î � . We now first
computethenumbers���^uë�ú�1ØÕ¢c�K���!Ø¥� u�¾�Î � � with Îº¢#ç , which aretheuniquesolutionof the following
systemof linearequations(assumingthat o and � areconjunctive):

§� »
	�©�����
���  ���wu�� ª ��� ½ ª �Kª ���� ª (for all Î û ¢#ç ).

Thenumbersù   with ¡c¢�l arethengivenasfollows:

ù� �u §� »�	�©��  ª «�Þ��! j� #" ��� (for all ¡c¢¥l ).

7.6 Solving the Optimization Problem

Theoptimizationproblem(8) canbesolvedby standardLagrangetechniques(ase.g.describedin [67, 71,
77]). Here,we canbuild on existing maximumentropy technology. For instance,the maximumentropy
systemPIT [16, 71] solvesentropy maximizationproblemssubjectto indifferentpossibleworlds(whichare
known to have thesameprobability in me-models,cf. Lemma7.7). This comesdown to working with the
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index set l¥Þ&f�� � Ö¶� �jâ¶���&� p � m . Therefore,PIT canbedirectlyusedto solve theoptimizationproblem(8). The
medicalsystemLEXMED2 [16, 70,71] is basedon PIT andsupportsphysiciansin diagnosingappendicitis
in a Germanhospital(cf. [69]). SPIRIT3 [67, 65, 66, 50] is anothersystemshell using the principle of
maximumentropy to representsetsof probabilisticrulesandto answerqueries.

To computetheme-modelof somefinite setof groundconditionalconstraintso , bothPIT andSPIRIT
adopt the conditionalconstraintsin o successively and iteratively. Both systemsmake useof tree-like
structuresto reducethecomplexity of probabilisticinterpretations:Theconditionalconstraintsarelearned
onadequatecomponent(or marginal)distributions,andthechangedprobabilitiesarepropagatedthroughthe
tree.So,likethecliquetreesof Bayesiannetworks[37, 60,51, 27], thesetreesalsoallow localcomputations
andpropagationsof probabilities.It is worth noticingthattheLagrangefactorsp%$& ª ' and p �& ª ' occurringin
(1), which aresomeaningfulfor the theoreticalresultson maximumentropy reasoning(see[29, 31]), are
alsoof crucialimportancefor theefficient computationin SPIRIT.

In principle, the properhandlingof inequalityconstraintsin (8) is no problem: The me-modelof o
fulfills someof the constraintsin (8) with equality, somewith strict inequality(cf. [77, 19]). Therefore,
´¶µ� o½� is still of theform (1), with someof thefactorsp($& ª ' and p �& ª ' equalto � . Unfortunately, no method
is known to decidein advancewhichof theconstraintsareessentialto computetheme-model(thosewhere
equalityholds)andwhich areirrelevant (thosewhereinequalityholds). PIT usesheuristicsto solve this
problemwheniteratively learningtheconditionalconstraints;for adetaileddescription,see[71].

8 Efficient Reductions

In this section,we presentefficient reductionsof instancesof POSITIVE PROBABILITY and TIGHT Î -
CONSEQUENCE, where Îÿ¢¿� t h�Ð�Ñ�h�ÐÏÒ � , to smallerinstancesof theseproblems. They are to be applied
beforegeneratingthesophisticatedsystemsof linear constraintsin Theorems7.3, 7.5, 7.6, and7.8. They
all aim at reducingtheir numberof variables,which canbe doneby addingfurther classicalknowledge
andby reducingthe numberof groundinstancesof purely probabilisticconditionalconstraints.This can
beachieved by (i) makinghiddenclassicalknowledgeexplicit, (ii) by removing vacuousconditionalcon-
straints,(iii) by removing inactive conditionalconstraints,and(iv) by decomposinga probabilisticlogic
program.Here,(i), (ii), and(iv) apply to thegeneralcase,while (iii) appliesonly to theconjunctive case.
We show that (i)–(iii) canbedonein polynomialtime in thegroundconjunctive case,andthat (iv) canbe
donein linear time in the groundcase. Note that (i)–(iii) arerefinementsof implicit techniquesin [45],
while (iv) is inspiredby similarmethodsin [49, 14].

8.1 Adding ClassicalConditional Constraints

We now describea technique,which addsto a probabilisticlogic programlogically entailedclassicalcon-
ditional constraints.Observe thatany newly derivedclassicalconditionalconstraintreducesthenumberof
variablesin thesystemsof linearconstraintsin Theorems7.3,7.5,7.6,and7.8.

In thesequel,let o�uøfÔeÕh�Ökm beaprobabilisticlogic program,andlet ) beasetof classicalconditional
constraints.Wefirst definethefunctions*�¡
+-,/. and *�¡
+-, û. , whichassociatewith Ö asetof groundclassical
conditionalconstraintsthat trivially follow from ) and Ö . The function *�¡
+-,/. assignsto Ö thesetof all
conditionalconstraints��� Ë (thatis, f Ë �ã£nm�� t h t � ) suchthateither

2Homepageof LEXMED: https://lexmed.fh-weingarten.de/.
3Availableathttp://www.fernuni-hagen.de/BWLOR/forsch.html.
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(i) ) � u ��� ÍÏ¾ Ë , f�Í½� Ë m�� �!h��9�E¢¿Ö , and � 8�t , or

(ii) ) � u²Í � Ë , f�Í½� Ë m�� �!h��9�E¢\Ö , and �10�� , or

(iii) )Ì�u¸Í&Û6¾ Ë Û�2ÌÍv÷1¾ Ë ÷ , )Ì�u Ë Û�2 Ë ÷ , f�Í&Û�� Ë Û6m�� �(Û�h��KÛ��E¢nÖ , f�Ís÷E� Ë ÷1m�� �4÷*h��^÷6�E¢�Ö ,
and � �(Û°h��KÛ��43³� �R÷*h��3÷6��u65 .

We define *�¡
+-,87. f�Ö=m�u95 and *�¡
+-, Ý $ Û. f�Ökm�u:*!¡;+�, .<�/=  jß?>A@BDCFEHG f�Ö=m for all I 8�t
. We thendefine*!¡;+�,�û. f�Ökm+u

*�¡
+-, Ý. f�Ö=m , whereI is theleastnumberIKJ t suchthat *�¡
+-, Ý. f�Ö=m�uL*�¡
+-, Ý $ Û. f�Ökm .
Thefollowing theoremshows that,asfar asPOSITIVE PROBABILITY is concerned,we cansimply add

theclassicalconditionalconstraintsin *�¡
+-, ûÞ f�Ökm to o . It follows from thefactthat o is logically equivalent
to o½û�uwo�â1*!¡;+�,�ûÞ f�Ökm .
Theorem 8.1 Let o�uëfÔeÕh�Ö=m bea probabilisticlogic program,andlet p bea groundevent.Let oÕûsu¸o�â
*�¡
+-, ûÞ f�Ö=m . Then,o hasa model qcr with q+r}f(p;m 8¸t iff o û hasa model q+r with qcrf(psm 8ýt .

Thefollowing exampleillustratestheabove o û u¸o�â�*!¡
+-, û Þ f�Ö=m .
Example8.2 Considerthe probabilisticlogic program o uÇfÔeÕh�Ökm , where e¼u � ���NM ¾vy � and Ö�u
��f�µ� M m�� t Ü�O�h t ÜQPZ�Ôh1f M � y9m�� t ÜQRh t ÜQSZ� � . Then,we obtain *�¡
+-,�ûÞ f�Ö=m�u�� ��� y � , andthus oÕûsu³o�â¦� ��� y � . T

Thenext theoremshows that,asfar asTIGHT Î -CONSEQUENCE is concerned,where Îÿ¢\� t h�Ð�Ñ�h�ÐÏÒ � ,
we canalsosimply addtheclassicalconditionalconstraintsin *�¡
+-,�ûÞ f�Ö=m to o . This resultfollows from o
and o û u³o�â1*!¡
+-, û Þ f�Ökm beinglogically equivalentandfrom CWA f�och��;¾èp;m�u CWA f�o û h��;¾vpsm .
Theorem 8.3 Let o�uëfÔeÕh�Ö=m bea probabilistic logic program,andlet f��&� psm�� ��h��B� bea groundconditional
constraint. Let o½ûsu¸o�â�*!¡;+�,�ûÞ f�Ökm . Then,for every Îº¢\� t , Ð�Ñ , ÐÏÒ � , it holdsthat o?� � �= ßFUWVX= f��+� p;m�� �!h��9� iff
o û � � �= ß?UAVX= f��&� psm�� ��h��B� .

The following propositionshows that, in the groundconjunctive case,*!¡
+-, û Þ f�Ökm canbe computedin
time ö�f@�/o=��� Öw� YZm , where �/o=� denotestheinput sizeof o , and � Ö³� denotesthecardinalityof Ö , that is, in
polynomialtime. It follows from thewell-known resultthatfor finite setsof groundconjunctive conditional
constraints) and groundconjunctive conditionalevents Í½� Ë , decidingwhether ) � u ��� Ík¾ Ë (resp.,
)Ì�u³Í � Ë ) holdscanbedonein lineartime.

Proposition 8.4 Givena groundconjunctiveprobabilisticlogic program o u fÔeÕh�Ökm , computing*�¡
+-,�ûÞ f�Ökm
canbedonein time ö�f@�/o=��� Öw� Y m .
8.2 Removing VacuousConditional Constraints

Anothertechniquetowardsanincreasedefficiency is to remove conditionalconstraintsthatarevacuousby
ourclassicalknowledge.

In thesequel,let o�uÓfÔeÕh�Ökm bea probabilisticlogic program.A conditionalconstraintf�Í½� Ë m�� �!h��9�E¢\Ö
is vacuousundere if f either(i) eë� u ��� Ë , or (ii) eì� u �Â� Í=¾ Ë and ��u t , or (iii) ex� u¸Í � Ë and �¥uø� ,
or (iv) �Eu t and �¥uø� . Weuse,ù�Ò°Þ+f�Ö=m to denotethesetof all vacuousmembersof Ö under e .

Thefollowing theoremshows that o hasamodel qcr with q+r�f(p;m[Z t if f its equivalentwithout vacuous
conditionalconstraintso½û�u�e�â=f�Ö Æ ,�ùÒ°Þcf�Ö=m�m hassuchamodel.It follows from thefactthat o and oÕû
arelogically equivalent.
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Theorem 8.5 Let o�uÓfÔeÕh�Ökm bea probabilistic logic program,andlet p bea groundevent.Let oÕûsu�eëâ
f�Ö Æ ,�ùÒ°Þcf�Ö=m�m . Then,o hasa model qcr with q+r�f(p;m[Z t iff o û hasa model q+r with q+r�f(psm[Z t .

Wegiveanexampleto illustratetheabove o½û�u�e�â=f�Ö Æ ,�ùÒ Þ f�Ö=m�m .
Example8.6 Considertheprobabilisticlogic programo#u¿fÔeÕh�Ökm , whereenun� ��� y � and Ö=un��f�µ}� M m�� t Ü�O�ht ÜQPZ�Ôh1f M � y9m�� t ÜQRh t ÜQSZ� � . Then, ,ù�Ò°Þcf�Ökm�u���f M � y9m�� t ÜQRh t ÜQSZ� � , andthus oÕû;u�� ��� y3h1f�µ}� M m�� t Ü�O�h t ÜQPZ� � . T

The next theoremshows that, for Îº¢¿� t h�Ð�Ñ�h�ÐÏÒ � , Î -entailmentfrom o coincideswith Î -entailment
from oÕûsu�eÁâøf�Ö Æ ,ù�Ò Þ f�Ökm�m . This resultfollows from o and oÕû beinglogically equivalentandfrom
CWA f�och��s¾èpsm�u CWA f�o û h��;¾ÿp;m .
Theorem 8.7 Let o�uÓfÔeÕh�Ökm bea probabilistic logic program,andlet f��&� psm�� �!h��9� bea groundconditional
constraint. Let o û u�e�âkf�Ö Æ ,�ùÒ°Þ¯f�Ö=m�m . Then,for each Îº¢¿� t h�Ð�Ñ�h�ÐÏÒ � , it holdsthat o?� � �= ßFUWV�= f��+� p;m�� �!h��9�
iff o½ûÏ� � �= ßFUWV�= f��&� p;m�� �!h��B� .

Thefollowing propositionshows thatin thegroundconjunctive case,,�ùÒ�Þcf�Ökm canbecomputedin time
ö�f@�/ok��� Ö³�ãm , thatis, in polynomialtime.

Proposition 8.8 Givena groundconjunctiveprobabilisticlogic program o u fÔeÕh�Ökm , computing,�ùÒ�Þcf�Ökm
canbedonein time ö�f@�/ok��� Ö³�ãm .
8.3 Removing InactiveConditional Constraints

We next describea reduction,which only appliesto the conjunctive case,andwhich characterizessome
groundpurelyprobabilisticconditionalconstraintsass-inactive,andsimplyremovesthem.Notethatsimilar
techniqueshave alsoprovedto beusefulin default reasoningfrom conditionalknowledgebases[14].

In the sequel,let o�uëfÔeÕh�Ö=m be a conjunctive probabilisticlogic program. We now definethe strong
classicalapproximationof o , which is a supersetof theclassicalapproximationof o . Moreover, we define
thenotionof s-active formulasrelative to thestrongclassicalapproximationof o . Moreformally, thestrong
classicalapproximationof o , denotedÎ - ù �/� f�o#m , is thesetof all Í � Ë suchthat(i) f�Í½� Ë m�� �!h��9��¢vy�rjz*{}|^~Kf�o#m
for some�4Z t , and(ii) e �� � 0 ��� Ë . Givenagroundconjunctiveevent p , agroundatom� ¢\�]�#� is s-active
w.r.t. o and p if f Î - ù �/� f�o#mâ��Zp � � u � . A groundevent ^ (resp.,groundconditionalconstraintê ) is s-active
w.r.t. o and p if f all groundatomsin ^ (resp.,ê ) ares-active w.r.t. o and p . A groundatom(resp.,ground
event,groundconditionalconstraint)is s-inactivew.r.t. o and p if f it is not s-active w.r.t. o and p . We use
ùÒA*�Þ © ®�f�Ökm to denotethesetof (i) all membersof Ö thatares-active w.r.t. e�â\Ö and p , and(ii) all ��� Ë
suchthat (a) Ë is s-active w.r.t. e�â¿Ö and p , and(b) f�Í¥� Ë m�� ��h��B�E¢#Ö for some �4Z t andsome Í that is
s-inactive w.r.t. e�â¿Ö and p . Thefollowing lemmais immediate.

Lemma 8.9 Let o�uÓfÔeÕh�Ökm beaconjunctiveprobabilisticlogic program,andlet p beagroundconjunctive
event. Then, ù �/� f�o#m[_�Î - ù �/� f�o#m . Moreover, if a groundatom � ¢`���#� is activew.r.t. o and p , thenit is
alsos-activew.r.t. o and p .

The following theoremshows that decidingif o hasa model q+r with q+r�f(p;m[Z t canbe reducedto
deciding whether e�â¿ùÒ�*jÞ © ®�f�Ökm has such a model. Roughly, it follows from the result that every s-
inactive groundatomw.r.t. o and p canalwaysbe assignedthe probability zeroundermodels q+r of o
with q+r�f(p;m[Z t .
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Theorem 8.10 Let o�uÓfÔeÕh�Ökm be a conjunctiveprobabilistic logic program, and let p be a groundcon-
junctiveevent. Let o û u�e�â¿ù�Ò�*�Þ © ®Hf�Ökm . Then, o hasa model qcr with q+rf(psm[Z t iff o û hasa model q+r
with q+rf(psm[Z t .

Thefollowing exampleillustratestheabove result.

Example8.11 Considertheconjunctive probabilisticlogic programo�uøfÔeÕh�Ökm , where e�u��µ �aM � and
Ö�u���f M � µ*m�� t Ü �*h t ÜQ�Z�Ôh1f(yH� M m�� t Ü �*h t ÜQ�Z�Ôh1fcbK� y9m�� t h t Üd�Z� � . Doeso have amodel q+r with qcr}f�µ*m[Z t ? Then,since

Î - ù �/� f�o#m�â¦�µ � u �µ �NM h M½� µ�h/y �aM hZµ � h
the groundatoms µ , M , and y areall s-active w.r.t. o and µ , while b is not s-active w.r.t. o and µ . Thus,
ù�Ò�*�Þ ©fe f�Ökm�u���f M � µ*m�� t Ü �*h t ÜQ�Z�Ôh1f(yH� M m�� t Ü �*h t ÜQ�Z� � . By Theorem8.10, o hasa model qcr with q+r}f�µ�m[Z t if f
e�â¿ùÒ�*jÞ ©fe f�Ö=m hassuchamodel. T

Thenext resultshows that,for Îº¢¿� t h�ÐÏÒ � , Î -entailmentof groundconjunctive conditionalconstraints
f��&� p;m�� �!h��B� from o coincideswith Î -entailmentof f��&� psm�� ��h��B� from e�â¿ù�Ò�* Þ © ¬��® f�Ökm . Note that this result
doesnot carryover to ´¶µ -entailment.

Theorem 8.12 Let o�uÓfÔeÕh�Ökm be a conjunctiveprobabilistic logic program and f��&� psm�� �!h��9� be a ground
conjunctiveconditionalconstraint. Let o û u�e�â�ù�Ò�* Þ © ¬*E® f�Ö=m . Then,for every Îÿ¢\� t h�ÐÏÒ � , it holdsthat
o � � �= ßFUWVX= f��&� psm�� �!h��9� iff o½ûÏ� � �= ßFUWV�= f��&� p;m�� �!h��B� .

Thefollowing propositionshows that,in thegroundconjunctive case,computingtheset ùÒ�*jÞ © ®�f�Ökm can
bedonein time ö�f@�/o=��� o¦�hg �@p¯�6m , where �@p¯� denotestheinput sizeof p , thatis, in polynomialtime.

Proposition 8.13 Givena groundconjunctiveprobabilistic logic program o u fÔeÕh�Ökm anda groundcon-
junctiveevent p , computingùÒ�*jÞ © ®Hf�Ö=m canbedonein time ö�f@�/o=��� o¦��g¦�@p¯�6m .
8.4 Decomposition

We now describea reduction,which is basedon the decompositionof the setof all purely probabilistic
groundinstancesof aprobabilisticlogic program.

In thesequel,let o�uëfÔeÕh�Ö=m beaprobabilisticlogic program,andlet p beagroundevent.Weuseij*°f(p;m
to denotethesetof all groundatoms� ¢������ thatoccurin p . Weusek�l�m © ® to denotek�l�m�â1i]*�f(psm . The
decompositionof k�lnm © ® w.r.t. o and p is theuniquepartition �hk=Û°h°Ü°Ü°ÜZh#kKo � of k�l�m © ® suchthat (i) each
memberof y�rjz�{|3~Kf�o#m is definedover some k ß with +^¢��E�*h°Ü°Ü°Ü1hWp � , (ii) p is definedover some k ß with
+B¢¿�E�*h°Ü°Ü°Ü�hWp � , and(iii) pnJ�� is maximal.For +B¢¿�E�*h°Ü°Ü°Ü�hWp � , denoteby Ö¿ß thesetof all membersof Ö that
aredefinedover k�ß . Wecall �1Ö¦Û�h°Ü°Ü°ÜZh�Öqo � thedecompositionof Ö w.r.t. e and p , denoted»Ñ�Ò�Þ © ®�f�Ökm . We
call theuniqueÖ¿ß suchthat(i) ij*°f(psm[_rk�ß , and(ii) +B¢¿�E�*h°Ü°Ü°ÜZhWp � is minimal,therelevantsubsetof Ö w.r.t.
e and p , denoted¡�Ñ��(Þ © ®�f�Ökm .

Thefollowing resultshows that o hasa model q+r with qcr}f(psm[Z t if f e�â\¡�Ñ��(Þ © ®�f�Ökm hassucha model
andall theother e�â¿Ö¿ß ’s aresatisfiable.Here,the“ s ”-part is immediate.The“ � ”-part follows from the
fact thata model qcr of o canbeconstructedfrom models q+r ß of the e�â�Ö ß ’s by assumingprobabilistic
independence.

Theorem 8.14 Let o�uëfÔeÕh�Ö=m bea probabilisticlogic program,andlet p bea groundevent.Supposethat
»�Ñ�Ò Þ © ® f�Ökm�u��1Ö Û h°Ü°Ü°ÜZh�Öqo � and ¡�Ñ�� Þ © ® f�Ö=m�u�Ö Û . Then,o hasa model qcr with q+r�f(p;m[Z t iff
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(i) e�â¿Ö¦Û hasa model q+r with qcr}f(psm[Z t , and

(ii) for every +B¢¿�t�h°Ü°Ü°Ü�hWp � , it holdsthat e�â¿Ö¿ß is satisfiable.

Thefollowing exampleillustratestheabove result.

Example8.15 Let the probabilistic logic program o�uÓfÔeÕh�Ökm , which is definedover the set of ground
atomsk�l�m�u��µEh M h/y3h�b3h�u3hXv � , begivenasfollows:

o�uÓf��µ �NM � h���f M � µ*¾vy9m�� Yw h��6�Ôh1fÔä¯µ
x M � y9m�� Yy h��6�Ôh1fcbK�Qu�¾zv�m�� ÷Y h��6�Ôh1fcu��QbB¾{v(m��
y| h��6� � m^Ü

Then,the decompositionof Ö w.r.t. e and Ñ is given by »�Ñ1Ò�Þ © ¹ f�Ökm�u��1Ö¦Û1h�Ö�÷
�
, where Ö¦Û and Ö�÷ over

k Û u#�µEh M h/y � and k ÷ u#��b�h�u^hXv � , respectively, aregivenby:

Ö¦Û�u ��f M � µ;¾�y9m�� Yw h��6�Ôh1fÔä¯µ
x M � y9m�� Yy h��6� � h
Ö�÷ u ��fcbK�Qu¯¾}v(m�� ÷Y h��6�Ôh1fcuH�QbÕ¾}v�m��

y| h��6� � Ü
By Theorem8.14, o hasamodel qcr with qcr}f(Ñ�m[Z t if f (i) e�â¿Ö¦Û hasamodel qcr with qcr}f(Ñ�m[Z t , and(ii)
e�â\Ö�÷ is satisfiable.T

The following theoremshows that computingtight answersubstitutionsfor object-groundqueries �
to o under

t
-, ´¶µ -, and ´�É -entailmentcanbe reducedto computingtight answersubstitutionsfor � to

e�â#¡�Ñ1� Þ © ¬*E® f�Ökm under
t
-, ´¶µ -, and ´�É -entailment,respectively, andto checkingsatisfiabilityof theother

e�â\Ö�~ .
Theorem 8.16 Let o�uÓfÔe½h�Ö=m bea probabilisticlogic program,andlet f��&� psm�� �!h��9� bea groundconditional
constraint. Let »Ñ�Ò Þ © ¬*E® f�Ö=m�uø�1Ö¦Û�h°Ü°Ü°Ü�h�Öqo � and ¡�Ñ�� Þ © ¬��® f�Ökm�u³Ö¦Û . Then,for every Îº¢¿� t h�Ð�Ñ�h�ÐÏÒ � :

(a) If every e�â¿Ö¿ß with +^¢¿�t�h°Ü°Ü°Ü1hWp � is satisfiable,
then oÁ� � �= ßFUWVX= f��&� psm�� �!h��9� iff e�â¿Ö Û � � �= ßFUWVX= f��&� psm�� �!h��9� .

(b) Otherwise, o�� � �= ß?UAVX= f��&� psm����*h t � .
The following result shows that, in the groundcase,computingthe decompositionand the relevant

subsetcanbedonein time ö�f@�/o=�\g²�@p¯�6m , thatis, in lineartime. It follows from areductionto theproblem
of computingtheconnectedcomponentsof ahypergraph,whichcanbedonein lineartime.

Proposition 8.17 Givenagroundprobabilisticlogic program o�uëfÔeÕh�Ö=m andagroundevent p , »Ñ�Ò Þ © ® f�Ökm
and ¡�Ñ��4Þ © ®�f�Ökm canbecomputedin time ö�f@�/ok��g¦�@p¯�6m .

9 Reduction-BasedAlgorithms

In this section,we presentalgorithmsfor solving the problemsPOSITIVE PROBABILITY and TIGHT Î -
CONSEQUENCE, where Îº¢\� t h�Ð�Ñ�h�ÐÏÒ � , which arebasedon thetechniquesof exploiting classicalknowl-
edgeandclusteringpossibleworldsof Section7 andon theefficient reductionsdescribedin Section8.
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Algorithm Positive Probability

Input : Probabilisticlogic program� <r�����c��� andgroundevent � .

Output : “No”, if ����� 0 ��� � ; “Yes”,otherwise.

1. ��� <����]�������t������`� ;
2. if � � � 0 ��� � then return “No”;
3. �a� <�� G �
�;� � ���`� ;
4. if ���]� and � areconjunctive then ��� <9�;�#� ��� � ���`� ;
5. �n �� <���¡�¢ ��� � ���`� ;
6. £ �ã< £ � �c¤ ¥ �� �¦ ¤��`§ � ¤ ¨j©�� ;
7. if ª �n� � �«�� c� £ � is unsolvablethen return “No”;
8. for each �n �¬zt¡�� ��� � ���`� G §A�X¡�¢ ��� � �����®© do begin
9. £ �ã< £ � �c¤ ¥ �n �¦ ¤ � ;

10. if ª ����¨]�«�   � £ � is unsolvablethen return “No”
11. end;
12. return “Yes”.

Figure3: Algorithm ¯±° ó�í ô@í ²�ñ ¯(³�°4´;µ!´ í?¶ í ô�· .

9.1 PositiveProbability

Algorithm ¯±° ó�í ô@í ²�ñ ¯(³�°4´;µ!´ í?¶ í ô�· (seeFig. 3) decides,givena probabilisticlogic programo�uÓfÔeÕh�Ökm anda
groundevent p , whethero hasamodel qcr suchthat q+r�f(p;m[Z t . In step1,weaddtrivially entailedclassical
knowledgeto e . In step2, we thencheckwhetheralready e logically entails ��� p . In step3, we then
remove all vacuousconditionalconstraintsfrom Ö , while in step4, in theconjunctive case,we remove all
s-inactive conditionalconstraintsfrom Ö . In steps5-7, we decidewhethere�â\¡�Ñ1�4Þ © ®�f�Ökm hasa model q+r
with qcr}f(psm[Z t , while in steps8-11, we decidewhetherall the other e�â\Ö¿ß where Ö¿ß�¢�»�Ñ1Ò�Þ © ®Hf�Ö=m are
satisfiable.

The following theoremshows that Algorithm ¯±° ó�í ô/í ²�ñ ¯\³�°4´
µ!´ íd¶úí ô�· is correct. It follows immediately
from Theorems7.5,8.1,8.5,8.10,and8.14.

Theorem 9.1 Let o be a probabilistic logic program, and let p be a groundevent. Then, ¯±° ó�í ô@í ²*ñ ¯(³�°4´ -
µ¸´ íd¶úí ô�· f�och/p;m is “No”, if o�� � 0 ��� p , and“Yes”, otherwise.

Thefollowing exampleillustratesAlgorithm ¯±° ó�í ô@í ²*ñ ¯(³�°4´
µ¸´ íd¶úí ô�· .
Example9.2 Let o�uÓfÔe½h�Ö=m betheprobabilisticlogic programgivenin Example4.1,andlet p¿u adf u h am .
To decidewhetherthereexistsa model qcr of o suchthat qcr}f(psm[Z t , Algorithm ¯±° ó�í ô@í ²*ñ ¯(³�°4´;µ!´ íd¶ í ô�· gen-
eratesasystemof six linearconstraintsoversix variables,asthefollowing constructionshows.

Thesetse and Ö aregivenasfollows:

e u ��f ro f h h um���£�m����*h��6�Ôh1f ro f u h am���£�m����*h��6�Ôh1f ro f a h om���£nm����*h��6�Ôh
f adf h h um���£�m����*h��6�Ôh1f re f�l¿h@çÿm�� ro f�l¿h@çèmK¾ adf�l¿h@çèm�m����*h��6�Ôh
f sof a h om���£�m����*h��6�Ôh1f re f�l¿h@çÿm�� ref�l¿h®¹¥m�¾ ref�¹`h@çÿm�m����*h��6� � h

Ö u º�¡
»��¼IH»^f���f adf u h am���£�m�� t ÜQSh t ÜQ½Z�Ôh1f re f�l¿h@çÿm�� ro f�l¿h@çèm�m�� t Üd¾�h��6�Ôh
f ref�l¿h@çèm�� ro f�l¿h@çÿmH¾ sof�l¿h@çèm�m�� t ÜQ½h��6� � m^Ü
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Figure4: Semantictreefor Example9.2.

Algorithm ¯±° ó�í ô@í ²*ñ ¯(³�°4´;µ!´ íd¶ í ô�· now runsthroughsteps1-3withoutchanginge and Ö . In particular, it does
not stopat step2, as e doesnot logically entail ��� p . Since e�â�Ö and p areconjunctive, we compute
ùÒA* Þ © ® f�Ökm in step4. For this,we first computethestrongclassicalapproximationof o , which is givenby:

Î - ù �/� f�o\m u ºE¡�»���IH»3f���f ro f h h um���£nm����*h��6�Ôh1f ro f u h am���£�m����*h��6�Ôh1f ro f a h om���£�m����*h��6�Ôh
f adf h h um���£nm����*h��6�Ôh1f re f�l¿h@çèm�� ro f�l¿h@çèmH¾ adf�l¿h@çèm�m����*h��6�Ôh
f sof a h om���£�m����*h��6�Ôh1f re f�l¿h@çèm�� re f�l¿h®¹½mH¾ ref�¹`h@çèm�m����*h��6�Ôh
f adf u h am���£nm����*h��6�Ôh1f re f�l¿h@çèm�� ro f�l¿h@çèm�m����*h��6�Ôh
f ref�l¿h@çèm�� ro f�l¿h@çèmH¾ sof�l¿h@çèm�m����*h��6� � m^Ü

Thesetof all groundatoms� ¢Ìk�l¥� thatares-activew.r.t. o and p is givenby theleastHerbrandmodel
of Î - ù �/� f�o#m�â¦� adf u h am � , andthusgivenasfollows:

� ro f h h um@h ro f u h am@h ro f a h om@h adf h h um@h adf u h am@h sof a h om@h
ref h h um@h ref u h am@h ref a h om@h ref h h am@h ref u h om@h ref h h om � Ü

Theset ù�Ò�*�Þ © ®�f�Ö=m is thengivenasfollows:

ù�Ò�*�Þ © ®�f�Ö=m u ��f re f u h am�� ro f u h am�m�� t Üd¾�h��6�Ôh1f re f a h om�� ro f a h om�m�� t Üd¾�h��6�Ôh
f adf u h am���£�m�� t ÜQSh t ÜQ½Z�Ôh1f re f a h om�� ro f a h omK¾ sof a h om�m�� t ÜQ½h��6� � Ü

It is easyto verify that in steps5 and8, it holds that Ö¿ßnu?¡�Ñ���Þ © ®�f�Ö=m�u ù�Ò�*�Þ © ®�f�Ö=m and »Ñ�Ò°Þ © ®Hf�Ökm�u
�1ùÒA*�Þ © ®Hf�Ökm � , respectively, andthusweonly have to decidewhetherthesystemof linearconstraintsd&e�f(pÿh
ùÒA*�Þ © ®�f�Ökm@h�lnm in step7 is solvable. Here,we have the index set l�u���¡�ßB�«+B¢¿� t h°Ü°Ü°ÜZhWP ��� , wherethe ¡�ß ’s
correspondto theleavesof thedirectedtreeshown in Fig. 4. More precisely, every ¾\¡1ß is logically equiv-
alentto theconjunctionof all labelsalongthepathfrom the root labeled £ to the leaf associatedwith ¡�ß .
For example, ¾¿¡ y is logically equivalent to ¡�»�f��Kh�ù�m�¾¿¡�ÑEf���h�ù}m�¾�¡
»�f�ù^h#»�m�¾¿¡�ÑEf�ù^h#»�m�¾�ù»^f��Kh�ù�m�¾�Ît»�f�ùBh#»�m .
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Algorithm Tight 0 Consequence

Input : Probabilisticlogic program� <r�����c��� andobject-groundprobabilistic
query Í <ÏÎ±��Ð(¤ � �#¥ Ñ��cÒ;¦ .

Output : Tight answersubstitutionÓ for Í to � underlogicalentailment.

1. if ��� � 0 ��� � then return Ó <Ô§AÑ4Õ�>h�cÒ/Õ�Ö�©
2. elseif �L��� 0 ��� �]× Ð then return Ó <�§�Ñ4ÕXÖ¸��Ò¸ÕXÖ/©
3. elseif �L��� 0 ��� �]×nØ Ð then return Ó <�§�Ñ4Õ�>h��Ò¸Õ�>�© ;
4. ��� <����`§ ���6Ù ¤�Î{�ÛÚ{¤ Ù �W¥ ¢���Ü!¦t¬<��� ����� 0 ���6Ù © ;
5. �a� <�� G �
�;� � ���`� ;
6. if ���]� and �]× Ð areconjunctive then ��� <��
�Ä� ��� Ý D � ���`� ;
7. �a� <L�X¡�¢ ��� Ý D � ���`� ;
8. £ �ã< £ � �c¤ ¥ �n¦ ¤���§AÐ%¤ � ©�� ;
9. ¢ (resp.,Ü ) �ã<ßÞnà?á (resp.,ÞÌâXã ) ä9åWæhç � å4è é Ý D � Ò å subjectto ª �n� � �c�K� £ � ;

10. return Ó <Ô§AÑ±ÕX¢-�cÒ¸Õ�Ü¼© .

Figure5: Algorithm ê í ë±ìZô í î ° îZó�ñXï�ðZñ*î;ñ°ñ .

Thesystemof linearconstraintsd+e�f(pèh�ùÒ�*jÞ © ®Kf�Ö=m@h�lnm is thengivenasfollows (whereeachvariable��ß with
+B¢¿� t h°Ü°Ü°Ü�hWP � correspondsto ¡�ß ):

� Y gø� y u¼�Æ t Üd¾Õå�f�� 7 g�� Û mòg
t ÜQó½åEf�� ÷ gø� Y gø� w gø� y môJ

t
Æ t Üd¾Õå�f�� 7 g���÷�g�� Y mòg

t ÜQó½åEf��}Û%gø� w gø� y môJ t
Æ t ÜQS½å�f�� 7 g��}Û(g���÷�g�� w mòg

t ÜQ�½åf�� Y gø� y môJ
t

t ÜQ½½å�f�� 7 g��}Û(g���÷�g�� w m Æ
t Ü �cåf�� Y gø� y môJ

t
Æ t ÜQ½½å�f�� 7 g���÷�g�� Y mòg

t Ü �cåEf��}Û%gø� w gø� y môJ t
��ß�J t

(for all +B¢¿� t h°Ü°Ü°Ü�hWP � m .
Thissystemis solvable,andthusAlgorithm ¯±° ó�í ô/í ²�ñ ¯\³�°4´;µ!´ í?¶ í ô�· returns“Yes” in step12. By Theorem9.1,
o hasamodel q+r suchthat q+r�f(psm[Z t . T
9.2 Tight Logical Consequence

Algorithm ê í ë±ì1ô í î ° îZó�ñXï�ð�ñ*îtñ°ñ (seeFig. 5) computes,givenaprobabilisticlogic programo#u�fÔeÕh�Ökm and
anobject-groundprobabilisticquery �nu���f��+� p;m�� ��hã�E� , thetight answersubstitutionfor � to o underlogical
entailment.In steps1-3,we first checkwhethero logically entailseither ��� p , or ��� �\¾�p , or � � p ,
which canbe doneusingAlgorithm ¯±° ó�í ô/í ²�ñ ¯\³�°4´
µ!´ íd¶úí ô�· . If this is the case,thenwe immediatelyreturn
either ������*h��9� t� , or ����� t h���� t� , or ������*h����� � , respectively. Otherwise,in step4, we add to e some
classicalknowledgethat is entailedby o . Here,the setof all addedclassicalconditionalconstraintsis a
supersetof *!¡;+�, ûÞ f�Ökm andcanbe computedusingAlgorithm ¯±° ó�í ô/í ²�ñ ¯\³�°4´;µ!´ í?¶ í ô�· . In steps5-6, we then
removeall vacuousands-inactive conditionalconstraints.In steps7-9,wefinally computetheinterval � �!h��9�
suchthat e�â\¡�Ñ�� Þ © ¬��® f�Ö=mK� � 0= ßFUWV�= f��&� p;m�� �!h��B� .

The following theoremshows thatAlgorithm ê í ë±ì1ô í î ° î1ó�ñXï�ðZñ*îtñ°ñ is correct.This resultfollows im-
mediatelyfrom Theorem7.6,aslight generalizationof Theorem8.3,andTheorems8.7,8.12,and8.16.
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Figure6: Semantictreefor Example9.4.

Theorem 9.3 Let o be a probabilistic logic program, and let � be an object-groundprobabilistic query.
Then,ê í ë±ìZô í î ° î1ó�ñXï�ðZñ*î;ñ°ñ f�och@�#m is thetight answersubstitutionfor � to o underlogical entailment.

Wegiveanexampleto illustrateAlgorithm ê í ë±ìZô í î ° î1ó�ñXï�ðZñ*î;ñ°ñ .
Example9.4 Considertheprobabilisticlogic programo givenin Example4.1andtheobject-groundprob-
abilistic query ��u���f ref h h om°� adf u h am�m�� ö�h#÷\� . In orderto computethe tight answersubstitutionfor � to
o underlogicalentailment,Algorithm ê í ë±ì1ô í î ° î1ó�ñXï�ðZñ*îtñ°ñ generatestwo linearprograms,eachof which
consistsof only six linearconstraintsoversevenvariables.

In detail,we have �¿u ref h h om and p�u adf u h am . Thesystemof linearconstraintsd&e¶f(pèh�Öýh�lnm thatwe
usein step9 is thengiven through Ö�uwù�Ò�* Þ © ¬��® f�Ökm , which coincideswith ùÒ�*jÞ © ®Hf�Ökm of Example9.2,
and l�u���¡�ßB�«+B¢�� t h°Ü°Ü°Ü1hWR ��� , wherethe ¡�ß ’s correspondto theleavesof thedirectedtreein Fig. 6. Thetwo
linearprogramsarethengivenasfollows (whereeach� ß with +B¢�� t h°Ü°Ü°Ü1hWR � correspondsto ¡ ß ):

minimize (resp.,maximize) � w g��/ø
subjectto

� Y g�� w g��/ø=u �Æ t Üd¾Õåf�� 7 gø�}Û/m\g
t ÜQó½å�f���÷�g�� Y g�� w g�� y g��/ø�mÏJ

t
Æ t Üd¾Õåf�� 7 gø��÷Hgø� Y g�� w m�g

t ÜQó½å�f��}Û(g�� y g��/ø�mÏJ t
Æ t ÜQS½åf�� 7 gø�}Û\gø��÷Dg�� y m�g

t ÜQ�½å�f�� Y g�� w g��/ø�mÏJ
t

t ÜQ½½åf�� 7 gø�}Û\gø��÷Dg�� y m Æ
t Ü �cå�f�� Y g�� w g��/ø�mÏJ

t
Æ t ÜQ½½åf�� 7 gø� ÷ gø� Y g�� w m�g

t Ü �cå�f�� Û g�� y g�� ø mÏJ t
� ß J t

(for all +B¢�� t h°Ü°Ü°ÜZhWR � m .
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Algorithm Tight me Consequence

Input : Probabilisticlogic program� <r�����c��� andobject-groundprobabilistic
query Í <ÏÎ±��Ð(¤ � �#¥ Ñ��cÒ;¦ .

Output : Tight answersubstitutionÓ for Í to � under ùÌú -entailment.

1. if ��� � 0 ��� � then return Ó <Ô§AÑ4Õ�>h�cÒ/Õ�Ö�©
2. elseif �L��� 0 ��� �]× Ð then return Ó <�§�Ñ4ÕXÖ¸��Ò¸ÕXÖ/©
3. elseif �L��� 0 ��� �]×nØ Ð then return Ó <�§�Ñ4Õ�>h��Ò¸Õ�>�© ;
4. ��� <����`§ ���6Ù ¤�Î{�ÛÚ{¤ Ù �W¥ ¢���Ü!¦t¬<��� ����� 0 ���6Ù © ;
5. �a� <�� G �
�;� � ���`� ;
6. �a� <L�X¡�¢ ��� Ý D � ���`� ;
7. £ �ã< £ � �c¤ ¥ �n¦ ¤���§AÐ%¤ � ©�� ;
8. computetheweights � å ���û¬ £ � ;
9. computetheoptimalsolution Ò �å ���û¬ £ � of theoptimizationproblem

10. ÞÌâ�ã G ä å#æhç Ò å ��üdýtþòÒ å G üdýtþ\� å � subjectto ª �n��¨]�c�K� £ � ;
11. `�ã<ÿ� ä å#æhç � åAè é Ý D � Ò �å �!Õû� ä å#æhç � å�è é � Ò �å � ;
12. return Ó <Ô§AÑ±ÕX!��Ò¸ÕX¸© .

Figure7: Algorithm ê í ë±ì1ô �Õñ î ° î1ó�ñXï�ðZñ*î;ñ°ñ .
Theoptimalvaluesare0.875and1, respectively. Thus,by Theorem9.3,thetight answersubstitutionfor �
to o underlogicalentailmentis ��ö¤� t ÜQS/¾
Ph�÷+�� � . T

9.3 Tight Consequenceunder Maximum Entropy

Tight answersubstitutionsunder ´¶µ -entailmentcanbecomputedwith Algorithm ê í ë±ìZô �	ñ î ° î1ó�ñXï�ð�ñ*îtñ°ñ
(seeFig.7),whichis verysimilar to ê í ë±ì1ô í î ° î1ó�ñXï�ð�ñ*îtñ°ñ . Theonly differencesarethat,in ê í ë±ì1ô �Õñ î ° î -ó�ñXï�ðZñ*î;ñ°ñ

, we cannotremove anymores-inactive conditionalconstraints(step6 of ê í ë±ìZô í î ° î1ó�ñXï�ðZñ*î;ñ°ñ ),
andwe performanentropy maximizationin steps7–11ratherthansolvingtwo linearprograms(steps7–9
of ê í ë±ìZô í î ° î1ó�ñXï�ðZñ*îtñ°ñ ).

The next result shows that Algorithm ê í ë±ìZô �	ñ î ° îZó�ñXï�ð�ñ*îtñ°ñ is correct. It is immediateby a slight
generalizationof Theorem8.3andTheorems7.8,8.7,and8.16.

Theorem 9.5 Let o be a probabilistic logic program, and let � be an object-groundprobabilistic query.
Then,ê í ë±ì1ô �Õñ î ° î1ó�ñXï�ðZñ*î;ñ°ñ f�och@�#m is thetight answersubstitutionfor � to o under ´¶µ -entailment.

9.4 Tight Consequenceunder Maximum Entropy and CWA

Givena conjunctive probabilisticlogic programo uéfÔeÕh�Ökm anda conjunctive object-groundprobabilistic
query ��u���f��&� psm�� �Kh���� , thetight answersubstitutionfor � to o under ´�É -entailmentcanbecomputedwith
Algorithm ê í ë±ìZô �]ñ î ° î1ó�ñXï�ð�ñ*îtñ°ñ (seeFig. 8), which is nearlyidenticalto ê í ë±ì1ô �	ñ î ° î1ó�ñXï�ðZñ*îtñ°ñ , except
thatwe now alsoremove s-inactive conditionalconstraintsin step6.

The following theoremshows that Algorithm ê í ë±ì1ô ��ñ î ° îZó�ñXï�ðZñ*î;ñ°ñ is correct. This result follows
immediatelyfrom Theorem7.8,aslight generalizationof Theorem8.3,andTheorems8.7,8.12,and8.16.
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Algorithm Tight mc Consequence

Input : Conjunctiveprobabilisticlogic program� <ß�����«�`� andconjunctive
object-groundprobabilisticquery Í <ÏÎ±�ÛÐ%¤ � �#¥ Ñ��cÒt¦ .

Output : Tight answersubstitutionÓ for Í to � under ù�� -entailment.

1. if �L��� 0 ��� � then return Ó <�§AÑ±Õ*>h�cÒ¸ÕXÖ�©
2. elseif ����� 0 ��� ��× Ð then return Ó <�§AÑ4Õ�Ö/�cÒ/Õ�Ö�©
3. elseif ����� 0 ��� ��×�Ø Ð then return Ó <�§AÑ4Õ�>h�cÒ/Õ�>�© ;
4. �ÿ� < �}�`§ �}� Ù ¤�Î{��Ú�¤ Ù �#¥ ¢-��Ü!¦t¬<��� ����� 0 ��� Ù © ;
5. �N�ã<9� G �
�
� � ����� ;
6. �N�ã<9�
�Ä� ��� Ý D � ���`� ;
7. �N�ã<��X¡�¢ ��� Ý D � ���`� ;
8. £ � < £ � �c¤ ¥ �n¦ ¤���§�Ð(¤ � ©�� ;
9. computetheweights� å �Û�û¬ £ � ;

10. computetheoptimalsolution Ò �å �Û�û¬ £ � of theoptimizationproblem
11. ÞÌâXã G ä åWæhç Ò å �Ûü?ýhþ\Ò å G ü?ýhþ\� å � subjectto ª �n��¨]�«�q� £ � ;
12. Ì� <ÿ� ä�åWæhç � å�è é Ý D � Ò �å �¸Õû� ä�åWæhç � åAè é � Ò �å � ;
13. return Ó <�§AÑ±ÕX!��Ò¸ÕX¸© .

Figure8: Algorithm ê í ë±ìZô �]ñ î ° îZó�ñXï�ðZñ*î;ñ°ñ .
Theorem 9.6 Let o be a probabilistic logic program, and let � be an object-groundprobabilistic query.
Then,ê í ë±ìZô �]ñ î ° îZó�ñXï�ð�ñ*îtñ°ñ f�o¯h@�nm is thetight answersubstitutionfor � to o under ´�É -entailment.

Thefollowing exampleillustratesAlgorithm ê í ë±ì1ô �]ñ î ° îZó�ñXï�ðZñ*î;ñ°ñ .
Example9.7 Consideragainthe probabilisticlogic program o�uøfÔe½h�Ö=m of Example4.1 andthe object-
groundprobabilisticquery ��u���f ref h h om°� adf u h am�m�� ö�h#÷#� . In orderto computethetight answersubstitution
for � to o under ´�É -entailment,Algorithm ê í ë±ì1ô ��ñ î ° îZó�ñXï�ðZñ*î;ñ°ñ generatesan entropy maximization
problemsubjectto a systemof only six linearconstraintsoversevenvariables.

More precisely, in steps7–11,wecomputetheuniqueoptimalsolutionof

Ã¶Ä�ÅxÆ��
 �� ¨ �� �f ¾D¿�È ��  Æ ¾£¿�È ù� °m subjectto d&e¶fÔ£\h�Ö�h�lnm^h

where Ö and l arethesameasin Example9.4,andevery weight ù�  with ¡c¢�l is givenby �ú�1Ø	¢c�K���!Ø�� u
e�â¶��¾¿¡ ��� � . Here,thereare18 possibleworlds Ø`¢¯�K� suchthat ØÕ� u�e , which arepartitionedasfollows
through l�u���¡ 7 h°Ü°Ü°ÜZh�¡hø

�
:

¡ 7��uÁ�
	 7 h°Ü°Ü°Ü�h�	 y � hÏ¡�Û �uÁ�
	��h°Ü°Ü°Ü�h�	�Û Y � hÏ¡1÷ �uÀ�
	¸ø*h°Ü°Ü°ÜZh�	 | � h¡ Y��uÁ�
	�Û y � hÏ¡ w �uÀ�
	�Û�ø*h�	�Û�� � hÏ¡ y �uÁ�
	�Û w � hÏ¡hø �u��
	�Û | � Ü
Thus, f�ù 7 h�ù Û h�ù ÷ h�ù Y h�ù w h�ù y h�ù ø mèu f�RhWPhWóh��*hW�h��*h��1m , andwegetthefollowing optimizationproblem(where
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each��ß and ù�ß with +B¢�� t h°Ü°Ü°Ü1hWR � correspondsto ¡�ß ):
maximize Æ ø§ß « 7

��ß}f ¾£¿�È ��ß Æ ¾£¿�È ù�ßÔm
subjectto

� 7 g��}Û%g���÷�g�� Y g�� w g�� y g��/ø¦u �Æ t Üd¾ÕåEf�� 7 g��}Û@m�g
t ÜQó¥å�f���÷�g�� Y g�� w g�� y g��/ø�mKJ

t
Æ t Üd¾ÕåEf�� 7 g���÷�g�� Y g�� w m�g

t ÜQó�åEf��}Û%g�� y g��/ø�mKJ t
Æ t ÜQS½åEf�� 7 g��}Û(g���÷�g�� y m�g

t ÜQ��åEf�� Y g�� w g��/ø�mKJ
t

t ÜQ½¥åEf�� 7 g��}Û(g���÷�g�� y m Æ
t Ü �`åEf�� Y g�� w g��/ø�mKJ

t
Æ t ÜQ½½åEf�� 7 g���÷�g�� Y g�� w m�g

t Ü �`åEf��}Û%g�� y g��/ø�mKJ t
� ß J t

(for all +^¢¿� t h°Ü°Ü°ÜZhWR � m .
The tight answersubstitutionfor � to o under ´�É -entailmentis then ��ö¤��»9h�÷c��» � , where »Àu�f�� ûw g
��ûø m��+f��EûY gÀ�Eûw gÀ��ûø m and ��ûß f�+B¢¿� t h°Ü°Ü°Ü�hWR � m is the optimal solution of the above optimizationproblem.
Numerically, it is ��ö¤� t ÜQ½�R�ó��h�÷+� t ÜQ½�R�ó�� � . T

10 Conclusion

In this paper, we presentedtwo approachesto probabilisticlogic programmingundermaximumentropy,
whicharebasedon theusualnotionof entailmentundermaximumentropy ( ´¶µ -entailment),andanew no-
tion of entailmentundermaximumentropy ( ´�É -entailment)thatcouplestheprincipleof maximumentropy
with theclosedworldassumption(CWA) from classicallogic programming.Weanalyzedthenonmonotonic
behavior of bothapproachesalongbenchmarkexamplesandalonggeneralpropertiesfor default reasoning
from conditionalknowledgebases.It turnedout that both approacheshave very nice nonmonotonicfea-
tures.Furthermore,wepresentedalgorithmsfor computingtight intervalsfrom probabilisticlogic programs
under ´�µ - and ´�É -entailment,which arebasedon generalizationsof techniquesfrom [45]. In particular,
computingtight intervals under ´�É -entailmentis reducedto an optimizationproblemof the samesizeas
theoneproducedby computingtight intervalsunderlogicalentailmentin [45].

We have usedthe principle of maximumentropy as a way to overcomethe inferential weaknessof
model-theoreticlogical entailment.This approachhasa numberof advantagesover theBayesiannetwork
approachesin [63, 62, 22, 55, 24, 25]: Sincethelatterapproachesoriginatedfrom Bayesiannetworks,they
all assumesomestrongstructuralrestrictionsonprobabilisticknowledgebases.In particular, they all require
that thegroundingof a knowledgebaseis acyclic. Moreover, conditionalprobabilitiesarealwaysgivenby
aprecisepointvalue,ratherthanby aninterval. Ourwork, in contrast,is freefrom suchstrongrestrictions.

The me-modelof a probabilisticlogic program o automaticallysatisfiesconditionalindependencies
that are implicitly entrenchedin the structureof o . Roughly, we find conditionalindependenciesin the
me-modelwheretheavailableinformationdoesnot justify establishinga dependency. In general,however,
theme-modelof aprobabilisticlogic programo thatrepresentsafragmentof aBayesiannetwork ��� does
not satisfythe conditionalindependenciesimplicitly encodedin ��� . However, a simulationof Bayesian
networks is possiblethrougha slight modificationof theusualme-approach:In orderto obtainmaximum
entropy modelsthatautomaticallyencodeconditionalindependenciesasin Bayesiannetworks,onecanuse
theprincipleof sequentialmaximumentropy introducedin [43].
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Theremaybeapplicationsin practicewheretheimprecisionthatis expressedby thewidth of theproba-
bility intervalsin aprobabilisticlogic programshouldalsosomehow bereflectedin theconcludedintervals.
In suchcases,theapproachesto probabilisticlogic programmingunderinheritancewith overriding intro-
ducedin [44] arebettersuitedthanourapproachesto probabilisticlogic programmingundermaximumen-
tropy. Observe,however, thatthenotionsof entailmentunderinheritancewith overridingin [44] areclosely
relatedto entailmentundermaximumentropy, as they all have very similar nonmonotonicproperties,in
particular, they all realizesomeinheritanceof probabilisticknowledge.Exploringin somemoredetail this
relationshipbetweenentailmentunderinheritancewith overridingandentailmentundermaximumentropy
is anexciting topic of furtherresearch.

Another interestingtopic of future researchis to generalizethe notion of entailmentundermaximum
entropy andCWA to a larger classof probabilisticlogic programs,beyond thoseover conjunctive events.
A closely relatedissueof further researchis to extend the reductionof removing s-inactive conditional
constraintsdescribedin Section8.3to a largerclassof probabilisticlogic programs.

A Appendix: Proofsfor Section3

Proof of Lemma 3.1. Recallthat oÀ� � 0 f��&� p;m�� �!h��B� if f every model q+r of o is alsoa modelof f��&� psm�� �!h��9� .
The latter is equivalentto q+r�f��&� p;m3¢¦� �!h��9� for every model q+r of o suchthat q+r}f(p;m[Z t , which in turn is
equivalentto qcr�®�f��;m3¢¦� ��h��B� for every model q+r of o suchthat qcr}f(psm[Z t . Thisargumentationalsoshows
that o�� � 0= ßFUWVX= f��&� psm�� �!h��9� if f � (resp.,� ) is the infimum (resp.,supremum)of q+r ® f��sm subjectto all models
q+r of o suchthat q+r�f(p;m[Z t . T

Thefollowing lemmawill beusedin theproofof Theorem3.2.

Lemma A.1 Let o bea conjunctiveprobabilistic logic program,andlet p bea groundconjunctiveevent.
Then,for everymodel q+r of o , there existsa model q+r û of o²â������¿f�och/psm such that q+r û f�^�m�u�q+r�f�^�m for
everygroundevent ^ that is activew.r.t. o and p .

Proof of Lemma A.1. Let q+r be a modelof o . We define q+r û by qcr û f�Ø}m�u�q+r�f�Ú � m for all Ø	¢c� � with
ØÕ� u������¿f�och/psm , where Ú � is theconjunctionof all active atoms� ¢�Ø andof all negationsof active atoms� �¢�Ø , and by q+r û f�Øm�u t for all other ØÕ¢+�K� . Clearly, qcr û satisfies�����¿f�och/psm , and q+r û f�^�m�u�qcr}f�^Hm
for all active groundevents ^ . Hence, qcr û satisfiesall active membersof y�rjz*{}|^~�f�o#m . We now show
that qcr û also satisfiesall inactive membersof y�r�z*{}|^~�f�o#m . Supposethe contrary. That is, someinac-
tive f�Í½� Ë m�� �!h��9�E¢¿y�r�z*{}|^~�f�o#m exists suchthat qcr û �� uÓf�Í¥� Ë m�� ��h��B� . It then follows that q+r û f Ë m[Z t , asoth-
erwise qcr û � uÓf�Í¥� Ë m�� ��h��B� . Hence, Ë is active, as otherwise q+r û f Ë m�u t . Since f�Í¥� Ë m�� ��h��B� is inactive, it
thus follows that Í is inactive. Hence,we obtain �4Z t , as otherwise q+r û � uÓf�Í½� Ë m�� �!h��9� . Furthermore,
as q+r�f Ë m�u�qcr û f Ë m[Z t , it follows that o��� � 0 ��� Ë . This shows in particular that Í � Ë belongsto
ù �/� f�o#m . But this contradictsË beingactive and Í being inactive. This shows that q+r û is alsoa model
of all inactive membersof y�r�z*{}|^~Kf�o#m . T
Proof of Theorem 3.2. f-sëm Sincethe consequencerelation � � 0 is monotonic, oÀ� � 0 f��&� psm�� ��h��B� implies
o�â������¿f�och��¿¾�p;mK� � 0 f��+� p;m�� �!h��9� .

f � m Assumethat f���mºoÂâ������\f�o¯h��¿¾�psmK� � 0 f��&� psm�� �!h��9� . Towardsa contradiction,supposenow that
o��� � 0 f��&� psm�� �!h��9� . That is, thereexists a model qcr of o suchthat q+r½�� uÓf��&� psm�� �!h��9� . Since f��&� psm�� �!h��9� is
active, by LemmaA.1, thereexistsa model qcr û of oÀâ������¿f�och��¿¾�psm suchthat q+r û �� uÓf��&� psm�� ��h��B� . But
this thencontradictsf���m . Thisshows that o � � 0 f��&� psm�� �!h��9� . T
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Proofof Theorem3.3.Wefirst show that o�â������\f�och���¾¿p;m is logicallyequivalentto Êo#â������¿f�och��;¾vpsm .
Observe that o logically entailsall ��� Ë suchthat (a) Ë is active w.r.t. o and �;¾sp , and(b) f�Í½� Ë m�� ¡�h/Î°�+¢
y�r�z*{}|^~Kf�o#m for some ¡<Z t and some Í that is inactive w.r.t. o and ��¾�p . Thus, every model of o â�����¿f�och���¾�p;m is alsoa modelof Êo â������¿f�och���¾¿psm . To prove the converse,it is sufficient to show
that ÊoÓâ������¿f�och���¾�p;m logically entailsevery f�Í½� Ë m�� ¡�h/Î°�E¢�y�r�z*{}|^~�f�o#m thatis inactive w.r.t. o and �\¾�p .
Towardsa contradiction,assumethat thereexists a model qcr of Êo â������¿f�och��³¾³psm andsomeinactive
f�Í½� Ë m�� ¡Zh/Î��E¢�y�r�z*{}|^~Kf�o\m suchthat qcrÕ�� uÓf�Í¥� Ë m�� ¡Zh/Î�� . Hence, q+r�f Ë m[Z t , andthus Ë is active. Hence,Í is
inactive, andthus ¡<Z t . Thus, ��� Ë belongsto Êo . But this contradictsqcr beinga modelof Êo . Thus,
Êo�â������\f�och���¾�psm logically entailsevery inactive f�Í½� Ë m�� ¡Zh/Î��E¢�y�r�z*{}|^~Hf�o#m . Hence,every modelof ÊoÁâ�����¿f�och���¾�p;m is alsoa modelof o â������\f�o¯h��¿¾�psm . In summary, o�â������\f�o¯h��¿¾�psm is logically
equivalentto Êo�â������¿f�och��¿¾¿psm .

By Theorem3.2, o�� � 0 f��&� psm�� ��h��B� if f o�â ������f�och���¾¿p;mK� � 0 f��+� p;m�� �!h��9� . By theresultabove, thelatter
is equivalentto Êo�â������\f�och���¾�psmK� � 0 f��&� psm�� ��h��B� . As Êo and f��&� p;m�� �!h��B� containonly active � ¢������ , this
is equivalentto ÊoÁ� � 0 f��&� p;m�� �!h��B� . T
Proof of Theorem 3.5. Recall that oÁ� � ·"! f��&� psm�� �!h��9� if f o â#�����¿f�och��¿¾�p;mø� � ·º¹ f��&� psm�� ��h��B� . Since�����¿f�och���¾�p;m�u$�����\f�o â%�����¿f�och��¿¾¿psm@h���¾�p;m , as easily verified, the latter is equivalent to o â�����¿f�och���¾�p;mâ&�����¿f�o�â&�����\f�o¯h��¿¾�psm@h1�\¾�p;mK� �w·º¹*f��&� p;m�� �!h��B� . Thatis, o�â&�����\f�o¯h��¿¾�psmK� �³·�!
f��&� p;m�� �!h��B� . T
Proof of Theorem 3.6. Recallthat o�� � ·"! f��&� psm�� �!h��9� if f oÂâ������¿f�och��¿¾�p;m�� � ·&¹ f��&� psm�� ��h��B� . By the
proofof Theorem3.3, o�â �����\f�o¯h��¿¾�psm is logically equivalentto Êo�â �����\f�och���¾�psm . It is theneasyto
verify that �����¿f�och���¾�p;mÿu'�����\f Êo¶h��¿¾¿psm . It thusfollowsthat o¦â(�����¿f�och���¾�p;mK� � ·º¹ f��&� p;m�� �!h��B� if f
Êo�â������\f*Êo�h��\¾�p;mK� �w·º¹*f��&� p;m�� �!h��B� . Thelatteris equivalentto ÊoÁ� �¸·"!�f��&� psm�� �!h��9� and,since�����\f�och��`¾
p;m�u$�����¿f Êo�h��¿¾�p;m , alsoto Êo�� � ·º¹ f��&� p;m�� �!h��B� . T

B Appendix: Proofsfor Section5

We next prove Theorems5.6–5.11. In thesequel,for groundprobabilisticlogic programso , andground
events Ë , we define )�z�~ ' f�o#m asfollows:

)�z�~ ' f�o\m u ��qcr ' �Eq+r�� u�och^q+r�f Ë m[Z t� Ü
For theproofof Theorem5.6in thecaseÎ½u²ÐÏÒ , weneedthefollowing lemma,respectively, its (immediate)
corollary.

Lemma B.1 Let Ë h�Í`h�Ú�h�Ú+* begroundconjunctiveevents,andlet o bea (fixed)groundconjunctiveproba-
bilistic logic program; set

oÿÛ&u ��Í � Ë ��f�Í½� Ë m����*h��6�E¢¿och9o �� � 0 f Ë �ã£�m�� t h t � � _ appf�o#m
If o²â CWA f�och�Úc¾=Ú,* mK� � 0 f�Úc¾ÏäsÚ+*(�ã£�m�� t h t � , then o�� � 0 f�Ú�ã£nm�� t h t � , or o Û âý�1Ú � � uÁÚ,* .
Proof. Let Ú=u � Ûÿ¾�Ü°Ü°Ü�¾ � Ý , andlet Î�Û�h°Ü°Ü°ÜZh/Î · be theotheratomswhich areentailedby oÿÛºâw�1Ú � , i.e.
oèÛsâ¸�1Ú � � u � Û�h°Ü°Ü°Ü�h � Ý^h/Î�Û�h°Ü°Ü°Ü1h/Î · . Set Ø.-ïu � � Û°h°Ü°Ü°ÜZh � ÝBh/Î�Û°h°Ü°Ü°Ü1h/Î ·

� ¢¶�K� . In particular, Øk� uÁÚ . Assume
Øý�� uÀÚ,* , henceØ=� uÀÚ+¾�äsÚ,* . By presupposition,o�â CWA f�och�Úc¾=Ú,*Rm¯� uÀØ^� t h t � . SinceeachÎ ß is entailedby
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oÿÛBâ¶�1Ú � , it is alsoentailedby appf�o\mâ¶�1Ú;¾\Ú,* � . HenceoP� u�Ø^� t h t � . Now, usingtheexplicitnesscondition
(3), thereis f0/÷E� /9Û@m�� Ò�h�Ò/�n¢²o suchthat either Ò¦u � and Øë� u1/9Ûº¾�ä2/÷ , or Ò=u t

and Øë� u1/9Ûº¾�/÷ . If
Ò¶u � , then /�÷ � /9Û¤¢ oÿÛ , and ØÓ� u3/BÛè¾wä4/�÷ is a contradictionto thechoiceof Î�Û°h°Ü°Ü°Ü1h/Î · . So Ò¶u t
and Ø � u5/ Û ¾�/ ÷ , i.e. / Û ¾#/ ÷ is a conjunctionof someof the atoms� Û h°Ü°Ü°ÜZh � Ý h/Î Û h°Ü°Ü°Ü1h/Î · . But then,
o�� � 0 f�Ú}�ã£�m�� t h t � , ascanbeseenasfollows: Let Ø * ¢��K� with Ø * � u�Ú . If thereis an Î1ß!h��76 +86ÓÐwh suchthat
Ø9*+�� u Î1ß , then oá� u Ø9*(� t h t � , accordingto thechoiceof Î�Û�h°Ü°Ü°Ü1h/Î · . Otherwise,Ø9*è� u Î�Û�h°Ü°Ü°Ü1h/Î · . Thenalso
Ø * � u:/BÛ�¾�/�÷ , andhenceoP� u�Ø * � t h t � . In eithercase,oé� uÁØ * � t h t � . T
Corollary B.2 If o�â CWA f�och�Úc¾=Ú * mK� � 0 f�Úc¾ÏäsÚ * �ã£nm�� t h t � , then o�� � 0 f�Ú}�ã£�m�� t h t � , or appf�o\mHâý�1Ú � � u�Ú * .
Proof of Theorem 5.6. Let � � � beoneof � � 0 hv� �¸·&¹�hv� �³·"! , i.e. we considerthecasesÎ¦¢Ó� t h�Ð�Ñ�h�ÐÏÒ �
(exceptfor RW, wherewe only considerÎ#¢³� t h�Ð�Ñ � .

RW. Let Î�u t
. If every modelof f Ë �ã£�m�� �!h��9� satisfiesf�Í¥�ã£�m�� �0*(h��;*æ� , and f Ë �ã£�m�� �!h��9� is true in all qcrì¢)�z1~=<�f�o#m , then f�Í¥�ã£�m�� � * h�� * � is truein all qcr\¢�)�z�~=<*f�o#m , too.

Let ÎÕu�Ð�Ñ . LetPr ·º¹ u ´¶µ� o½� betheme-modelof o . Dueto o�� �Óf Ë � Ú�m�� �!h��9� , wehavePr ·&¹ � u f Ë � Ú*m�� �!h��9� ,
that is, Pr ·º¹< � u f Ë �ã£�m�� �!h��9� . ThenalsoPr ·º¹< � u f�Í½�ã£nm�� � * h�� * � , since f Ë � Ú�m�� �!h��B�;s¼f�Í¥�ã£�m�� � * h�� * � is logically
valid. But thismeansthatPr ·º¹ � u f�Í½� Ú*m�� �>*�h��;*ï� , andso oÁ� � ·º¹ f�Í½� Ú�m�� �0*(h��?*ï� .
Ref. Clearly, f�Ú}� Ú�m����*h��6� is true in all probabilistic interpretationsqcr , in particular, in ´�µ� i¿� and in
´¶µ� i â CWA f4ikh�Ú�mj� . So,RW holdsfor eachÎ#¢³� t h mÑ�h mc

�
.

LLE. If Ú\2±Ú,* is logically valid, then Ú and Ú,* are propositionallyequivalent. So, qcr < u q+r <�@ for all
probabilisticinterpretationsq+r . In particular, q+r+<��u f Ë �ã£nm�� ��h��B� if f qcr < @ � u f Ë �ã£�m�� �!h��9� . Setting q+r�u
´¶µ� o½� and q+r¤u ´¶µ� o²â CWA f�och Ë ¾=Ú*m��vu ´�µ� oxâ CWA f�och Ë ¾=Ú+* m�� , this provestheassertionfor Î�u
Ð�Ñ and Î�uÀÐÏÒ , respectively. For Înu t , we have )�z�~A<Zf�o\mºuB)�z1~ < @ f�o#m . Hence,f Ë �ã£nm�� ��h��B� is truein all
q+r¿¢�)�z�~=<�f�o\m if f f Ë �ã£nm�� ��h��B� is truein all qcr�¢�)�z�~ <�@ f�o\m .
CutandCM. Let Î	u t . If f�Ú,*��ã£�m����*h��6� is truein all q+r¿¢�)�z�~ < f�o\m , then )�z�~ <�
<C@ f�o#mèu')�z�~ < f�o#m . Hence,
f Ë �ã£�m�� �!h��9� is truein all q+r¿¢�)�z�~ <�
<C@ f�o#m if f f Ë �ã£�m�� �!h��9� is truein all q+r¿¢�)�z1~A<Zf�o#m .
Let Î½u²Ð�Ñ , andlet Pr ·&¹ u ´¶µ� o½� . Supposeo�� �¸·&¹Zf�Ú+*Ô� Ú*m����*h��6� , thatmeans,Pr ·º¹ � u f�Ú+*Ô� Ú*m����*h��6� . Thenfor
all eventsp , Pr ·º¹ f(p#¾#Ú�mÿu Pr ·º¹ f(p#¾#ÚK¾#Ú * m , dueto Pr ·º¹ f�ÚK¾¿äsÚ * mèu t . Therefore,Pr ·&¹ � u f Ë � ÚK¾#Ú * m�� ��h��B�
if f Pr ·&¹ � u f Ë � Ú*m�� �!h��9� .
Let Îëu ÐÏÒ . Here o�� � ·"! f�Ú * � Ú*m����*h��6� means ´¶µ� o²â CWA f�och�Úc¾=Ú * m��� u³Ú¿¾�ävÚ * � t h t � , and hence,due
to the openmindednessprinciple (cf. [59]), o â CWA f�och�Ú�¾ÓÚ+* mK� � 0 Ú¿¾²äsÚ,*(� t h t � . By Corollary B.2,
o�� � 0 f�Ú}�ã£�m�� t h t � , or appf�o#m�â=�1Ú � � u�Ú,* . If o�� � 0 f�Ú�ã£nm�� t h t � , then both ´�µ� oxâ CWA f�och�Í�¾=Ú�m�� and
´¶µ� oxâ CWA f�och�Í�¾=Ú+¾=Ú * m�� satisfy f�Ú�ã£�m�� t h t � , and therefore, o�� �Óf Ë � Ú;¾�Ú * m�� �!h��9� if f o�� �ëf Ë � Ú*m�� �!h��9� .
Otherwise,we have appf�o#mKâý�1Ú � � uÁÚ,* , andconsequently, CWA f�och�Í�¾kÚc¾=Ú,*Rmºu CWA f�o¯h�Í�¾kÚ�m , which
implies ´¶µ� oÁâ CWA f�o¯h�Í�¾kÚ¯¾kÚ * m���uP´¶µ� o�â CWA f�och�Í�¾ÏÚ�m��;uD-Bq+r
E . Moreover, qcrFE*f�Ú¯¾ýävÚ * m&u t

,
sothat q+r
E*f�Í½� Ú`¾=Ú+* mºuÂqcrFE�f�Í¥� Ú�m . This shows o�� �Óf Ë � Ú;¾�Ú,*Rm�� �!h��9� if f oÀ� �Óf Ë � Ú�m�� �!h��9� . Therefore,Cut and
CautiousMonotonicityhold for Î½u²ÐÏÒ .
Or. Let Îýu t

. Assumethat f Ë �ã£�m����*h��6� is true in all q+r�¢')�z1~=<�f�o#mÿâ#)�z�~ <�@ f�o#m . Hence, Ë is true in
all Øw¢ý�K� suchthat Ø�� uPÚ]xýÚ,* and qcrf�Øm�Z t

for somemodel q+r of o . Thus, f Ë �ã£�m����*h��6� is true in all
q+r¿¢�)�z�~ <HG
< @ f�o#m .
Let Î\u Ð�Ñ , andlet Pr ·&¹ uP´¶µ� o½� . Assumeo�� �Óf Ë � Ú*m����*h��6� and oÁ� �ëf Ë � Ú,*Rm����*h��6� , which meansPr ·&¹ � uf Ë � Ú�m����*h��6� andPr ·º¹ � u±f Ë � Ú * m . This impliesPr ·º¹ f�Ú`¾³ä Ë m`u Pr ·º¹ f�Ú * ¾ýä Ë mÕu t

, andhence,Pr ·º¹ f�f�Ú]xÚ,*Rms¾³ä Ë m½u t
. Therefore,Pr ·º¹ f�f�Ú�x¸Ú,* ms¾ Ë mÕu Pr ·º¹ f�Ú�x¸Ú,* m , i.e. Pr ·º¹ � u?f Ë � ÚnxýÚ,*Rm����*h��6� . This shows

o�� �Óf Ë � Úzx¦Ú,*Rm����*h��6� . T
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Proof of Theorem 5.7. In the framework of me- and mc-entailment,oÇ�� �wäcf�Ú+*�� Ú�m����*h��6� is equivalent to
o�� �ëf�Ú * � Ú*m����*h��6� , so RationalMonotonicity (RM) hereis equivalent to CautiousMonotonicity (CM). The
assertionnow follows with Theorem5.6. T
Proof of Theorem 5.8. First, we considerthe caseof me-entailment. Set Pr ·º¹ u ´¶µ� o½� . Then
o�� � ·&¹ f Ë � Ú�m�� �!h��9� meansPr ·º¹ � u f Ë � Ú*m�� ��h��B� . Let HB�±u HB Û2Iâ HB÷ with HB÷ containingthe atoms
occurring in Ú * . Then all atoms occurring in y�rjz�{|3~Kf�o#m@h�Ú and Ë will be in HB Û . We will show
Pr ·º¹ f Ë � Ú*mÿu Pr ·º¹ f Ë � Ú¯¾=Ú+* m , which implies oÀ� � ·º¹ f Ë � Ú;¾�Ú+*Rm�� ��h��B� .

Pr ·º¹ fulfills some of the conditional constraintsin o with equality (i.e. Pr ·&¹ f�� ß � p ß m u � ß , or
Pr ·º¹ f��9ß/� pHß�mèu²�^ß for somef��9ß/� pHß�m�� � ßjh��^ßR��¢�o ), andtheotherconstraintswith inequality(i.e.Pr ·&¹ f��9ß�� pKßÔmc¢f�� ßjh��Bß�m for theother f��9ß/� pKß(m�� �Rßjh��Bß���¢Ïo ) (see,e.g.,[77]). Only theconditionalsof thefirst typeareessential
for computingPr ·&¹ ; weassumethattheseareexactly f�Í&Û�� Ë Û6m�� �(Û�h��KÛ��Ôh°Ü°Ü°Ü1h1f�Í · � Ë · m�� � · h�� · �K¢�o . Thenfor
Ø¤¢¿�K� , Pr ·&¹ canbewrittenas

Pr ·&¹ f�Ø}mèuÁp 7 JÊLK
MNK
OPRQ ST M>U+V,M p $ß JÊLK
MNK
OPHQ ST MWUYX,V,M p
�ß

with suitablenon-negative factorsp 7 h/p%$ Û h/p �Û h°Ü°Ü°Ü1h/p $· h/p
�
· . Let Í beaneventno atomof which occursin

Ú,* , thatis, all atomsoccurringin Í lie within HB÷ , asdoall atomsoccurringin Ë Û h�Í Û h°Ü°Ü°ÜZh Ë · h�Í · . Writing
eachØw¢ý�K� in the form Ø�uPØ�ÛÿâÏØ°÷ with Ø�Ûq_ HB Û°h�Ø°÷Ï_ HB÷ , we seethat Ø�� u Í�¾�Ú * if f Ø�Û¶� u Í and
Ø°÷¿� u Ú,* , Ø�� u Ë ß^¾kÍsß ( Øý� u Ë ß^¾�äsÍ;ß , respectively) iff Ø�Ûn� u Ë ß^¾kÍsß ( Ø�Ûn� u Ë ß^¾ýä;Ísß , respectively). Sowe
obtain

Pr ·&¹ f�Í�¾=Ú * m u p 7 �P[Z]\ ½PHQ S VFU,^ @ JÊLKFM_KFOPRQ ST M U+V M p $ß JÊLK
MNK
OPRQ ST M UYX,V M p
�ß

u p 7 �P Ê[`9acb8ÊHd P Ê Q S VP Ée`9acb/É]d P É Q S ^ @ JÊLKFM_KFOP Ê Q S9T M U,V M p($ß JÊLK
MNK
OP Ê Q ST M UYX,V M p
�ß

u card f��1Ø°÷Ì_ HB÷n��Ø°÷n� u�Ú * � m�p 7 �P ÊH`
acb8ÊP Ê Q S V JÊLKFM_KFOP Ê Q S9T MWU,V+M p($ß JÊLK
MNK
OP Ê Q ST MWUYX,V,M p
�ß

Similarly,

Pr ·&¹ f�Ícmèu6� card C ���[É G p 7 �
� Ê � ����ÊHf � Ê�ª « & JÊLK
MNK
OP Ê Q ST M0U,V,M p%$ß JÊLK
MNK
OP Ê Q S9T M0U+X+V,M p

�ß

Therefore,Pr ·º¹ f�Íw¾ÏÚ,* m8g Pr ·º¹ f�Ícm for eachevent Í which hasno atomin commonwith Ú,* . In particular,
by presupposition,Ë and Ú aresuchevents.This implies

Pr ·&¹ f Ë � Úc¾=Ú * mvu Pr ·&¹ f Ë ¾=Ú+¾=Ú,*Rm
Pr ·º¹ f�Ú+¾kÚ * m u Pr ·º¹ f Ë ¾kÚ�m

Pr ·&¹ f�Ú�m u Pr ·º¹ f Ë � Ú*m
whichwasto beshown.

Now we dealwith mc-entailment.o�� �³·"!�f Ë � Ú�m�� �!h��9� heremeanś¶µ� o²â CWA f�och Ë ¾=Ú*m��v� u f Ë � Ú*m�� ��h��B� . It
is to beprovedthat o�� � ·�! f Ë � Ú;¾�Ú,* m�� ��h��B� , i.e. that ´¶µ�� o²â CWA f�och Ë ¾=Úc¾=Ú+* m��;� u f Ë � Ú¯¾¦Ú+* m�� �!h��B� . Set

Pr E Û u ´¶µ� o²â CWA f�och Ë ¾¦Úc¾=Ú * m��Ôh and Pr E÷ u ´¶µ� o²â CWA f�o¯h Ë ¾¦Ú�m��ÔÜ
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Moreover, let

HB÷ u � � ¢ HB� � appf�o#mHâ¸� Ë ¾=Ú � � u � � h
HBY u � � ¢ HB��� appf�o#mHâ¸� Ë ¾=Ú&¾=Ú * � � u � � h
HBw u � � ¢ HB���*Ú * � u � � Ü

By presupposition,no atomoccurringin och�Ú and Ë alsooccursin Ú,* . So we have HB÷ 3 HBw u 5 , and
HBY u HB÷ÿâ HBw .

Dueto thefact,thatno atomof Ú+* occursin o , a conditionalconstraintin o is essentialfor calculating
Pr E Û if f it is essentialfor calculatingPr E÷ . Let f�Í&Û�� Ë Û6m�� �(Û�h��KÛ��Ôh°Ü°Ü°Ü1h9f�Í · � Ë · m�� � · h�� · �v¢ýo betheconditional
constraintsin o which areessentialfor computingPr E Û andPr E÷ . Thenthe distributionscanbe written as
follows (cf. [29, 31]):

Pr E Û f�Ømèu
hij ik p 7 JÊLKFM_KFOPRQ ST MWU+V,M p($ß JÊLK
MNK
OPRQ ST MWUYX,V,M p

�ß h if ØÏ_ HBY
t h otherwise

where p $ß uÁp ÛÄ�ml Mß h&p �ß uÁp �ml Mß , �^ß;¢³�1�Rßjh��Bß � , andthe pKß ’s, ��6 +�6ÓÐ , beingsolutionsto theequations

pKßKu �Bß
� Æ �^ß

§ P `
acb�ÈPHQ S9T U+X,VDn o�pS MPHQ S9T o U,V o p $~ n oepS MPRQ ST o UYX,V o p �~§ P `
acb�ÈPHQ S9T U,V n oepS MPHQ S9T o U+V o p%$~ n o�pS MPHQ S9T o U+X+V o p �~'q
(9)

analogously,

Pr E÷ f�Ømèu
hij ik � 7 JÊLK
MNK
OPHQ S9T M U,V M � $ß JÊLK
MNK
OPHQ ST M UYX,V M �

�ß h if ØÏ_ HB÷
t h otherwise

where�($ß u²� ÛÄ�ml Mß hè� �ß u²� �ml Mß , �^ß;¢w�1� ßjh��Bß � , andthe �9ß ’s, �76 +86ëÐ , beingsolutionsto theequations

�BßHu � ß
� Æ �Bß

§ P `9acb/ÉPHQ ST UYX,V n oepS MPRQ ST o U,V o � $~ n o�pS MPHQ ST o U+X,V o � �~§ P `9acb/ÉPHQ S9T U+V n o�pS MPHQ S9T o U,V o � $~ n oepS MPHQ S9T o UYX,V o � �~ q
(10)

p 7 and � 7 areobtainedasnormalizingconstants.
First,we show thatthetwo equationalsystems(9) and(10)areequivalent.For Ø Û h�Ø ÷ _ HBY , we define

a relation � by Ø�Û��PØ°÷ if f Ø�Ûer HBw uPØ°÷,r HBw . Clearly, � is anequivalencerelation,partitioningHBY in
equivalenceclasses,with exactly one 	 _ HB÷ in eachequivalenceclass.For eachsuch 	 _ HB÷ , andfor
eachØô_ HBY with Ø¿�s	 , wehave 	��u Ë ~;¾ IÍò~ if f Øk� u Ë ~�¾ IÍò~ , with IÍò~n¢³��Íò~�h@ä;Íò~ � , for all �t6�u�6ÓÐ .
This implies�P `
acb�ÈPHQ S9T U�vV J oepS MPRQ ST o U+V o

p%$~ J o�pS MPHQ S9T o U+X+V o
p �~

u �P `9acb/ÉPHQ S9T U vV
�wFx � J o�pS MPHQ S9T o U+V o

p%$~ J o�pS MPHQ ST o U+X,V o
p �~

u6� card C � �¼Æ G �P `9acb/ÉPHQ S9T U vV J o�pS MPHQ S9T o U,V o
p $~ J oepS MPRQ ST o U+X,V o

p �~
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Thus,the factor � card C ����Æ G is canceledin (9), which shows that in fact, (9) and(10) areequivalent. Since
theme-distributionsdonotdependuponaparticularsolutionto (9) and(10),respectively (see[29, 31]), we
maychoosepHßHu²�9ß for �76ÿ+"6ÓÐ ; note,however, thatthenormalizingconstantsp 7 and � 7 maydiffer.

ObservingthateachØ9_ HBY canbewritten as Øýu Ø Û âýØ ÷ with Ø Û _ HB÷ and Ø ÷ _ HBw , andthat
Ø=� u Ë ß9¾ IÍsß if f Ø�ÛÕ� u Ë ßB¾ IÍsß , and Øk� u Ë ¾=Úc¾¦Ú * if f Ø�ÛÕ� u Ë ¾=Ú and Ø°÷n� u�Ú * (i.e. Ø°÷`u HBw ), we obtain

Pr E Û f Ë ¾¦Úc¾=Ú * m u �P `9ayb/ÈPHQ ST U+^zU+^ @ p 7 JÊLK
MNK
OPRQ ST M>U+V,M p $ß JÊLK
MNK
OPHQ ST MWUYX,V,M p
�ß

u �P Ê[`
acb/ÉPHQ ST U+^ p 7 JÊLK
MNK
OPHQ S9T MWU,V,M p $ß JÊLKFM_KFOPHQ S9T MWU+X+V,M p
�ß

u p 7 � ��Û7 Pr E÷ f Ë ¾=Ú*m@Ü
In thesameway, we calculatePr E Û f�Úc¾=Ú,* m�u�p 7 � ��Û7 Pr E÷ f�Ú�m . This provesPr E Û f Ë � Ú¯¾=Ú,* mèu Pr E÷ f Ë � Ú�m . T
Proof of Theorem 5.9. Set o $ -ïu o â²��f��&� p;m�� ¡�h/Î�� � . We first considerthe caseof me-entailment.
Here, o�� � ·&¹ f�Í¥� Ë m�� �!h��B� means ´¶µ� o½�Ï� uàf�Í¥� Ë m�� �!h��B� . We may now argue similarly as in the proof of
Theorem5.8, or we may usethe propertyof systemindependence[76] statingthat learningconditional
constraintswith disjoint setsof atomsyields statisticalindependenceof thesesetsof atomsin the result-
ing me-distribution. Hence,in the presentcase, ´¶µ� o $ ��u�´¶µ�� o¥��å9´¶µ�ï��f��&� psm�� ¡Zh/Î�� � � , i.e., o E u³o EÛ å@o E÷
with o E -ïu�´¶µ�� o $ �Ôh�o EÛ -ïuø´¶µ� o½� , and o E÷ -ïu�´¶µ�ï��f��&� psm�� ¡Zh/Î�� � � , all distributions on the obviously corre-
spondingsetsof atoms.This shows at once o E f�Í½� Ë m�u�o EÛ f�Í½� Ë m , and o E f�Í½� Ë ¾¶p;m�u�o EÛ f�Í½� Ë m . Therefore,
oxâý��f��&� psm�� ¡Zh/Î�� � � ��f�Í½� Ë m�� �!h��9� and o�â���f��&� p;m�� ¡�h/Î�� � � ��f�Í½� Ë ¾=psm�� �!h��9� , asdesired.

Let us now considerthe caseof mc-entailment,that is, we have to take classicalapproximationsandthe
closedworld assumptionsinto account.oÁ� � ·"! f�Í¥� Ë m�� �!h��B� meanś¶µ�� o�â CWA f�o¯h Ë ¾¦Í+m��ÿ� u f�Í¥� Ë m�� �!h��B� .
Sincenoatomof pÿh�� alsooccursin y�r�z*{}|^~Kf�o\m@h Ë h�Í , wehave CWA f�o $ h Ë ¾�Í+m�u CWA f�och Ë ¾�Ícm which
makesthenew constraint f��&� psm�� �Kh���� vacuousfor me-propagation,hencé�µ� o $ â CWA f�o $ h Ë ¾ýÍ+m��cu
´�µ� o â CWA f�och Ë ¾wÍ+m�� . This shows o âø��f��&� psm�� ¡Zh/Î�� � � ��·"!�f�Í¥� Ë m�� �!h��B� . In order to prove the second
statement,we first notethatCWA f�och Ë ¾=Ícmÿu CWA f�o $ h Ë ¾¦Í�¾ÏpsmHâ³� � � � �Ep=¾=�Ó� u � � , wherethe
unionis disjoint. By systemindependence[76], ´�µ� o³â CWA f�och Ë ¾¥Í+m���u ´�µ� o³â CWA f�o $ h Ë ¾¥Í�¾np;m��1å
´�µ�ï� � � � ��p¦¾¤��� u � � � . Set o EÛ -ïu ´�µ� oìâ CWA f�o $ h Ë ¾¶Í³¾¦psm�� , takenasadistribution on all atoms
exceptthoseoccurringin pÿh�� . So, ´¶µ� o¸â CWA f�och Ë ¾¥Ícm��s� u f�Í½� Ë m�� �!h��9� implies o EÛ � uÓf�Í½� Ë m�� �!h��9� . Again,
by systemindependence,wefurtherobtain o E -ïu�´¶µ� o $ â CWA f�o $ h Ë ¾	Í\¾½psm���uø´¶µ� o�â CWA f�o $ h Ë ¾
Í\¾½p;m*ân��f��&� psm�� ¡�h/Î°� � ��uì´¶µ� o�â CWA f�o $ h Ë ¾�Í\¾½p;m��°åj´¶µ�ï��f��&� p;m�� ¡�h/Î�� � �KuÁo EÛ åj´¶µ�ï��f��&� psm�� ¡Zh/Î�� � � , hence
o E f�Í½� Ë ¾kpsmèu�o EÛ f�Í¥� Ë mc¢�� �!h��9� . Thisprovesthat oxâý��f��+� p;m�� ¡�h/Î°� � � � ·�! f�Í½� Ë ¾kpsm�� �!h��9� . T
Proof of Lemma 5.10.Let f�Í½� Ë m�� �!h��9�E¢¿y�r�z*{}|^~Kf�o#m . Then,by Inclusion, oÁ� � f�Í¥� Ë m�� �!h��B� . Now, if Úh2 Ë is
logically valid, thenLLE implies o�� �ìf�Í½� Ú�m�� �!h��B� . T
Proof of Theorem 5.11.Sinceall notionsof entailmentconsideredheresatisfyLLE (cf. Theorem5.6),we
only have to show thatthey alsosatisfyInc. But this is obviousfor � � 0, � � ·&¹ , and � � ·"! . T
Proof of Theorem 5.12. Let o be a (conjunctive) probabilistic logic program,and let f�Í½� Ë m�� �!h��9� be a
ground(conjunctive) conditionalconstraint.Assumeo�� � 0 f�Í½� Ë m�� �!h��9� , that is, every modelof o satisfies
f�Í½� Ë m�� �!h��9� . Hence,as ´¶µ� o½� and ´¶µ�� o²â CWA f�och Ë ¾¦Ícm�� aremodelsof o , they alsosatisfy f�Í¥� Ë m�� �!h��B� .
Thatis, o�� � � f�Í½� Ë m�� �!h��9� for every Î#¢¸��Ð�Ñ�h�ÐÏÒ � . T
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Proof of Theorem 5.13. (a) Assumefirst that Î;u¸Ð�Ñ . Assumenow that o�� � 0 f�Í½� Ë m�� Ò�h�Ò/� . That is, every
modelof o satisfiesf�Í¥� Ë m�� Ò�h�Ò@� . Thus,in particular, ´¶µ�� o¥� satisfiesf�Í¥� Ë m�� Ò�h�Ò@� . Thatis, o�� � ·&¹ f�Í½� Ë m�� Ò�h�Ò@� .
Conversely, asshown by Paris andVencovská [59], the maximumentropy inferenceprocesssatisfiesthe
open-mindednessprinciple. Appliedto theframework of thispaper, thisprinciplesaysthat o �� � 0 f�Í½� Ë m�� Ò�h�Ò/�
implies ´¶µ� o½���� u f�Í½� Ë m�� Ò�h�Ò@� , for all probabilisticlogic programso , andall groundclassicalconditional
constraintsf�Í¥� Ë m�� ÒZh�Ò@� . Thisshows that o�� �³·º¹Zf�Í¥� Ë m�� ÒZh�Ò@� implies o�� � 0 f�Í½� Ë m�� Ò�h�Ò@� .

Assumenext that Î;u¸ÐÏÒ . By Theorem3.2, o�� � 7 f�Í½� Ë m�� Ò�h�Ò/� if f o â CWA f�och�ÍÏ¾ Ë mK� � 7 f�Í½� Ë m�� Ò�h�Ò@� .
As shown above, thelatteris equivalentto o�â CWA f�o¯h�Ík¾ Ë mK� � ·º¹ f�Í¥� Ë m�� ÒZh�Ò@� , thatis, o�� � ·"! f�Í½� Ë m�� Ò�h�Ò@� .
(b) Immediateby (a). T
Proof of Theorem 5.14.(a) It is easyto verify thatevery model qcr of o satisfiesê if f everymodel ØÕ¢+�K�
of ^sf�o#m satisfieŝvf�ê#m . Thatis, o�� � 0 ê if f ^vf�o#m�� u:^vf�ê#m .

Assumenow Îº¢¿��ÐÏÒ�h�Ð�Ñ � . By Theorem5.13, it holds that oÁ� � � ê if f oÁ� � 7 ê . As o�� � 7 ê if f
^sf�o\m¯� u�^sf�ê\m , it thusfollows that o�� � � ê if f ^sf�o#m¯� u ^sf�ê#m .
(b) For all Îÿ¢�� t h�Ð�Ñ�h�ÐÏÒ � , it holds o�� � �= ßFUWVX= ê if f oÁ� � � ê and o �� � � f Ë �ã£�m�� t h t � . Thus,by (a), oÀ� � �= ß?UAVX= ê
is equivalentto ^sf�o#m�� uL^sf�ê#m and ^sf�o#m¥�� uÀä Ë . T

C Appendix: Proofsfor Section7

Proof of Proposition 7.4. Observe first that the sets e and � � Ö¶� � canbe computedin linear time in the
sizeof o . Algorithm

íïîZð�ñ@ò ó�ñ�ô õ
from [45] reducesthe computationof l½Þcf�� � Ö¶� �ãm to ö¶f�� Ö³�°� l¥Þcf�� � Ö¶� �ãm°�ãm

satisfiabilitytestsonclassicallogic programsof sizeup to �/ok� . Sinceeachsatisfiabilitytestcanbedonein
time ö�f@�/o=�6m , it follows that l¥Þ+f�� � Ö�� �ãm canbecomputedin time ö¶f�� Ö³�1�/o=�;� l¥Þ	f�� � Ö�� �ãm°�ãm . T
Proof of Lemma 7.7. Dueto Equations(1) and(2), for all ØÕ¢+�K� with Ø=� uÀe , thefollowing holds:

´¶µ� o½��f�Ø}m¶u p 7 J{ V Q Te|W} ~�� �R��Z��PHQ S VFU T p($& ª ' J{ V Q T�|W} ~�� �R��Z��PRQ S X,VFU T p �& ª ' Ü (11)

Assumenow that Ø�Û°h�Ø°÷v¢c�K� with Ø�Û�h�Ø°÷n� uÀe³â���¾¿¡ � for some¡c¢�l . Thus,for all Í½� Ë ¢nÙ , it holdsthat(i)
Ø�Û;� u¸Ík¾ Ë if f Ø°÷ÿ� u³Í=¾ Ë , (ii) Ø�Û;� u�ä;Ík¾ Ë if f Ø°÷v� u�ä;Ík¾ Ë , and(iii) Ø�Û;� u�ä Ë if f Ø°÷v� u�ä Ë . By (11), it then
follows ´�µ� o½��f�Ø Û m�uÓ´¶µ�� o¥��f�Ø ÷ m . T
Proof of Theorem 7.8. Recallfirst that ´¶µ� o½� is givenby theoptimalsolution ��û � ( ØB¢�� � ) of thefollowing
optimizationproblem(12)over thevariables� � f�Ø^¢��K�Hm :

maximize Æ §� ��� ½ � � ¾£¿�È � �
subjectto

ä� æ��+� Ñ � <á>
ä� æ��+� � � è é A*C�D�FG ¢�Ñ �2� ä� æ��+� � � è é CED�F�Ô> G ¢��
Ñ ��� Ö � for all ��Ú�¤ Ù �#¥ ¢-��Ü!¦t¬��+���,�
���4� � �#�¸¢
� Öt�
ä� æ�� � � � è é A*CED�FÜDÑ � � ä� æ�� � � � è é CED�F��Ü G >��
Ñ � � Ö � for all ��Ú�¤ Ù �#¥ ¢-��Ü!¦t¬��+���,�
���4� � �#�/Ü��¦>��

Ñ ��� Ö � for all � ¬��A�¼�

(12)
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By Lemmas7.1 and7.2, it is now sufficient to show that for every ¡c¢¥l , it holdsthat ´�µ� o½��fÔ¾¿¡�m�u³��û  ,
where� û  ( ¡+¢nl ) is theoptimalsolutionof thefollowing optimizationproblem(13)over �� `f�¡c¢�lnm :

maximize Æ § �� ¨ �� �f ¾£¿�È ��  Æ ¾£¿�È ù� �m
subjectto

äåWæhç Ò å <á>
äå#æhç � å�è é A*CED�FHG ¢�Ò å � äåWæhç � å�è é CED�F �Ô> G ¢���Ò å � Ö � for all �ÛÚ{¤ Ù �W¥ ¢���Ü!¦t¬z�q�/¢
� Öt�
äåWæhç � å�è é A*CED�F Ü Ò å � äåWæhç � å�è é CED�F �ÛÜ G >���Ò å � Ö � for all �ÛÚ{¤ Ù �W¥ ¢���Ü!¦t¬z�q��Ü(�¤>��

Ò å � Ö � for all �û¬ £ �

(13)

Wefirst show that f���m for every solution � � ( Ø	¢¯�K� ) of (12)suchthat

� � Ê u � � É for all Ø�Û°h�Ø°÷v¢c�K� with Ø�Û°h�Ø°÷n� uÀe�â¤��¾\¡ � for some¡c¢¥l , (14)

thereexistsasolution ��  ( ¡c¢�l ) of (13)suchthat

§� ��� ½ � � ¾D¿�È � � u § e� ¨ �   f ¾£¿�È �   Æ ¾D¿�È ù   m^Ü (15)

Let � � ( Ø	¢c�K� ) bea solutionof (12) thatsatisfies(14). For every ¡+¢nl , we thendefine �� Hu³ùE 3� � , where
Ø	¢+�K� suchthat Ø½� u�e�â¦��¾\¡ � . Then, �� `f�¡c¢�lnm is asolutionof (13) thatsatisfies(15).

Wenext prove that f��
��m for every solution �� 	f�¡c¢¥lnm of (13), thereexistsasolution � � ( ØÕ¢+�K� ) of (12)
thatsatisfies(14) and(15). Let �� �f�¡c¢�lnm bea solutionof (13). We define � � u t for all Ø`¢¯�K� suchthat
Ø#�� uwe , and � � u¸�   ��ù   for all Ø	¢c� � and ¡c¢�l suchthat Ø¥� u�eÁâ���¾\¡ � . Then, � � ( Ø`¢c� � ) is a solution
of (12) thatsatisfies(14)and(15).

By f���m , f��
��m , andLemma7.7, the fact that (12) hasa uniqueoptimalsolution � û � ( Ø`¢c�K� ) implies that
also(13) hasa uniqueoptimal solution ��û  ( ¡c¢�l ). Moreover, ��û � u �Eû  ��ù�  for all Ø	¢c�K� and ¡&¢nl with
Ø½� uwe�â¤��¾\¡ � . Thus,for all ¡+¢�l :

´¶µ� o½��fÔ¾\¡Em¸u §� ��� ½}©�� ª «��  �9û � u §� ��� ½}©�� ª «�Þ��8 j� W" �9û � u §� ��� ½}©�� ª «�Þ��8 j� W" ��û  ��ù� �u ��û  . T

D Appendix: Proofsfor Section8

Proof of Theorem 8.1. Observe first that for all +B¢¿� t h°Ü°Ü°Ü�hÄI Æ � � , where IKJ t suchthat *�¡
+-,�ûÞ f�Ökm�u*�¡
+-, ÝÞ f�Ö=m , it holds that every modelof o�â1*!¡
+-, ßÞ f�Ökm is alsoa modelof o�â1*!¡
+-, ß $ ÛÞ f�Ökm . Hence,every
modelof o is alsoa modelof oÕûsu³o�â�*!¡
+-,�ûÞ f�Ökm . Thus, o and oÕû have exactly thesamesetsof models.
This shows that o hasamodel q+r with qcr}f(psm[Z t if f oÕû hasamodel qcr with q+r�f(p;m[Z t . T
Proof of Theorem 8.3. As arguedin theproof of Theorem8.1, o and oÕû have thesamesetsof models.
This alreadyprovesthat for every Îº¢¿� t h�Ð�Ñ � , it holdsthat o?� � �= ßFUWVX= f��&� psm�� �!h��9� if f o û � � �= ßFUWV�= f��&� p;m�� �!h��B� .
Recall then that oÁ� � ·"! f��&� psm�� �!h��9� if f oÌâ CWA f�och��;¾èp;mK� � ·º¹= ßFUWVX= f��+� p;m�� �!h��9� . Since CWA f�och��;¾vpsm²u
CWA f�oÕûEh��;¾vpsm , aseasilyseen,it alsofollows that oÁ� �¸·"!= ßFUWV�= f��&� p;m�� �!h��B� if f oÕûc� �¸·�!= ßFUWVX= f��&� psm�� �!h��9� . T
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Proof of Proposition 8.4. Observe that I�6�� Öw� for the number IKJ t suchthat *!¡
+-,�ûÞ f�Ö=m�u�*�¡
+-, ÝÞ f�Ö=m .
Thus, *!¡;+�, ûÞ f�Ökm is computableby an iterationof at most � Öw��g � steps. In iterationstep + , we first com-
pute *�¡
+-, ßÞ f�Ökm , which is the set of all f Ë �ã£nm�� t h t � such that either (i), or (ii), or (iii) holds relative to
e�â�*!¡
+-, ß���ÛÞ f�Ökm , andthencheckwhether*!¡;+�, ßÞ f�Ökm�u:*!¡;+�, ß���ÛÞ f�Ö=m . In theconjunctive case,theformercan
bedonein time ö�f@�/ok��� Ö³� ÷ m , while thelatterispossiblein time ö�f�� Öw�ãm . If *!¡
+-, ßÞ f�Ökm�uL*!¡
+-, ß���ÛÞ f�Ökm , thenthe
iterationstopsand *�¡
+-,�ûÞ f�Ö=m�u�*�¡
+-, ßÞ f�Ö=m . In summary, *!¡;+�,�ûÞ f�Ökm canbecomputedin time ö�f@�/ok��� Ö³� YZm . T
Proof of Theorem 8.5. Observe thateachmodelof e is alsoa modelof ,�ùÒ�Þcf�Ökm . Hence,eachmodelof
oÕûsuwe�âkf�Ö Æ ,ù�Ò°Þcf�Ökm�m is alsoa modelof ,�ùÒ°Þcf�Ö=m andthusof o . Thus, o and o½û have exactly the
samesetsof models.Hence,o hasamodel q+r with qcr}f(psm[Z t if f oÕû hasamodel q+r with qcr}f(psm[Z t . T
Proof of Theorem8.7.As arguedin theproofof Theorem8.5, o and o û havethesamesetsof models.This
alreadyprovesthatfor every Îÿ¢¿� t h�Ð�Ñ � , it holdsthat o?� � �= ßFUWV�= f��+� p;m�� �!h��9� if f oÕûÏ� � �= ßFUWVX= f��&� psm�� �!h��9� . Recall
thenthat o�� � ·"!= ßFUWVX= f��+� p;m�� �!h��9� if f o=â CWA f�och��;¾ÿp;mK� � ·º¹= ßFUWV�= f��&� p;m�� �!h��B� . So,to provethat o�� � ·"!= ßFUWV�= f��+� p;m�� �!h��9�
if f o½û¯� � ·"!= ßFUWV�= f��&� p;m�� �!h��B� , it is sufficient to show that CWA f�o¯h��;¾èpsm�u CWA f�o½û�h��s¾èpsm . Observe first that
f���m½eë� u¸Í � Ë and eÁ�� u ��� Ë implies ù �/� fÔe#m�� u¸Í � Ë . Clearly, every f�Í¥� Ë m�� ��h��B�E¢¿Ö with either (i),
or (ii), or (iv) canberemoved from y�rjz�{|3~Kf�o#m without changingCWA f(y�rjz�{|3~Kf�o#m@h��;¾ÿp;m . By f���m , every
f�Í½� Ë m�� �!h��9�E¢\Ö with (iii) canalsoberemovedwithoutchangingCWA f(y�r�z*{}|^~Kf�o\m@h��;¾èpsm , sinceeither eP� u��� Ë or ù �¸� fÔenm�� u¸Í � Ë . Hence,CWA f�och��;¾ÿp;m�u CWA f(y�r�z*{}|^~�f�o#m@h��;¾èpsmÏu CWA f�o û h��;¾vpsm , and
thus o�� �³·�!= ßFUWVX= f��&� psm�� �!h��9� if f o½û¯� �¸·"!= ßFUWV�= f��&� p;m�� �!h��B� . T
Proof of Proposition8.8.Theset ,�ùÒ°Þcf�Ö=m canbecomputedby checkingfor every f�Í¥� Í+m�� �!h��9�E¢\Ö whether
a conditionamong(i)–(iv) is satisfied.In thegroundconjunctive case,eachsuchcheckis possiblein time
ö�f@�/ok�6m . In summary, ,ù�Ò Þ f�Ökm canbecomputedin time ö�f@�/o=��� Öw�ãm . T
Proof of Theorem 8.10. f-sëm Weshow thatevery modelof o is alsoa modelof o û u�e�â\ùÒ�*jÞ © ®Hf�Ökm . Let
q+r be a modelof o . In particular, q+r is a modelof e andof all membersof Ö thatares-active w.r.t. o
and p . We now show that q+r is alsoa modelof all ��� Ë suchthat fN�9m Ë is s-active w.r.t. o and p , and
fN�
�9m	f�Í½� Ë m�� �!h��9�E¢¿Ö for some�±Z t andsomeÍ that is s-inactive w.r.t. o and p . Towardsa contradiction,
assumethat qcr is notamodelof some���ÌË suchthat fN�9m and fN�
�9m . Hence,e �� � 0 ��� Ë , andthus Í � Ë
belongsto Î - ù �/� f�o#m . But thiscontradictsÍ beings-inactive and Ë beings-activew.r.t. o and p . Hence,q+r
is amodelof all ���ÌË suchthat fN�9m and fN�
�9m . In summary, q+r is a modelof oÕû .

f � m We show that for every model qcr û of o û u�e�â¿ù�Ò�*�Þ © ®�f�Ö=m , thereexists a model q+r of o such
that (1) qcr}f�^Hm�u�qcr û f�^�m for all groundevents ^ thatares-active w.r.t. o and p , and(2) qcrf � m�u t for all� ¢�k�l¥� thatares-inactive w.r.t. o and p . Let q+r û bea modelof o û . We define qcr by q+r�f�Øm�u�q+r û f�Ú � m
for all Ø`¢c�K� with Øn�� u � for all s-inactive � ¢Ìk]l¥� , whereÚ � is theconjunctionof all s-activegroundatoms� ¢�Ø andof all negationsof s-active groundatoms� �¢�Ø , andby qcr}f�Ø}m�u t for all other Ø	¢c�K� . Then, q+r
satisfies(1) and(2), andthus q+r is alsoa modelof all êì¢ny�r�z*{}|^~Hf�o#m thatares-active w.r.t. o and p . We
now show that q+r is alsoa modelof all s-inactive êë¢#y�r�z*{}|^~Kf�o#m . Towardsa contradiction,assumethat
q+r is notamodelof somes-inactive f�Í½� Ë m�� �!h��9�E¢¿y�r�z*{}|^~�f�o#m . Thus, Ë is s-active, Í is s-inactive,and �4Z t .
Hence,e²� � 0 ��� Ë . Hence,qcr}f Ë m�u�qcr û f Ë m�u t , but this contradictsq+r not beingamodelof f�Í½� Ë m�� �!h��9� .
Thisshows that qcr is alsoamodelof all s-inactive êë¢ny�rjz*{}|^~�f�o#m . In summary, q+r is amodelof o . T
Proof of Theorem 8.12. We define l�u���qcr}f��&� psm��/qcrc� uwoch3q+r}f(p;m[Z t� and l	û�ué��qcr}f��+� p;m��@q+r¯� u³oÕûEh
q+r�f(psm[Z t� . As arguedin theproof of Theorem8.10,every modelof o satisfiesoÕû , andfor every model
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q+r û of oÕû , thereexists a model q+r of o suchthat qcr}f�^Hm�u�q+r û f�^�m for all groundevents ^ that are s-
active w.r.t. o and ��¾Óp . It thus follows l _Ïl û and l û _kl , respectively. This alreadyshows that
o�� � 0= ßFUWVX= f��&� psm�� �!h��9� if f oÕûc� � 0= ßFUWV�= f��&� p;m�� �!h��B� . Recallthenthat o�� � ·�!= ßFUWVX= f��&� psm�� �!h��9� if f oÁâ CWA f�och��s¾vp;m
� �³·º¹= ß?UAVX= f��&� psm�� ��h��B� . We now prove that f���m CWA f�och��;¾vpsm¥u CWA f�oÕû�h��;¾ÿp;m . Clearly, CWA f�och��s¾èpsm1_

CWA f�o û h��;¾vpsm , since e²� � 0 ��� Ë for all s-active Ë w.r.t. o and �Ï¾ýp suchthat f�Í½� Ë m�� �!h��9��¢sy�r�z*{}|^~Kf�o\m
for some�8Z t andsomes-inactive Í w.r.t. o and �#¾¿p . To prove theconverse,considersomef�Í½� Ë m�� �!h��9�v¢
y�r�z*{}|^~Kf�o#m suchthat �4Z t , that o �� � 0 ��� Ë , andthat Ë is s-inactive w.r.t. o and ��¾�p . Hence,Ë is also
inactivew.r.t. o and�;¾èp . Thus,Í � Ë in ù �/� f�o#m Æ ù �¸� f�o û m doesnothaveany influenceonCWA f�och��;¾èpsm .
Hence,CWA f�och*�;¾vpsmy� CWA f�o½ûEh��;¾vpsm , andthus f���m holds.By theproof of Theorem8.10,every model
of o satisfieso û . Thus, f���m implies that f��
��m every modelof oÁâ CWA f�och��;¾vpsm is alsoa modelof o û â
CWA f�oÕûEh��;¾vpsm . We now show theconverse,namelythat f��9�
��m every modelof oÕûÕâ CWA f�oÕûEh��;¾vpsm is
alsoa modelof oÀâ CWA f�och��;¾vpsm . Towardsa contradiction,assumethat thereexistssomemodel qcr of
oÕû¯â CWA f�oÕûEh��s¾vp;m that is not a modelof some f�Í½� Ë m�� �!h��9�E¢¿Ö . Thus, f�Í¥� Ë m�� �!h��B� is s-inactive andthus
alsoinactive w.r.t. o and ��¾ýp . Hence,�8Z t , Ë is active, and Í is inactive w.r.t. o and �Ï¾�p . Thus, Ë is
s-active, and Í is s-inactive w.r.t. o and �k¾Ïp . Hence,��� Ë belongsto o û , andthus q+r�f Ë m�u t , but this
contradictsq+r not satisfying f�Í½� Ë m�� �!h��9� . This shows that f��9�
�*m holds. By f��
��m and f��
�9��m , it thusfollows
that oÁ� � ·"!= ß?UAVX= f��&� psm�� ��h��B� if f o û � � ·�!= ßFUWVX= f��&� psm�� �!h��9� . T
Proof of Proposition 8.13. We first computeÎ - ù �¸� f�o#m . For each f�Í½� Ë m�� �!h��9�E¢¿o , we decidewhether�8Z t
and e �� � 0 ��� Ë . This canbedonein time ö¶f@�/o=��� o¤�ãm . We thencomputethesetof all groundatomsthat
ares-activew.r.t. o and p . Thiscanbedonein time ö�f@�/o=��gë�@pc�6m . Oncewearegiventhesetof all ground
atomsthat ares-active w.r.t. o and p , theset ù�Ò�*�Þ © ®�f�Ö=m canbe computedin time ö¶f@�/o=�6m . In summary,
computingùÒA* Þ © ® f�Ökm canbedonein time ö¶f@�/o=��� o¤�hg �@pc�6m . T
Proof of Theorem 8.14. f-sìm Every model q+r of o with qcr}f(psm[Z t is a modelof e�â¿Ö Û with q+r�f(p;m[Z t
andalsoa modelof every e�â\Ö¿ß with +^¢¿�t�h°Ü°Ü°ÜZhWp � .

f � m For +B¢¿�E�*h°Ü°Ü°ÜZhWp � , let eºß be the setof all êë¢ny�r�z*{}|^~HfÔe#m definedover k�ß . Assumethat (i) and
(ii) hold. It follows that every eºßEâ\Ö¿ß with +^¢¿�E�*h°Ü°Ü°ÜZhWp � hasa model q+r�ß over � � M , where qcr�ÛZf(psm[Z t .
Thus,theprobabilisticinterpretationq+r over � ���y� � � thatis definedby qcrf�Ø}m�u�q+r Û f�Ø Û m^å°å°å�qcr;of�ØXo*m for all
Ø	¢�� ���y� � � , whereØ�ß�u³Ø{31k�ß for all +B¢��E�*h°Ü°Ü°ÜZhWp � , is amodelof o with q+r�f(psm[Z t . T
Proof of Theorem 8.16. (a) For +B¢¿�E�*h°Ü°Ü°ÜZhWp � , denoteby eºß thesetof all membersof y�r�z*{}|^~HfÔe#m thatare
definedover k�ß . Assumethat each e�â¿Ö¿ß with +B¢��t�h°Ü°Ü°Ü1hWp � is satisfiable.We define l�u���q+r�f��&� psmk�
q+r¯� u³och3qcrf(psm[Z t� and lnÛ^u���qcr}f��+� p;m��6q+r¯� uwe�â¿Ö¦Û�h^qcr}f(psm[Z t� . Sinceevery model q+r of o with
q+r�f(p;m[Z t is alsoamodelof e�â¿Ö¦Û with qcr}f(psm[Z t , it follows that l _Ïl#Û . To show theconverse,assume
that q+r is a modelof e�â¿Ö Û with q+r�f(p;m[Z t . Hence,thereexistsa model q+r Û of e Û â\Ö Û over � �HÊ such
that qcrEÛ1f(psm[Z t and q+r�ÛZf��&� psm�u�qcr}f��&� psm . As eache�â¿Ö¿ß with +B¢��t�h°Ü°Ü°ÜZhWp � is satisfiable,every eºß�â¿Ö¿ß
with +B¢¿�t�h°Ü°Ü°Ü�hWp � hasamodel q+r ß over � � M . Thus,theprobabilisticinterpretationq+r * over � ��� � �_� U � that
is definedby q+r * f�Øm�u�qcrEÛZf�Ø�Û@m^å°å°å�qcr;o}f�ØXo�m for all Ø	¢`� ��� � �_� U � , where Ø�ß�u³Ø{31k�ß for all +/¢s�E�*h°Ü°Ü°Ü�hWp � , is
a modelof o with q+r * f��+� p;m�u�q+r�Û1f��&� p;m�u�q+r�f��&� psm and q+r * f(psm`uéq+rEÛZf(p;m[Z t . This shows that l%�Ïl#Û .
In summary, it holdsthat l�u³l#Û . It thusfollows that oÁ� � 0= ßFUWVX= f��&� psm�� �!h��9� if f e�â�Ö¦Ûv� � 0= ßFUWV�= f��&� p;m�� �!h��B� .
By the proof of Theorem8.14, it holds that o hasa model q+r with qcr}f(psm[Z t if f e�â¿Ö¦Û hassucha
model. Thus, o�� � �= ßFUWVX= f��+� p;m����*h t � if f e�â�Ö Û � � �= ßFUWVX= f��&� psm����*h t � for all ÎE¢;��Ð�Ñ�h�ÐÏÒ � . Assumenow that o
and e�â¿Ö¦Û have a model qcr with qcr}f(psm[Z t . Observe thenthat, ´¶µ� o½��f�Øm½u¡  oß «�Û ´¶µ1ßj� eºßEâ\Ö¿ß���f�Ú�ß�m for
all Ø	¢�� ��� � �_� U � , whereÚ ß is theconjunctionof all � ¢�Ø{3 k ß andall negationsof � �¢¥Ø{31k ß , and Ð�Ñ ß is the
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me-modelover � � M , for all +B¢¿�E�*h°Ü°Ü°Ü�hWp � ; thisrelationshipis known as“systemindependence”from [76]. It
thenfollows that ´¶µ� o½��f��&� psm�uë´¶µ� e`Û^â¿Ö¦Û���f��&� psm , andalsothat ´¶µ� eìâ¦Ö¦Û���f��&� psmÿu ´�µ� e`Û9ânÖ¦Ûj��f��&� psm .
In summary, ´¶µ� o½��f��&� psmÿu²Ð�Ñ�� eìâ¦Ö¦Û���f��&� psm , andthus o�� � ·&¹= ßFUWVX= f��&� psm�� �!h��9� if f e�â¿Ö¦Ûv� � ·&¹= ßFUWVX= f��&� psm�� �!h��9� .
Recall thenthat o�� �¸·�!�f��&� p;m�� �!h��B� if f o â CWA f�o¯h��;¾vpsm�� �¸·º¹= ß?UAVX= f��&� psm�� ��h��B� . The latter is equivalent to
e�â\Ö¦Û�â CWA fÔe�â\Ö¦Û�h��;¾vpsm=� � ·&¹= ßFUWVX= f��+� p;m�� �!h��9� , sinceCWA f�och��;¾ÿp;m andCWA fÔe�â¿Ö¦Û°h��;¾èpsm coincide
on their restrictionto k=Û . Wehave thusprovedthat oÁ� �³·"!= ß?UAVX= f��&� psm�� ��h��B� if f e�â�Ö¦Û;� �³·"!= ßFUWV�= f��&� p;m�� �!h��B� .
(b) If some e�â\Ö¿ß with +B¢��t�h°Ü°Ü°Ü1hWp � is not satisfiable,then o is not satisfiable,and thus oÁ� � �= ßFUWVX=f��&� psm����*h t � for all Îÿ¢\� t h�Ð�Ñ�h�ÐÏÒ � . T
Proof of Proposition 8.17. We first computethe set ç of all connectedcomponentsof the hypergraph¢ uÓf¤£èh�Ù\m�uxf�k�l�m © ®3h��hij*°f�ê#m��!ê²¢�o � â¤�hi]*�f(psm � m , where i]*�f�ê#m denotesthesetof all groundatoms� ¢
k�l�m thatoccurin ê . Thisset ç canbecomputedin lineartimeusingstandardmethodsanddatastructures.
Once ç is given, »Ñ�Ò Þ © ® f�Ökm and ¡�Ñ1� Þ © ® f�Ökm canbe computedin linear time. In summary, »�Ñ�Ò Þ © ® f�Ökm and
¡�Ñ���Þ © ®�f�Ö=m canbecomputedin lineartime. T
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[6] V. Chvátal. Linear Programming. Freeman,SanFrancisco,1983.

[7] B. deFinetti. Theoryof Probability. J.Wiley, New York, 1974.

[8] A. DekhtyarandV.S.Subrahmanian.Hybrid probabilisticprograms.J. Logic Program., 43(3):187–250,2000.

[9] M.I. Dekhtyar, A. Dekhtyar, andV.S.Subrahmanian.Hybrid probabilisticprograms:Algorithmsandcomplexity.
In ProceedingsUAI-99, pages160–169.MorganKaufmann,1999.

[10] D. DuboisandH. Prade. Non-standardtheoriesof uncertaintyin plausiblereasoning. In G. Brewka, editor,
Principlesof KnowledgeRepresentation. CSLI Publications,Stanford,CA, 1996.
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