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ÆlPÁcZY0HJE3Ç a Ç�DF[ U+È DÃÇ0[ZDFE)D_P!c a P0D ÈÊÉ O�P9E^cZ[ a HJP�c3C+O�ËQH²RÀÌ8[)O�ËQ[ a WeWeHIP9ËÍE)Î�E^cZD_W U Æ^Ï É C�Ì�Ð

R Ñ U cZY a c�E*O�GI]QD�EE)D³cZE,OvÒ�P9OQP0GJHIP9D a [�R³O�P9E^cZ[ a HIP!cZE�O�]QDF[=cZY0Db[)D a G�P!Ó0W½Ô�DF[ZEFÕoÖ�PÀD³× a WeÇ0GJD»OvÒ�E)Ó9RTY a R_OQP9E*c)[ a HJP�c�E*D_c,H²E,Ø�× a WeÇ0GJDÙ Õ
Ú�Û�ÜoÝ�Þ�ßJàÀáQâ V Y0DãR³O�P9E*c)[ a HJP�c3E)D³c x2 = y U x = 2 · y

Y a E|c È OäE*O�GIÓ0c)HJOQP9EFå x = 0 U y = 0 a P9æ x = 0.5 U
y = 0.25

Õ9KMÓ0D|c)Oec)Y0D|c)DF[)W
x2 U cZY0D3R³OQP�E^cZ[ a HIP!cdE)D³c<HJEdP0OQP0GJHJP0D a [FÕç Ó0[3E)Î�E*cZD_WèH²E3æ�DFE)HIË�P0DFæäcZOéÔ�D a ËQD_P0DF[ a G,Ç0Ó0[ZÇ�O�E)D U [)O�Ô0Ó9E*c a P9æ/D_êëR³HJD_P�c É C�ÌÂE*Î�E*c)D_WéÕ V Y0DÃæ0DFR³H²E)HIO�Pc)Oìæ�DFE)HIË�P a>í à³îïE)Î�E^cZD_W�HJEeW a HJP0GIÎðWeOvc)HJ] a c)D�æðÔ�Îìc)Y0[ZD_DÍ[ZD a E*O�P9E_Õ V Y0DÍñ9[ZE*cÀc È O a [)DòÔ a E)DFæ2OQP>OQÓ0[D³×�Ç�DF[)HJD_P9R_D È HIc)Y�cZY0D É C+ÌMÐ
R Ñ E*Î�E*c)D_Wôó Ù_õoö È Y0H²RTYìR a P�Ô�DÃÒ�OQÓ0P�æÁHJP2X�Æ É X!c)Ó�E3Ì8[ZOQGJOQË�ó¼÷Q÷ ö a P9æ È Y0H²RTYÈ DMÇ�O�[*cZDFæÃ[ZDFR_D_P�cZGIÎÀcZOeX�ø.Æ�ùªÌ'[)O�GIO�Ëëó¼÷�ú ö Õ V Y0D�c)Y9HI[TæëWeOvc)HJ] a c)HJOQPãR_OQP9R_D_[ZP9E8c)Y0DûGIHJWeH±cZDFæ a ] a HJG a Ô0HJGIHIc^Î a P9æG a RTS�OvÒ+HIP!c)DFËQ[ a c)HJOQPÃHIPëÌ8[ZOQGJOQË3OvÒ°P0O�P0GJHIP0D a [�E)Î�E^cZD_WÃE_Õ�ø/D�P9O È æ0DFE)R_[)HJÔ�D<OQÓ9['WÀOQc)HJ] a c)HJOQPÃHIPëWeO�[)D�æ�D³c a HJG�å

Ù Õ V Y9D É C+ÌMÐ
R Ñ E*Î�E*c)D_WôH²EÃÔ a E*D�æ>O�Pýü9O a c)HJP0Ë�Ç�O�HIP!c a [)HIc)Y0WeD_c)H²R È Y0H²RZY.GID a æ0EecZOì[ZOQÓ0P9æ0HIP0ËìD_[Z[)O�[ZEFÕV Y9D_[ZD a [ZDÍW a P!ÎìcZDFRTY0P0H²þ�Ó9DFEeHJPýP!Ó0WeDF[)H²R a G a P a GJÎ�E*H²E½cZY a cëWÀHJP0HJWeHIÿFDÍc)Y9DFE)DéD_[Z[)O�[ZE�Ô!Îð[ZD_O�[Zæ0D_[)HJP0ËO�Ç�D_[ a cZHIO�P9E U9È Y0HJRTY H²E�HIP9R_OQWeÇ a c)HJÔ0GID È HIc)Y c)Y0D�HIP9R_[)DFWÀDFP�c a G=P a cZÓ0[ZD3OvÒ É C+Ì,Õ�Ö Ë�O�O�æ a G±cZD_[ZP a cZHI]QD3H²EcZY0DMÓ9E*DMOvÒ+HIP!c)DF[)] a G a [ZH±cZY0WeD³c)H²R È Y0H²RZYãO � D_[TE8D_×�Ç9GIH²R³HIc�DF[)[ZOQ[8Ô�O�Ó0P9æ0EFÕ ` DFR a Ó9E)D<OvÒ°cZY0H²E a P9æec)Y0DMW a P�ÎOQc)Y0DF[ a æ�] a P�c a Ë�DFE'cZY a c<HJP�cZD_[Z] a G a [ZHIc)Y0WeD³cZH²RûO � D_[TE U O�Ó0[dE)Î�E^cZD_WïOQÇ�DF[ a c)DFE»O�PÍ[)D a G°HIP!c)D_[Z] a GJEFÕ÷0Õ�� a P!ÎÃÇ0[ZOQÔ0GJD_WÃE�HJP a Ç9Ç0GIH²R a c)HJOQP a [ZD a E a E�] a [ZHIO�Ó9E a E»RTY0DFWÀH²R a G�D_P0ËQHJP0DFD_[ZHIP0Ëòó � ö U R_OQWeÇ0Ó�cZD_[»Ë�[ a Ç0Y0H²R_Eó Ù��oö a P9æðDFR_OQP0O�WÀH²R_Eãó¼÷ Ù´ö U [ZDFþ!Ó0HJ[)DòE)OQWeDãP0OQP9GIHJP0D a [ÀR³OQP�E^cZ[ a HIP!cZE3c)O/Ô�DÍE a c)H²E^ñ�DFæ°Õ V Y0DFE)DãÇ0[ZOQÔ9GIDFWeER a P0P0OQcLÔ�DëE*O�GI]�DFæäÔ�Î a E)Î�E^cZD_W GIHJSQD É C+Ì�Ð

R Ñ cZY a c3O�P0GIÎ/E)OQGJ]QDFE|GIHJP0D a [3R³O�P9E^cZ[ a HIP!cZEFÕ��9OQ[LD_× a WeÇ0GJD UÉ C�Ì�Ð
R Ñ R a P0P9OvcbE*O�GI]QD�Ø�× a WÀÇ9GID Ù Õ V Y0HJE»GIHJWeH±c a cZHIO�Pãæ0O�DFE�P0Ovc�ñ9c»HJPãOQÓ9[�]�HID È OQÒ a ËQDFP0D_[ a G�Ç0Ó0[ZÇ�O�E)DÉ C�Ì.E*Î�E*c)D_W U E*OeHIcdH²EdOQÓ0[ a HJW c)OÃE)Ó0Ç0Ç�O�[*cdP0O�P0GJHIP0D a [<R³OQP9E*cZ[ a HIP!cZE a E È D_GJG�Õ

	 ÕdX�D_]QD_[ a G�HJP�cZD_[Z] a GIùªÔ a E)DFæ½P0OQP0GJHJP0D a [�R_OQP9E*c)[ a HJP�c8E)OQGJ]QD_[TE�D³×�H²E*c,cZO�æ a ÎQÕ V Î!Ç9HJR a GJGIÎ U c)Y9DFE)D a [ZDbR_OQWeWeD_[TR³H a GE)Î�E^cZD_WÃEFÕ ç PecZY0DMOQP0D�Y a P9æ U c)Y0DF[)D a [)D<P0O�P�ù É C+Ì2E*Î�E*c)DFWÃE�Ð�H�Õ DQÕ!P9Ovc�Ô a E*D�æeO�PëC�OQË�HJRdÌ8[ZOQË�[ a WeWÀHJP0Ë ÑGJHJSQDÍÏ�D È c)O�P ó ÙQÙ³ö U�
 D_GJHIO!Eòó Ù � ö a P9æ2Ï�Ó0WeD_[ZHJR a ó Ù��ö a E È D_GJG a E�Æ^C ç�� X�OQGJ]QD_[Íó¼÷ 	�ö Õ ç PðcZY0DÍOvcZY0D_[Y a P9æ U cZY0D_[ZD a [)D�D³×�c)DFP9æ�DFæëÌ'[)O�GIO�Ë3HIWeÇ0GJD_WeD_P!c a c)HJOQP9E�GJHISQDMØ É C i
Ì�X

e
ó Ù��ö a P9æëÌ8[)O�GJOQË3Æ�� ó¼÷ ��ö È Y9O�E)DR_OQP9E*c)[ a HJP�c<E*O�GI]QDF[dR a P0P0OvcdÔ�DLD a E*HJGIÎëÇ�O�[*cZDFæãc)OÃOvc)Y9D_[dÌ8[ZOQGJOQËeE*Î�E*c)DFWÃE_Õ

��� à�� �� à³îèøÁDãE*c a [*c½HIP2X�DFR´cZHIO�P2÷ È HIc)Y2æ�D³ñ9P9H±cZHIO�P9E a P9æ�P0Ovc a c)HJOQP�c)Y a c a [ZDÃÓ9E)DFæ�HIPìc)Y0H²E3Ç a Ç�D_[�Õ V Y9DR³O�P�cZD³×�c�OvÒ,c)Y0D½E)Î�E*c)D_W H²E�E)SQD³cZRTY0DFæéHJPäX�DFR³c)HJOQP 	 È Y0DF[)D È D a G²E*OÃËQHJ]QD a PéHJGIGJÓ9E*c)[ a cZHIO�P+Õ0ÆlPäX�D�R´c)HJOQP õ È DÇ0[ZDFE)D_P�c a P O�]QDF[)]�HJD È OQÒ�c)Y0DÀæ�H � D_[)DFP�c|R³O�WeÇ�OQP0DFP�cZE�OQÒ�c)Y0DÀE)Î�E*cZD_WéÕ�ÆlWeÇ0GJD_WeD_P�c a cZHIO�Päæ�D_c a HJG²E a [ZD3Ë�HI]QDFPHJP/X�DFR´cZHIO�P � a P9æ a P DF] a GIÓ a c)HJOQPéÒ�O�GIGJO È E<HJPÁX�DFR³c)HJOQP��0Õ�øÁDÀR³O�P9R³GJÓ9æ�D�HIPÁX�D�R´c)HJOQP�ú È Y0D_[ZD È DÀæ�DFEZR³[ZHJÔ�DE)OQWeD a [ZD a E»OvÒ=Ò�Ó0c)Ó0[ZD È OQ[ZS a P9æò[ZDFE)D a [TRTY+Õ
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øÁD a E)E)Ó0WeDäE)OQWeDäËQDFP0D_[ a G�S�P0O È GID�æ�ËQD OQÒ3HIP!c)D_[Z] a G a P a GJÎ�E*H²EFÕ�X�D_D Ò�O�[òD³× a WeÇ0GJD2ó Ù³ö Õ�øÁD/ËQHJ]QD a Ô0[ZHJD³ÒOo]QD_[Z]!HJD È OvÒ�cZY0D�P0OQc a cZHJOQPÃÓ9E*D�æ°Õ ç Ó0['P0OQc a cZHIO�PeÒ�OQGJGIO È E<ó Ù � ö Õ��bÆlP!c)DF[)] a GJE a P�æeHIP!c)DF[)] a G9Ô�O�×�D�E a [)D�æ�D_P9Ovc)D�æHJPëÔ�O�GJæ�Ò a R³D�Õ�øÁDMO�P0GIÎÃR³O�P9E)HJæ�DF[�HIP!c)D_[Z] a GJE a P9æÃÔ�O�×�D�E È HIc)YãÆlØ8Ø'Ø.ú �võ ü9O a c)HJP0Ë½Ç�OQHJP�c»Ô�O�Ó0P9æ0EûÐ�HJP9R³GJÓ9æ�HJP0Ë
±∞ Ñ ÕÖ$[ZD a GdÒ�Ó0P9R´cZHJOQP f

R a PýÔ�DäR³O�WÀÇ9Ó�c)DFæBÔ!Î>Ó9E)HIP9Ë a PÂàZÛ³Þ �)à
	�	 �� í OvÒ f
å a E*D�þ�Ó9D_P9R³DºOQÒ a [)HIc)Y9WÀD_c)H²ROQÇ�DF[ a c)HJOQP9E U æ�D_P9Ovc)D�æòÔ�ÎòE a P9EdE)D_[ZHIÒ

f
Õ0øÁDLP0D_D�æãcZY0H²E<æ�H²E^cZHIP�R´c)HJOQPéÔ�D�R a Ó9E)D|HJP�c)DF[)] a G a [)HIc)Y0WeD_c)H²R|æ�O�D�EbP0OQcE a c)H²E*Ò�ÎìR_D_[)c a HJP2Ç0[ZOQÇ�D_[)c)HJDFE�OvÒM[)D a G a [ZH±cZY0WeD³cZHJR U GIHJSQD a E)E)O�R_H a cZHI]�HIc^ÎÁOQ[eæ�H²E^cZ[ZHIÔ0Ó�cZHJ]!HIc^Î U�a P9æ2E)OÁæ�H � DF[)DFP�cD³×�Ç0[ZDFEZE)HIO�P9E�OvÒ8cZY0DeE a WeD�[ZD a G=Ò�Ó0P�R´c)HJOQPÁW a ÎºY a ]QDÀæ�H � DF[)DFP�c|DF] a GJÓ a c)HJOQP9E È Y0D_P/Ç�D_[)Ò�OQ[ZWeDFæ HIP/HJP�cZD_[Z] a Ga [ZHIc)Y0WeD³cZHJRQÕÖ�P/HJP�c)DF[)] a G�D_×!cZD_P9E)HJOQPäOvÒ'Ò�Ó0P9R´cZHJOQP f È HIc)Y/[ZDFE)Ç�DFR³cMc)OÍD³×�Ç0[ZDFEZE*HJO�P

f
H²E|æ�D_P0OQc)DFæäÔ�Î

f∗
Õ�øÁDeæ�DFP0OvcZDc)Y9DûP a c)Ó0[ a G�HIP!c)DF[)] a G�D_×�c)D_P�E*HJOQPòÔ!Î

fN
a P9æëc)Y0D V�a Î�GJOQ[»HIP!c)D_[Z] a G�D_×�c)D_P9E)HJOQPãÔ�Î

fT
Õ V Y0D|P a cZÓ0[ a G�HJP�cZD_[Z] a GD³×�cZD_P9E)HIO�P/OvÒ a Ò�Ó0P9R´cZHIO�P f È H±cZYÁ[ZDFE)Ç�DFR´c|c)OéD³×�Ç0[ZDFEZE)HIO�P

f
HJE|Ò O�[)WeD�æäÔ!Îä[ZD_Ç0G a R_HIP0Ë a GJG�[)D a G a [)HIc)Y9WÀD_c)H²ROQÇ�DF[ a c)HJOQP9E a P9æÀÇ0[)HJWeHIc)HJ]QDbÒ�Ó0P9R´cZHIO�P9E8Ô!Î3cZY0D_HJ[8HJP�cZD_[Z] a G a [ZH±cZY0WeD³cZHJRdR³O�Ó0P�cZD_[ZÇ a [)cFÕvÖ�GIG9HJP�c)DF[)] a G�D_×�c)D_P�E*HJOQP9EÓ9E)DFæ/Y9D_[ZD a [)DeHIP9R_GIÓ�E*HJOQPÁH²E*OQc)O�P0HJR U HªÕ DQÕ

x ⊆ y =⇒ f(x) ⊆ f(y)
Õ+øÁDÃæ0D³ñ9P0DecZY0Däà)Û � 	���à í � � Üoß � í �là � � ÜoßàZÛ��là í 	 �� í OvÒ a [ZD_G a cZHIO�P ω ∈ {=, <,>}

Ô!Î
xω∃

y ⇐⇒ ∃x ∈ x, y ∈ y : xωy
Õ
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V Y0DÁÆ^Ï É C�Ì�Ð

R Ñ E*Î�E*c)DFW H²EÍæ0DFE)HIË�P0DFæ.c)OýÔ�D È O�[)SBHJP W a P�Î.æ�H � D_[ZD_P�céÇ9[)O�ËQ[ a WÀWeHJP0ËðDFP!]�HI[ZOQP9WÀDFP�cZEFÕV Y0DF[)D_Ò O�[)D U Ç�O�[*c a Ô0HJGJH±c^ÎäcZO OvcZY0D_[�Ì8[)O�GIO�ËºHIWeÇ0GJD_WeD_P!c a c)HJOQP9E½H²E½DFEZE*D_P!c)H a GªÕ V Y0DòE)Î�E*c)DFW HJE½HJWÀÇ0GJD_WeDFP�c)D�æHJP/X�ø.Æ�ùªÌ8[ZOQGJOQËäó ÷!ú ö a P�æºW a SQD�E�Ó9E*D�OvÒ a c*cZ[)HJÔ0Ó�cZDFæ ] a [)H a Ô9GID�ELó ��ö a P�æéc)Y0D É OQP9E*c)[ a HJP�c 
�a P9æ�GJHIP9Ë��dÓ0GJDFEGJHIÔ0[ a [ZÎðóxú ö Õ V Y0DëE)Î�E*cZD_W R a PÁÔ�DëD a E)HJGIÎäÇ�OQ[)c)D�æäc)OºOQc)Y0DF[LÌ'[)O�GIO�ËÍDFP!]�HI[ZOQP9WÀDFP�cTEûcZY a c½Y a ]QD a c)c)[ZHJÔ0Ó�c)D�æ] a [)H a Ô9GID�E a P�æ É 
 �LÕ�ÖAÇ�O�[*cbcZOeY0Ì8[ZOQGJOQËÍó õvö [)D�þ!Ó0HI[ZDFæãGJHIc*cZGIDLD � O�[*c�Õ
���� �������! #"$�!%'&)(+*',.-/($01 �%325476

V Y0DdÆ^Ï É C+Ì�Ð
R Ñ E*Î�E*c)D_W�H²E�HIWeÇ0GJD_WeDFP�c)D�æeÓ9E*HJP0Ë É OQP9E*c)[ a HJP�c 
�a P9æ�GJHIP9Ë8�dÓ0GJDFEFÕ V Y0H²E�[ZÓ0GID_ùªÔ a E)DFæ½G a P0Ë�Ó a Ë�DH²E<æ�DFE)HIË�P0DFæãcZOÃE)HJWÀÇ9GIHIÒ�Îãc)Y0DLHJWeÇ0GJD_WeD_P!c a cZHJOQPéOvÒ�R³OQP�E^cZ[ a HIP!cdE)OQGJ]QD_[TE a P�æÍR a PÍÔ�DLÓ9E)DFæÍOQPòcZOQÇéOvÒ a Y0O�E*cG a P0Ë�Ó a Ë�DûGIHJSQDLÌ8[ZOQGJOQË�Õ 
 D_[ZD U0È DLÇ0[ZDFE*DFP�cdc)Y9D|c È OÃW a HJPé[ZD a E)OQP�E�Ò�OQ[<Ó9E)HIP0Ë É 
 �&c)O È [)HIc)D a R³O�P9E^cZ[ a HIP!cE)OQGJ]QD_[�Õ V Y0D_Î a [ZDûÔ a E*D�æãO�PòO�Ó0[dD³×�Ç�D_[ZHIDFP9R³D�E È HIc)YÍc)Y0D3NeÕ 93Õ C+DFÓ0]QD_P É 
 �bù�E)Î�E^cZD_W ó ÷ � ö OQPòc)O�ÇÍOvÒ�X�ø.Æ�ùÌ8[ZOQGJOQË�Õ
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� �� 25*' ($"�� � 0 �"-KL� &�M ���F� "$0*? �  �?�
 �"$&��F����	 � � 0 " P�
 &E" 0��

ÆlPãc)Y0H²EbE)DFR³c)HJOQP U�È D|æ�DFEZR³[ZHJÔ�D�c È OÀE)W a GJG�Ô0Ó�cdP0O�P0D³cZY0D_GJDFEZE�HJWeÇ�OQ[)c a P!cbR³O�WeÇ�OQP0DFP�cZEFå�R_OQP9E*c)[ a HJP�c»Ç0[ZD_Ç a [ a ùc)HJOQP a P9æòHJP�cZD_[Z] a G a [)HIc)Y9WÀD_c)H²RvÕ
< � í 	�� �)Ü � í ��� �)à�Þ9Ü �)Ü � �� í ø.Y0DFPBP0D È R_OQP9E*c)[ a HJP�cTE a [)DéHJP9E*DF[*cZDFæ>HJP!c)O�c)Y9D E)Î�E*c)DFW U E)OQWeDéÇ9[)D_Ç a [ a c)O�[)ÎÈ O�[)S2HJEëP0D_D�æ�DFæ°Õ'ÆlPBc)Y0H²EëÇ0Y a E)D U cZY0D ] a [)H a Ô0GJDFEeHIPBc)Y0DäR_OQP9E*c)[ a HJP�cTEeËQD_c a PBHIP9H±cZH a G�æ0OQW a HJP U'a ËQGJOQÔ a GOQ[Tæ�DF[)HJP0ËÃÔ�D_c È D_D_P c)Y0DÀæ�H � D_[ZD_P�cû] a [ZH a Ô0GID�EdH²E�D�E^c a Ô0GJHJE)Y0D�æ U c)Y9D½Ô a E)DLÒ�O�[)WÃE<Ò�OQ[�cZY0D�HIP!c)D_[Z] a G�D_×�c)D_P�E*HJOQP9Ea [ZD|R_OQP9E*c)[ZÓ9R´cZDFæ a P9æéR³OQP�E*H²E^cZD_P9R_ÎãRZY0D�RZS�E a [)D|EZRTY0DFæ�Ó9GID�æ°Õ `»a E*DûÒ�OQ[ZWÃE a [)D|Ç0[ZDFE)D_P�cZDFæòHJPºX�D�R´cZHIO�P � Õ¼÷�Õ
: í ��à�� � Üoß�� � � ����ÝÃà
� �; V Y0DòHJP�cZD_[Z] a G a [ZHIc)Y0WeD³cZHJRãH²E�HJWeÇ0GJD_WeD_P!c)DFæ>HIP>Ç0Ó0[ZDòÌ8[)O�GIO�Ë9Õ=Æ�ceH²E�Ô a E)DFæðOQPðc È OR³O�WeÇ�OQP0D_P!cZEFå a PéD³×�c)DFP9E)HIO�PÍOQÒ�c)Y9DLü9O a c)HJP0ËÃÇ�OQHJP�c a [ZHIc)Y0WeD³cZHJR È H±cZYéc)Y9D3HIP�ñ�P0H±cZHID�E ±∞ a P9æ a PéHJP�cZD_[Z] a Ga [ZHIc)Y0WeD³cZHJR|O�]QDF[»c)Y9DFE)D|D³×�cZD_P9æ�D�æãü�O a cZHIP9ËÀÇ�OQHJP�c<P�Ó0W½Ô�D_[TE_ÕV Y9DbD³×�cZD_P9E)HJOQP�OQÒ�c)Y0Dbü9O a cZHIP0Ë|Ç�OQHJP�c8P!Ó0W½Ô�DF[ZE�HJE�P0DFR_DFEZE a [)ÎLÔ�DFR a Ó9E)D�cZY0DdÆ*X ç ù�Ì8[)O�GJOQËûE^c a P9æ a [Tæ�æ�O�DFEP0OQc<E)Ó0Ç0Ç�O�[*c

±∞
Õ9Æ�c�R a PéÔ�D|[ZD_WeOo]QDFæòHIPéÇ�OQ[)cTE»c)OÃÌ8[)O�GIO�ËÀHJWÀÇ0GJD_WeDFP�c a c)HJOQP�E U GJHISQDLY0Ì8[ZOQGJOQËeOQ[�X�Æ É X!cZÓ9EÌ8[ZOQGJOQË U c)Y a c�æ�OeÇ0[ZO�]�H²æ�DMcZY0DLHIP0ñ9P0HIc)HJDFEFÕç Ó9[�HIWeÇ0GJD_WeDFP�c a c)HJOQP�OQÒ9HJP�c)DF[)] a G a [)HIc)Y9WÀD_c)H²R'H²E�HJP9E*Ç9HI[ZDFæ3Ô�ÎÃó Ù�	�ö Õ ` D�R a Ó9E)D È DbR a P9P0Ovc�R³OQP!c)[ZOQG![ZOQÓ0P9æ�ùHJP0Ë|WeO�æ�D�E,HJPÀÌ'[)O�GIO�Ë Uoa PÀD³×�Ç0GJHJR_H±c8O�Ó�c Èba [Tæ½[ZOQÓ0P9æ0HIP0Ë|H²E,Ó9E)DFæÀÔ!Î3c a S�HJP0Ëûc)Y0Dbü9O a cZHIP9ËûÇ�OQHJP�c8P�Ó0W½Ô�D_[°\^Ó9E*c



¨�©dr,~�«'¬
R  ��¨ªnok^gZj^�Fi_� ��µ!iF¦lg´¶½©»pFn!�xwxn!g´i³jbr�pFn!¦�klj*iFwxnok»~9p��Fw±u�«°j^p��_j*iFmLmLwxn!�ûp³��gZj8k^§�gd¿'g´i_�±¦ ���

Ô�D³Ò�O�[)DûO�[ a Ò c)DF[»cZY0D|[ZDFE)Ó0G±c�Õ V Y9HJEbOQÒ²cZD_PÍGJD a æ0E�c)OeG a [)Ë�D_[»HIP!c)DF[)] a G²E'cZY a PÍP0D�R³DFEZE a [)Î U Ô0Ó�c<HJEbË�Ó a [ a P�cZD_D�æecZOÔ�D3R³OQ[Z[ZDFR´c�Õ
� ��� �
 �"$&��F����	�����" &) �( 0*? �(

ÆlPìc)Y0H²E�E*D�R´cZHIO�P U HJP�cZD_[Z] a G'D³×�cZD_P9E)HIO�P9E a [ZDÃÇ0[ZDFE)D_P!c)D�æ°Õ�øÁDëñ9[TE^c�æ0DFEZR³[ZHIÔ�DÃc)Y9Dëc È O clÎ�Ç�D�E3OQÒbc)Y0D V�a Î!GJOQ[HJP�c)DF[)] a G=D³×�c)DFP9E*HJOQPºc)Y a c a [)D½E)Ó0Ç0Ç�O�[*cZDFæéHJP Æ^Ï É C+Ì�Ð
R Ñ a P9æéc)Y0D_P/æ�D�E)R_[)HJÔ�DLcZY0D½DF] a GJÓ a c)HJOQPºWeDFRTY a P0H²E*WOvÒ�HJP�cZD_[Z] a G�D_×�c)D_P�E*HJOQP9EFÕ

�9Ü��oß � � : í ��à�� � Üoß�Ú�ÛE�là í 	 �� í ÆlPÍO�P0DLæ�HJWÀDFP9E*HJO�P U cZY0D V�a Î�GJOQ[bHIP!c)DF[)] a G°D³×�c)DFP9E*HJO�PòH²Edæ0D³ñ9P0D�æ a E»Ò�OQGJGIO È EFå
fT (x) = f(x̂) + f

′
∗(x) · (x − x̂)

È HIc)Y x̂
cZY0DéR³DFP�c)DF[ÀOQÒ

x
Õ,ÆlP>Ç0[ a R³c)H²R³D U cZY0DÍP a c)Ó0[ a G»HJP�cZD_[Z] a G»D_×!cZD_P9E)HJOQP2OvÒ<cZY0Déæ�DF[)HJ] a c)HJ]QDãH²E�Ó9E)DFæ+Õ,ÆlPW½Ó0GIc)HJÇ0GJD3æ�HJWeD_P9E)HJOQP9E U WeO�E*cdOvÒ cZD_PéOQP0D|Ó9E)DFEbc)Y0D|Ò�O�[)W

fT (x) = f(x̂) +

n∑

i=1

∂

∂xi

f∗(x1, ...,xn) · (xi − x̂i)
Ð Ù Ñ

È Y0H²RZYºH²EdÔ a E*D�æòO�PÍc)Y0D V�a Î�GJOQ[<E)D_[ZHID�EbD³×�Ç a P9E*HJOQPÍHJP�cZOecZY0D½æ�HJ[)D�R´cZHIO�PÍOQÒ
x − x̂

Õ V Y0DLÆ^Ï É C+Ì�Ð
R Ñ E*Î�E*c)D_WO � D_[TE a P a GIc)DF[)P a c)HJ]QDMÒ�O�[)WïÔ a E)DFæòOQPéR_OQWeÇ�OQP0DFP�c È HJE)D V=a Î�GJOQ[dE*DF[)HJDFEbD³×�Ç a P�E*HJOQP9EFå

fT (x) = f(x̂) +
n∑

i=1

∂

∂xi

f∗(x1, ...,xi, x̂i+1, ..., x̂n) · (xi − x̂i)
Ð�÷ Ñ

V Y0DÀE a WeD½Ç0[)HJP9R_HIÇ0GJD�HJE a Ç0Ç9GIHJDFæ Ô!Î7�dÓ0WeÇ/HIP2ó¼÷ ��ö O�PäE*GJOQÇ�D½HJP�cZD_[Z] a G²EFÕ9Æ�cûH²EûR³GJD a [�cZY a cMc)Y9D½Ò�OQ[ZW Ðª÷ Ñ H²EWeOQ[ZDÃÇ0[)D�R³H²E*DecZY a P�cZY0DÃÒ�OQ[ZW Ð Ù Ñ Õ�øÁDãR a GJG�Ð Ù Ñ cZY0DãE*c a P�æ a [Tæ V�a Î!GJO�[LHIP!c)D_[Z] a G8D³×�cZD_P9E)HIO�P a P9æ.Ð�÷ Ñ c)Y0DR³O�WeÇ�OQP0D_P!c È H²E)D V�a Î�GIO�[»HJP�cZD_[Z] a G�D_×�c)D_P9E)HJOQP+Õ
Ú � ÜoßBA9Ü � �� í @äà ; �0Ü í � 	´Ý V Y0D3DF] a GJÓ a c)HJOQPéOvÒ�HIP!c)DF[)] a G+D_×�c)D_P�E*HJOQP9E<H²E a Ç�D_[)Ò�OQ[ZW a P9R³DLÔ�Ovc)c)GJD_P0D�RZSÍHJPºOQÓ0[E)Î�E*c)DFWéÕ,ø/DéÓ9E*D a Ò�OQ[ZW OvÒMÇ a [)c)H a GbD_] a GIÓ a c)HJOQPðc)O�E)Ç�D_DFæ2Ó0Ç2cZY0H²EÀDF] a GJÓ a c)HJOQP+Õ�øÁDéæ�H²E*c)HJP0ËQÓ0H²E)YðcZY0[ZD_DÒ�OQ[ZWÃEbOvÒ a PòHJP!c)D_[Z] a G�D_×�Ç0[)D�E)E)HJOQPã[ZD_Ç9[)D�E*DFP�c)HJP0Ë a R_OQP9E*c)[ a HJP�c�å
� � ($& , *�� 
 V Y0H²EeH²Eec)Y0DºD_×�Ç0[)D�E)E)HJOQP>OvÒ a PýHJP�c)DF[)] a GdD_×!cZD_P9E)HJOQP È H±cZYBP0Oìæ0OQW a HJPýHIP0Ò�OQ[ZW a c)HJOQPýÔ�D_HJP0ËÓ�E*D�æ°Õ
K �"�F"$01��	=& ����	�� ��"$01*' V Y9DeÇ a [*cZH a G,DF] a GJÓ a c)HJOQP È H±cZY�[)D�E*Ç�D�R´c|c)Oé] a [ZH a Ô0GID x

Ó9E)DFELæ�O�W a HJP/HJP�Ò�OQ[ZW a cZHIO�PÒ�[ZOQW a GJG°] a [)H a Ô0GID�E�D_×�R_D_Ç�cdÒ�OQ[ x
Õ

� �2	�	 & ����	�� ��"$01*' V Y9D'Ò�Ó0GJG�D_] a GIÓ a c)HJOQP3H²E a P½HJP�cZD_[)] a G a P9æ3Ó9E)DFE�æ0OQW a HJP½HIP�Ò�O�[)W a c)HJOQPLÒ�[ZOQW a GJG!] a [ZH a Ô0GJDFEFÕ
V Y0DÃÔ a E)DÀÒ�OQ[ZWèH²E|c)Y0DÃÔ a E)HJEûÒ�O�[|c)Y0DÃÇ a [)c)H a G�D_] a GJÓ a cZHIO�P a P9æ/O�P0GJÎäRTY a P0Ë�DFE È Y0D_P�Ó0P0HIñ�R a c)HJOQP�O�R_R_Ó0[ZEFÕV Y0DLÇ a [*cZH a G°D_] a GIÓ a c)HJOQPÍHJE<R_[)D a c)D�æ3\^Ó�E^c�Ô�D³Ò�O�[)DLR_OQP9E)HJE*c)DFP9R³ÎòRZY0D�RZS�HJP0Ë a P9æãÒ�O�[)WÃE»cZY0DLÔ a E*H²E»Ò�O�[bc)Y9D|Ò�Ó0GJGD_] a GJÓ a cZHIO�P+Õ�Æ�cdR a PãÔ�DMÓ�E*D�æ a E�GJOQP0Ë a E�P9OQP0DMOQÒ+c)Y0D|æ0OQW a HJP9E�HJP!]QOQGJ]QDFæëH²E»RTY a P0Ë�DFæ°Õ V Y9D�Ò�Ó0GJG°D_] a GIÓ a c)HJOQPH²E'Ó9E)DFæëæ�Ó9[)HJP0Ë�R³O�P9E*H²E*c)D_P�R³ÎeRZY0D�RZS�HJP0Ë a P9æëæ�O�W a HJPÃP a [)[ZO È HJP0Ë9ÕQø/DMP0O È HJGJGIÓ�E^cZ[ a c)D<c)Y0D�E*D�Ò�OQ[ZWeE È HIc)Y a PD³× a WÀÇ9GID�Õ
Ú�Û�ÜoÝ�Þ�ßJà��!â �9OQ[�c)Y9D<D³×�Ç0[)D�E)E)HJOQP

f(x, y) = x2 ·y2 U x ∈ [−10, 10] U y ∈ [0, 5] a P9æ�Ò�OQ[�cZY0D�R³O�WÀÇ�O�P0D_P!c È H²E)DV�a Î�GJOQ[bHJP�c)DF[)] a G°D³×�c)DFP9E)HIO�P U�È DLY a ]QD�å
`ba E)DMÒ�O�[)Wéå (x̂2 · ŷ2) + (2 · x · ŷ2) · (x − x̂) + (2 · x2 · y) · (y − ŷ)Ì a [*cZH a G°D_] a GJÓ a cZHIO�P È Õ [�Õ c�Õ x å (6.25 · x̂2) + (12.5 · x) · (x − x̂) + ([0, 10] · x2) · ([−2.5, 2.5])Ì a [*cZH a G°D_] a GJÓ a cZHIO�P È Õ [�Õ c�Õ y å ([−20, 20] · ŷ2) · [−10, 10] + ([0, 200] · y) · (y − ŷ)
�9Ó0GIG�D_] a GIÓ a c)HJOQP�å [−3750, 3750]



��� ~�gT¦l�xwxg<fbgbz�p�n!wxn�u��3gZk'iF� {
ø.Y0DFP a P0D È R_OQP9E*c)[ a HJP�cÀH²EÀD_P�cZD_[ZDFæ2HIP2cZY0DéE)Î�E^cZD_W U�a Ô a E*DãÒ�O�[)W Ò�OQ[ a GJG»c)Y0DéHIP!c)D_[Z] a G»D³×�cZD_P9E)HIO�P9E�H²EËQDFP0D_[ a cZDFæ°Õ8øÁD ËQDFP0D_[ a cZDéÔ�Ovc)Y.Ô a E*DéÒ�O�[)WÃEeÒ�O�[Ãc)Y9D HIP!c)DF[)] a G<D³×�cZD_P9E)HIO�P9EÃOvÒ|c)Y0DäR_OQP9E*c)[ a HJP�cÃÒ�Ó0P9R³c)HJOQPa P�æ/OvÒ»c)Y9Dëæ�D_[ZHJ] a cZHI]QDeOQÒ�c)Y0DãR³O�P9E^cZ[ a HJP�c|Ò�Ó0P9R´cZHIO�P+Õ V Y0DÃG a c)c)D_[3H²E|P9D_DFæ0DFæ/Ò�OQ[3OQÓ0[3æ0OQW a HJPÁP a [)[ZO È HJP0ËOQÇ�DF[ a c)O�[FÕÆlPëcZY0DMÔ a E*D�Ò O�[)W U!È DM[ZD_Ç0G a R_DdcZY0DMO�[)HJËQHJP a G9Ç9[)O�Ô0GIDFW ] a [ZH a Ô0GJDFE8Ô!ÎeÒ�[)D�E*YãOQP0DFE»E*O È DûR a Pòæ�HJE*c)HJP0Ë�Ó0HJE)YÔ�D³c È DFD_PãO0R_R³Ó0[Z[ZD_P9R_DFE�cZY a cbY a ]QD<cZO�Ô�DM[ZD_Ç0G a R_DFæÃÔ!Îec)Y9DM] a [ZH a Ô0GID�H E�æ�OQW a HIP a P9æëO�RFR³Ó0[Z[)DFP9R³D�E�c)Y a cbY a ]QDc)O3Ô�Dd[ZD_Ç0G a R³D�æ�Ô!Î½cZY0D�R³D_P!c)D_['OvÒ�c)Y9D<æ�O�W a HJP+Õ V Y0H²E a GJE)O|W a SQDFE8E)Ó0[)Dbc)Y a c'Ó0P0HIñ�R a c)HJOQPeOvÒ�cZY0DFE)Dd] a [)H a Ô9GID�Eæ�O�D�EbP0Ovc<[)D a R´cZHJ] a cZDûOvc)Y9D_[<R³O�P9E^cZ[ a HIP!cZEFÕV Y9DÍD_] a GJÓ a cZHIO�PðOQÒ�c)Y0DéHIP!c)DF[)] a GbD³×�c)DFP9E*HJOQP9EÀH²Eeæ�O�P0DÍÔ!ÎðÓ0P0HIÒ�Î�HIP0ËÁc)Y0DÍÒ�[ZDFE)Y2] a [ZH a Ô0GJDFE È HIc)Y>c)Y9D_HJ[[ZDFE)Ç�DFR´cZHI]QD½æ�OQW a HJP9E a P9æºR_D_P�cZD_[TEdOQÒ8æ�OQW a HJP9EFÕ9Ö Ç a [*cZH a G+D_] a GJÓ a cZHIO�PÍÓ9P0H±ñ�DFE a GJG�] a [ZH a Ô0GJDFEdÔ0Ó�cMOQP0D�Õ ` ÎÓ9E)HIP9ËeÔ a RTS!c)[ a RTS!HJP0Ë U!È D a [ZD a Ô9GIDûcZOe[ZD_Ó9E)DMcZY0DLÔ a E*DûÒ�OQ[ZWÃE a P9æòÇ a [*cZH a G�DF] a GIÓ a c)HJOQP9EFÕ
� � � -� 0�N2�E��"$0*? 47�  �2	0 %

` DFR a Ó9E)D È D a [)D È O�[)S�HJP0Ë½HJPãÌ'[)O�GIO�Ë U!È D|R a PãÓ�E*DûÓ0P0HIñ�R a c)HJOQP a E a�È»a ÎÀc)OÀY a P9æ�GJDMD�þ!Ó a GJH±c^ÎëR³O�P9E^cZ[ a HIP!cZEFÕV Y0H²E�O � D_[TE�D³×�c)[ a ü9D³×�HJÔ0HJGIHIc^ÎÍc)OëcZY0D½Ó9E)D_[MOQÒ,cZY0D�Æ^Ï É C+ÌMÐ
R Ñ E*Î�E*c)D_W È Y0OòR a P Ó9E)D½] a [)H a Ô0GJDFE<O�R_R_Ó0[)[ZHJP0ËHJPÍR³OQP�E^cZ[ a HIP!cZE�HIP a P a cZÓ0[ a G È»a ÎQÕ�Æ�cbH²E a G²E*O�HJWÀÇ�O�[*c a P!c�Ò�OQ[bD³êëR³HJD_P�R³Î a E»Ó0P0HIñ�R a c)HJOQPòD_P a Ô0GID�E a E^cZ[)O�P0ËQDF[Ò�OQ[ZW OvÒdR_OQP9E)HJE*c)DFP9R³Î�Õ V Y0DëÓ9E*DF[3HJE a GJGJO È DFæäcZO æ�HJ[ZDFR´cZGIÎ/Ó0P0HIÒ�Î/c È Oº] a [)H a Ô9GID�E xi

a P9æ xj
U cZY0Dë[ZDFE)Ó0GIc3OvÒÈ Y0H²RZYéH²Edæ�DFP0OvcZDFæòÔ�Î xi∪j

Õ 9�P0HIñ�R a c)HJOQPÍOQÒ a ] a [ZH a Ô0GJD È HIcZY a P�Ó0W½Ô�D_[<H²E a GJE)OeE)Ó0Ç0Ç�OQ[)c)D�æ°ÕÖ<Ò c)DF[òÓ0P0HIñ�R a c)HJOQP U E*O�WeD æ a c a E*c)[ZÓ9R´cZÓ0[)D�EÃÔ�D�R³O�WÀD HJP9R³O�P9E)HJE*c)DFP�c a P9æBP0DFDFæBÓ0Ç�æ a c)HJP0Ë�Õ�Ö�GJE)O U P9D ÈR³O�P9E)HJE*c)DFP9R³ÎòRTY0DFRTS�EdP0DFDFæÍc)OëÔ�D½EZRZY0D�æ�Ó0GJDFæ°Õ ` D�R a Ó9E*D a GJG+Ó9Ç�æ a cZDFE<P0D_D�æÍc)OëÔ�D3æ0OQP0D3Ô�D³Ò�O�[)D3R_OQP9E)HJE*c)DFP9R³ÎRTY0DFRTS�HIP0Ë a P9æéÔ�DFR a Ó9E)D|cZY0D½OQ[Tæ�D_[�HIP È Y0H²RZY Ó0Ç�æ a cZDFE a [ZDLW a æ�D½HJE�HIWeÇ�O�[*c a P�c U9È D½Ó9E)D a PºD_×�Ç9GIH²R³HIc�c)[ZHIËQùËQDF[)HJP0ËÀWeDFRTY a P9HJE)WÊÒ�O�[ È Y0H²RZY È DL[)DFGIÎëO�Pòc)Y0DL[ZD³ñ9P0D�æòOQÇ�DF[ a c)HJOQP a G�E)D_W a P!c)H²R_EbOQÒ É 
 � ó � ö Õ
>'�lÜ �là
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Ö�E»Ô�D³Ò�OQ[ZD U c)Y0DûW½Ó0GIc)HJÇ0GIDûO0R_R³Ó0[Z[ZD_P9R_DFE8OvÒ�] a [)H a Ô0GJDFE8HJPëc)Y9DûR³O�P9E^cZ[ a HIP!cZE�R a Ó9E)D�Æ^Ï É C+ÌMÐ
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Õ�Æ^Ï É C�Ì�Ð

R Ñ D³×�Y0HJÔ0HIcZE a Y9HIË�Y0D_[»c)HJWeD|R_OQWeÇ0GJD³×�HIclÎ UW a HJP0GJÎãæ�Ó9DûcZOÃE)OQWeD|O�]QDF[)Y0D a æòR a Ó�E*D�æãÔ�Îëc)Y0D3EZRZY0D�æ�Ó0GJD_[�Õ
�9Ü��oß � � : í �là�� � Üvß�Ú8Û��là í 	 �� í.V Y0D3R_OQWeÇ�OQP0DFP�c È HJE)D V�a Î�GIO�[bHJP�c)DF[)] a G+D³×�c)DFP9E*HJOQPéHJE<WÀO�[)DLÇ0[)D�R³H²E*D|c)Y a PÍc)Y0DE*c a P�æ a [Tæ V�a Î!GJOQ[ûHIP!c)D_[Z] a G�D³×�c)DFP9E)HIO�PäHIPäcZY0DeR a E)D�OvÒ'W½Ó9G±cZHJæ�HJWeD_P9E)HJOQP a G�R³O�P9E^cZ[ a HIP!cZEFÕ�ø/DÀDF] a GIÓ a c)D½c)Y9HJEHJWÀÇ9[)Oo]QD_WeD_P!cdHIPÍc)Y0DLP0D_×�cdÔ�DFP9RZY9W a [)S�Õ�øÁD|Ó�E*D a E)D³c<OvÒ=c)DFPéR_OQP9E*c)[ a HJP�cTE»HJPòcZD_Pé] a [ZH a Ô0GJDFE U!È Y0DF[)D|D a RZYR³O�P9E*c)[ a HJP�cdR_OQP!c a HJP9E»Ò�OQÓ9[<æ�H � DF[)DFP�c<] a [)H a Ô9GID�E_Õ V Y0D|D_× a WeÇ0GJDLR a PÍÔ�D|Ò�OQÓ0P9æÍHJPÁó Ù ÷ ö U Ø�× a WÀÇ9GID�ú�Õ �0ÕÆlP�c)Y0DÃc a Ô0GJDÃÔ�D_GJO ÈLU c)Y0DÃñ9[TE*c½R³OQGJÓ0WeP�HJP9æ�H²R a cZDFE|cZY0DëHIP!c)DF[)] a G8D³×�c)DFP9E*HJOQP�Ô�D_HJP0ËºÓ9E)DFæ°Õ V Y0DãE*D�R³OQP�æR³O�GIÓ9WÀPeHJP9æ�H²R a cZDFE È Y0D_c)Y0DF['R³OQP�E*H²E^cZD_P9R_Î3Ç0[ZDFE)D_[Z] a c)HJOQP½H²E8æ�O�P0DdHIP9R_[)DFWÀDFP�c a GJGIÎ a Ò cZD_[8D a RZYeP0D È R³O�P9E^cZ[ a HIP!cOQ[ÀOQP�R³D a Ò cZD_[ a GIGdR³O�P9E^cZ[ a HIP!cZE½Y a ]QDòÔ�D_DFP2DFP�c)DF[)D�æ°Õ V Y0DãcZY0HJ[Zæ>R³OQGJÓ0WeP>E)Y0O È E3cZY0DÍ[ZÓ0P�c)HJWeDéE*Ç�DFP�ceOQPR³O�P9E)HJE*c)DFP9R³Îäæ0Ó0[)HJP0ËÍcZY0DÃHJP9E)D_[)c)HJOQPÁOvÒ»c)Y0DëR_OQP9E*c)[ a HJP�cTE a P9æäcZY0DeÒ�O�Ó0[*cZY�R_OQGJÓ0WeP�E)Y0O È Eûc)Y0Dë[)Ó0P!c)HJWeDÃOvÒc)Y9D3E*D a [TRZYòÇ0Y a E*D�Õ V Y0DLG a E^c<R_OQGJÓ0WePÍËQHJ]QDFE»c)Y0D|cZOvc a G°[ZÓ0P!c)HJWÀD�Õ
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V Y0D3c È Oã]QD_[TE)HIO�P9EdOQÒ,cZY0D V=a Î�GIO�[<HJP�c)DF[)] a G=D³×�c)DFP9E*HJOQP ËQHJ]QD½þ!Ó0HIc)D�æ0H � D_[ZD_P!cM[ZDFE)Ó0G±cTE�Ô�D�R a Ó9E*D3c)Y0DÀR³O�WÀÇ�OQùP0DFP�c È HJE)D V�a Î�GJOQ[»HIP!c)D_[Z] a G�D³×�cZD_P9E)HIO�PãH²E a Ô0GJDMc)OÀ[)D a RTY a Y0HJËQY0DF[»GJD_]QDFG�OvÒ�R³O�P9E*H²E*c)D_P9R_ÎÀcZY a PãcZY0D|E*c a P9æ a [TæV�a Î�GJOQ[ÃHJP�cZD_[Z] a G�D³×�c)DFP9E*HJOQP�Õ V Y0H²Eë[)D�æ�Ó9R³D�EecZY0DäE)D a [TRTY>c)HJWeD Ô0Ó�còH²EÃD_×�Ç�D_P9E)HI]QD È Y9D_P7R³O�P9E^cZ[ a HIP!cZE a [ZDD_P!c)DF[)D�æ HIP�R³[ZD_WeD_P�c a GJGJÎQÕ V Y0DÀP a c)Ó0[ a G�HJP�c)DF[)] a G�D³×�cZD_P9E)HIO�PäÇ�D_[)Ò�OQ[ZWeEM]QD_[ZÎ È D_GJG,Ô�DFR a Ó9E)D½c)Y0DF[)D�H²EûP0OÍæ�D_ùÇ�D_P9æ0D_P9R_ÎãÇ0[)O�Ô0GJD_W HJPÍc)Y0DLD³× a WÀÇ9GID�Õ
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